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Abstract.

This work was devoted to studying the existence, uniqueness of solutions for two classes
of sequential fractional neutral functional differential equations.
The first category is the Caputo-Hadamard type, while the second is the ¥-Caputo opera-
tor type.
The method used to study this type of equation depends on converting the equation into
an integral equation before using the appropriate fixed point theory, The Banach fixed
point theorem, a nonlinear alternative of Leray-Schauder type and Krasnoselski fixed point
theorem are used to obtain the desired results.

Finally, examples illustrating the main results are presented.
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Introduction

Functional differential equations are found to be of central importance in many disci-
plines such as control theory, neural networks, epidemiology, etc. [19]. In analyzing the
behavior of real populations, delay differential equations are regarded as effective tools.
Since the delay terms can be finite as well as infinite in nature, one needs to study these
two cases independently. Moreover, the delay terms may appear in the derivatives in-
volved in the given equation. As it is difficult to formulate such a problem, an alterna-
tive approach is followed by considering neutral functional differential equations. On the
other hand, fractional derivatives are capable to describe hereditary and memory effects
in many processes and materials. So the study of neutral functional differential equations
in presence of fractional derivatives constitutes an important area of research. For more
details, see the text [33].

In recent years, there has been a significant development in fractional calculus, and
initial and boundary value problems of fractional differential equations, see the mono-
graphs of Kilbas et al. [21], Lakshmikantham et al. [24], Miller and Ross [25], Podlubny
[26], Samko et al. [27], Diethelm [13] and a series of papers [1} 2} 3} 4} 12} [14} 15} 20} 30, 32]
and the references therein. One can notice that much of the work on the topic involves
Riemann-Liouville and Caputo type fractional derivatives. Besides these derivatives, there

is an other fractional derivative introduced by Hadamard in 1892 [18], which is known as

iv
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Hadamard derivative and differs from aforementioned derivatives in the sense that the
kernel of the integral in its definition contains logarithmic function of arbitrary expo-
nent. A detailed description of Hadamard fractional derivative and integral can be found
in [9,[10,11] and references cited therein.

In [7], the authors studied an initial value problem (IVP) for Riemman-Liouville type
fractional functional and neutral functional differential equations with infinite delay. Re-
cently, initial value problems for fractional order Hadamard-type functional and neutral
functional differential equations and inclusions were respectively investigated in [3} [5],
while an IVP for retarded functional Caputo type fractional impulsive differential equa-
tions with variable moments was discussed in [16].

In this memory, we investigate a new class of Hadamard-type sequential fractional
neutral functional differential equations. Our study is based on fixed point theorems due

to Banach and Krasnoselskii [23], and nonlinear alternative of Leray-Schauder type [17].
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Chapter 1

Preliminaries

1.1  Functional spaces

Definition 1.1.1. (Norm [28]).

Let E be a vector space on R. We call a norm on E any application ||.|| : E — R,
checked

1. VxeE:||x]|=0 < x=0.
2. YAeR,Vx e E: || Ax| = |Alll x|l (homogeneity).
3. Vx,yeE:|lx+yll <lxll+ 1yl (triangular inequality).

we say that then (E,||.|) is a normalized vector space.

Exemple 1.1.1. C(J;R) This space with norm given by
[ Ylloo = supily(®)]: t € J}

Definition 1.1.2. (Cauchy sequence)

Let (X, |I.llx) a normalized vector space (x,) nen a sequence of X. We say that (xy) nen
is said to be-Cauchy (or fundamental) if

Ve>0,AN, =0,3dn> N, ,Vm = N, | Xp+em — Xnllx <e€.
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Definition 1.1.3. (Complete metric spaces [8]).

The space (X, |.11) is said to be complete if every Cauchy sequence in X converges (that
is, has a limit which is an element of X.

Exemple 1.1.2. Therealline (R,|.|) and the complex plane (C, |.|) are complete metric spaces.

Definition 1.1.4. (Banach Space [28]).
A normed space X is a vector space with a norm defined on it, A Banach space is a
complete normed space (complete in the metric defined by the norm) Here a nonn on

a (real or complex) vector space X is a real-valued function on X whose value at an
xeX

Exemple 1.1.3. C(J;R) This space is a Banach space.

Definition 1.1.5. (Continnous mapping [8]).
A mapping A is said to be continuous, if for everye >0 thereisad > 0 such that

(X', x"eDy):Ix-x"| <6 = ||Ax' - Ax"| <€

Definition 1.1.6. (Bounded linear operator [8]).
Let X and Y be normed spaces and T : D(T) — Y a linear operator, where D(T) c X.
The operator T is said to be bounded if there is a real number c such that for all
xeD(T),

I1Txll < cllx|l

Hence the answer to our question is that the smallest possible c is that supremum.
This quantity is denoted by

_ _ I Txll
1T =supjx<1 I Txll = SquEDTW (x#0)
Thesis for obtaining the Diploma 2 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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Definition 1.1.7. (Space C'la,b] ). The space C'[a, b] or C'la, b] is the normed space
of all continuously differentiable functions on ] = [a, b] with norm defined by

x = max|x(¢)| + max|x ()].
te] te]

1.2 Integrals and fractional derivatives

In this section, we introduce notation, definitions, and preliminary facts that we need in
the sequel.

By C(J,R) we denote the Banach space of all continuous functions from J into R with
the norm

[ Vlloo :=sup{ly(#)| : t € J}.
Also C, is endowed with norm
Ipllc :=supflp@)]: —r =6 <0}
Let v : [a,3] — R be increasing and ¢’ (¢) # 0, V.

Definition 1.2.1 ([21]). The Hadamard derivative of fractional order g for a function g :

[1,00) — Ris defined as

dyn [t t\n—-q-1g(s)
q — _ _ _
Dg(r) = ( ) fl (logs) S ds, n-1<g<n,n=|[ql+1,

1
t'_
n—-g)\ dt

where [g] denotes the integer part of the real number g and log(-) =log,(-).

Definition 1.2.2 ([21]). The Hadamard fractional integral of order g for a function g is
defined as

1 t tyg-18(9)
1 (t):—f log-)""==ds, g>0,
s0=r ), (log =)™ = q
provided the integral exists.
Thesis for obtaining the Diploma 3 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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Lemma 1.2.1. The function y € C*([1 —r, b],R) is a solution of the problem

DUDPy(t)-g(t,y)1 = f(t,y), te]:=[1,b],

y()=¢@), tell-rnl] (1.1)
DPy(1)=neR,
ifand only if
¢ (), ifte[l-r1],
(,b(l) +( (1,¢(1)) (g "
) n-§ TB+1) L
Y =1 f ﬁ 186599 (1.2)
F(ﬁ) s Fio )
a+ﬁ 1J8Ys .
F(a+,6) S ds, ifte(l,b].

where D%, DP are the Caputo-Hadamard fractional derivatives,0 < o, < 1, f,g: JxC([-r,0],R) —
R are given functions and ¢ € C([1 —r,1],R).

Proof 1.2.1. The solution of Hadamard differential equation in (1.1) can be written as

a 1f( ys)
S

DPy()-g(t,y) = @ )f ——ds+aq, (1.3)

where c, € R is arbitrary constant. Using the condition DFP y(1) = n we find that ¢c; =1 —
g(1,¢(1)). Then we obtain

(log 1)¥ f /3 1g(s,ys)
n=m-gq,
y()=m-g( (P))F(,B+1) ) S

a+ﬁ lf(s ys)

F(a+,6) ———ds S+ Co.

From the above equation we find c; = ¢(1) and is proved. The converse follows by direct

computation.
Thesis for obtaining the Diploma 4 Presented by : Sifeddine. AOUISSI
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Definition 1.2.3 ([6, 21]). The y-Riemann-Liouville fractional integral (w-RLFI) of order

a>0foraCF ¢:[a,3] — Ris referred to as

a;y 1 ¢ a-1_
Fa <p(c)=mf (W) -y ()" v ()eps)ds.

Definition 1.2.4 ([6,21]). The y-Caputo fractional derivative (y-CFD) of order @ > 0 for a

CF ¢:[a,3] — Ris the aim of

. 1 ¢ —a—
@g’w(l’(c):r(n_a)fa (W) —w()" ™ 11//’(S)6{],<p(3)d3, ¢>a, n-l<a<n,
n_(_L_dyn
whereaw—(w,(c) dC) , neN

Lemma 1.2.2 ([6,21]). Letq,¢ >0, and ¢ € € (la, b],R). Then N € [a, b] , and by assuming

Fa(¢) =v(c) —y(a), we have

~

LIV G o) = 5T (),

2. 22 57V () = 9(c),
~ _ ') _
gy -1 _ (+g-1
3. #," (Fals)) Tl+q) (Fa(c)) )
aw -1 T r—g-1
4. 25" (Fa(s)) —r(g_q)(Fa(C)) )

5. @Z;W(Fa(c))’C =0, forke{0,..,.n-1},neN,ge (n-1,n].

Lemma 1.2.3 ([6,21]). Letn—-1<a<n, f>0,a>0,¢€ L(a,T),2:" ¢ € L(a,J). Then,
the differential equation

@Zw(p =0

Thesis for obtaining the Diploma 5 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
Option: EDP And Numerical Analysis Academic year 2023/2024
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has the unique solution
P(6) = co+ W (Q) — (@) + (W(Q) —w(@)* +--+ cp1 (Y (Q) —y(@)" ™,

and

ISV DTV p(0) = () + co+ LW () —w (@) + (W (S) —w(@)* + -+ cpo1 (W (S) — (@),
withcy R, ¢=0,1,...,n—1.

Furthermore,
23" 97 9(6) = (),

and

I I 9(6) = I 7V 9(6) = 75V (o).

Lemma 1.2.4. The function y € C*(la—r, b],R) is a solution of the problem
2512y - g,y = f(t,y), te]:=l[a,bl,
y@)=¢(), tela-ral, (1.4)
277V y(@)=neR
if and only if

¢(1), iftela-r,al,

(y (1) —yp(a)™
T(as+1)

! ' az—-1

¢(a) + (n—gla,P(a))

y(t) =1 (1.5)

ar+ax—1 .
+mfa (WO -ys) V') f(s,ys)ds, iftela,bl.

where@gl;w,@gz;w are they -Caputo fractional derivatives,0 < a1, a2 <1, f,g: JxC([-r,0],R) —

R are given functions and ¢ € C([a—r, al,R).

Thesis for obtaining the Diploma 6 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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Proof 1.2.2. The solution of v -Caputo differential equation in (1.4) can be written as

a1—1

az; 1 ! !
2.5V y(0) - g(t,y;) = mf (W@ =y ()" Y @ f(s,ysds+c, (1.6)
1 a

where c, € R is arbitrary constant. Using the condition 22> y(a) = n we find that ¢, =

n—g(a,¢(a)). Then we obtain

(y (1) —yp(a)™
T(az+1)

t
f (w () - () 'y (5)g(s, yo)ds

y(t) = —gla,¢(a)))

1
I'(az)

1 t
+F(061 +ay) fa W® -y

From the above equation we find ¢, = ¢p(a) and is proved. The converse follows by direct

+

W' () f(s,ys)ds+co.

)a1+a2—1

computation.

1.3 Some fixed point theorems

Fixed point theorems allow us to transform a fractional differential problem into a prob-
lem of the following form Tx = x. These theorems provide sufficient conditions for our

fractional problem to admit a solution.

Definition 1.3.1. (Bounded set ). Show that a subset M in a normed space X is
bounded if and only if there is a positive nwnber c such that| x| < cfor every x € M.

Definition 1.3.2. (Compactness). A metric space X is said to be compact if every se-
quence in X has a convergent subsequence. A subset M of X is said to be compact
if M is compact considered as a subspace of X, that is, if every sequence in M has a
convergent subsequence whose limit is an element of M.

Definition 1.3.3. (Relatively compact). A subset M of X is said to be relatively com-
pact, that is, the closure M is compact.

Thesis for obtaining the Diploma 7 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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Definition 1.3.4. (Equicontinuous). A sequence (x,) in Cla, b] is said to be equicon-
tinuous if for everye > 0 there is a > 0, depending only on e, such that for all x,, and
all sy, sy € [a, b] satisfying|s; — s2| < 6 we have

|xn(sl) - xn(s2)| <E€.

Definition 1.3.5. (Contraction). Let X = (X, d) be a metric space. Amapping T : X —
Xis called a contraction on X if there is a positive real number a < 1 such that for all
x,yeX

d(Tx,Ty) < ad(x,y)

Definition 1.3.6. (Fixed point) A fixed point of a mapping T : X — X of a set X into
itselfis an x € X which is mapped onto itself (is "kept fixed" by T ), that is,

Tx=x
the image T x coincides with x .
Definition 1.3.7. (Compact linear operator). Let X and Y be normed spaces. An op-
erator T : X — Y is called a compact linear operator (or completely continuous lin-

ear operator) if T is linear and if for every bounded subset M of X, the image T (M) is
relatively compatct, that is, the closure T (M) is compact.

Theorem 1.3.1. (Banach Fixed Point Theorem (Contraction Theorem [17]) ).
Consider a metric space X = (X, d), where X # &. Suppose that X is complete and let
T : X — X be a contraction on X. Then T has precisely one fixed point.

Theorem 1.3.2. (Arzela-Ascoli theorem [31]).

Let Q) be a set of X. Then Q is relatively compact in X if and only if the following
conditions are verified

1. Q is uniformly bounded.

2.Q is equicontinuous.

Thesis for obtaining the Diploma 8 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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Theorem 1.3.3. (Schauder [29]).
Let C be a nonempty closed convex subset of a Banach space X and ®: C — C be a
continuous compact application. Then ® has a fixed point in C.

Thesis for obtaining the Diploma 9 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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Chapter 2

Existence and uniqueness of solutions for
Caputo-Hadamard

This work is concerned with the existence and uniqueness of solutions to the following
initial value problem (IVP) of Caputo-Hadamard sequential fractional order neutral func-

tional differential equations

DDPy(r)—g(t,y)l = f(t,y)), te]:=I[1,Db], 2.1)
y@)=¢), tell-rl], (2.2)
DPy()=neR, (2.3)

where D%, DP are the Caputo-Hadamard fractional derivatives,0 < a,f < 1, f, g : JxC([-1,0],R) —
R are given functions and ¢ € C([1-r,1],R). For any function y defined on [1—-r, b] and any

t € J, we denote by y; the element of C, := C([-r,0],R) defined by

y:e@)=y(t+0), 0€e[-r0].

10
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2.1 Existence and uniqueness result

In this section, we establish the existence and uniqueness of a solution for the IVP (2.1)-

3.

Definition 2.1.1. A function y € C?([1-r, b],R), is said to be a solution of @.1)-(2.3) if

y satisfies the equation D% [Dﬁy(t) —g(t,y)] = f(t,y:) on J, the condition y(t) = ¢(1)
on [1-r,1]and Dﬁy(l) =1.

The next theorem gives us a uniqueness result using the assumptions
(A1) there exists ¢ > 0 such that
If(t,u)— f(t,v)|<¥llu—vllc, forte]andeveryu,veC;
(A2) there exists a nonnegative constant k such that

lg(t,u)—gt,v)|<klu-vlc, forte]andeveryu,veC,.

Theorem 2.1.1. Assume that (A1), (A2) hold. If

k(logb)P . ¢(logbh)**P
rg+1) TILa@+p+1)

<1, (2.4)

then there exists a unique solution for IVP (2.1)—(2.3) on the interval [1 -1, b].

Proof 2.1.1. Consider the operator N : C([1 —r, b],R) — C([1 —r, b],R) defined by

o (1), ifte(l-r1],
(log nh
$(1) + (n—g(l,(/)))r(ﬁ+ D
Ny)(8) =3 1 t toa (2.5)
+—f (log—)l3 18(5.35) yS)ds
rp) h ) S s f
1 r a+,3—1 (S) J/s) .
log - ———ds, ifte].
+1"(a+,6)j; (Ogs) S S ifre)
Thesis for obtaining the Diploma 11 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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To show that the operator N is a contraction, let y,z € C([1 —r, b],R). Then we have

t —
|N(y)(t)—N(Z)(t)|SL (logf)ﬁ—ﬂg(&ys) g(S;Zs)|dS

rp)h S S
1 t t a+p-1 |f(3y Vs) — f(S, Zs)|
+— [ (log- d
F(a+,6)f1 (Ogs) N S
k ¢ t. 5 -
< (log_)ﬁ lllys Zs”CdS
rp)h ) s
¢ ! 4 a+p-1
log = -
+IXa+ﬂLﬁ (ogs) lys—zslcds
<k(10—gl')ﬁ” —Z” +M” —Z”
ST+ A T p g gy Y T A
Consequently we obtain
k(logh)?  ¢(logb)a+P
ING) = N@ o) < | o+ — 8 1y = 21,

TB+1) T(a+pf+1)

which, in view of (2.4), implies that N is a contraction. Hence N has a unique fixed point by
Banach's contraction principle. This, in turn, shows that problem (2.1)—2.3) has a unique

solutionon [1—r,b].

2.2 Existence results

In this section, we establish our existence results for the IVP (2.1)—(2.3). The first result is

based on Leray-Schauder nonlinear alternative.

Lemma 2.2.1 (Nonlinear alternative for single valued maps [17]). Let E be a Banach
space, C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that
F:U — C is a continuous, compact (that is, F(U) is a relatively compact subset of C)
map. Then either

(i) F has a fixed point in U, or

(ii) thereisau € dU (the boundary ofU inC) and A € (0,1) with u= AF(u).

Thesis for obtaining the Diploma 12 Presented by : Sifeddine. AOUISSI
Master’s degree in Mathematics Directed by : Dr. Rabah. DEBBAR
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For the next theorem we need the following assumptions:
(A3) f,g:]xC,— R are continuous functions;

(A4) there exist a continuous nondecreasing function ¥ : [0,00) — (0,00) and a function

p € C(J,R") such that

|f (¢, ) = p(y(lullc)for each (1, u) € ] x Cy;
(A5) there exist constants d; < I'(+ 1) (log b)~P and d» = 0 such that
Ig(t,wl=dillullc+dz, te], ueC.

(A6) there exists a constant M > 0 such that

dy (log h)P
(1‘ T(BsD) )M

7 >1,
Mo + ¢ (M) llco gz gy 108 b)a+h

where
(loghb)P

Mo = Ilc + (il + Pl + 2ds) =

Theorem 2.2.1. Under assumptions (A3)-(A6) hold, IVP 2.1)-@2.3) has at least one
solutionon[1—r,b].

Proof 2.2.1. We shall show that the operator N : C([1—r,b],R) — C([1—r, b],R) defined by

(2.5) is continuous and completely continuous.

Thesis for obtaining the Diploma 13 Presented by : Sifeddine. AOUISSI
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Step 1: N is continuous. Let {y,} be a sequence such that y, — y in C([1 —r, b],R). Then

IN(yn) (1) = N(y)(2)]
1 [t t\p-118(8, Yns) — &(s, y5)|
< F(,B)fl (logs) - ds

1 ! [ya+p-1 ds
+ F(a+ﬁ)f1 (logs) 1 (S, Yns) = F (s, ¥5)l S

=L (10515 sup Ig(s, yuo) g5,y
_F(IB) . gs ge[lg;]g yVns) — 818, Vs S

]. b t a+ﬁ_1 dS
+— log - su (S, Vns) = f(S,y)|—
F(a+ﬁ)f1 ( gs) se[lFI)a]lf Vns) = F(s,y5)| S

. — of. b
B g, ¥n)—8C¢ ¥) oo (logf)p-lﬁ

r'p) 1 s S
V)= FE Y oo [P tiarf-1dS
+||f( yr,()a+fl§)y)ll 1 (logg) +B 1T
3 logb)P1g(, yn) — 8¢ ¥)lloo
= T(B+1)
N Aog D) Pl f(, yn) - GRAI
Ia+p+1)

Since f, g are continuous functions, we have

IN(Yn) = NN lloo

- logb)P g, yn) - 8¢ ¥)lloo N Qog D) * P fC,yn) = £ ¥)lloo

Tp+1) T(a+f+1) —0

as n — oo.

Step 2: N maps bounded sets into bounded sets in C([1 —r, b],R). Indeed, it is sufficient to

show that for any 0 > 0 there exists a positive constant £ such that for each y € By = {y €
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C([1-r1,b],R) : Iylleo <0}, we have | N(¥) oo < /. By (A4) and (A5), for each t € ], we have

(logh)?
rpg+1)

1 t I\p-1 ds
+F(,6)f1 (1ogs) 1805, y)1~

INY) (D] = lIPlic+[Inl+dilidplc+ dal

]. t t Cli+ﬁ—1 dS
+F(a+ﬁ)f1 (1ogs) If(s,ys)IT

(logb)P
< d d
< lplc+Ilnl+dilelc+ 2]1“(,6+1)
d _ dr, ! _
N lylln-rp + 2f (logf)ﬁ 1ds
r'p) s S
t
. YUlylp=re)llPlloo (logf)wﬁ_lﬁ
I'a+p) 1 s S
(logb)P
rpg+1)
d _ d _
ylp=rp +do logb)ﬁ+w(”y”[1 o) 1P lloo

rp+1) ( Fa+p+1)

< lplic +Ilinl+ dillplc + dzl

(logh)**P.

Thus

(logb)ﬁ
IND oo < lpllc + Unl +di (0 + llpllc) +2d>] TG+ 1)

N Y O)Iplloo
IFa+p+1)

logh)**P:= 2.

Step 3: N maps bounded sets into equicontinuous sets of C([1—r,b],R). Let t;,tr € ], t; < 1o,
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Bg be a bounded set of C([1 —r,b],R) as in Step 2, and let y € By. Then

IN(Y)(82) = N() ()]

_Inl+ dilglic +ds

B rp+1)
I \B-1 t1\B-1 ds

g ), [os)" ~(083)" Jetorn

1 f2 1\p-1 das
_— log -2 V) —
TP J, (Ogs) g(sys)s’

+‘F(a1+ 3 fltl [(logt—sz)mﬁ o (logt—;)Mﬁ_l]f(s,Ys)%

[(log 12)P — (log 11)"]

f2 fr\a+p-1 ds
+F(a+[3) t (lo —2) f(s,J/s)T‘
1
Inl+dyllpllc+dz g 8
= TB+1) [log )" — (log 11)"]
d10+d, [h 1\p-1 h\f-11ds
* T(f) fl [(log?) —(log?) s
di0+d ffz(lo yprds
rp) Ja s S
YOlple (7 Ba+h-l tia+p-11ds
* Ila+p) N [(logs) (logs) S
L -1
S [ a4
I
Rl +I‘?(1 Mf) % (10g 1,)° - log 1))
d,0+d
rl(ﬁ+1)2[|(logt2)ﬁ—(logr1)ﬁ|+|logrz/t1|51
YO ploo atf a+p atp
+—r(a+'3+l)[|(logt2) (logt))**P| +|log o/ 7| **P).

As ty — 1 the right-hand side of the above inequality tends to zero. The equicontinuity for

thecasesti <t,<0andt; <0<t is obvious.

As a consequence of Steps 1 to 3, it follows by the Arzeld-Ascoli theorem that N : C([1 —

1,b],R) — C([1 - r, b],R) is continuous and completely continuous.
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Step 4: We show that there exists an open set U < C([1 —r, b],R) with y # AN(y) for A € (0,1)
andyeoU. Letye C([1-r,b],R) and y = AN(y) for some0 < A < 1. Then, foreach t € J, we

have

_ 3 (log £)P 1 f“ 1,6-18(Sys)
Y0 =A(p) + (- g0,$1)) + 105, (o8y) ds

T(B+1) s
1 t E a+ﬁ—1f(S,J/s)
+1"(oc+,6)f1 (logs) — ds).

By our assumptions, for each t € ], we obtain

(log b)#
YOI Wl +linl+dulglc +da) s

d —rp+da 1 tip-1d

N Iy l-rp 2[ (log—)ﬁ 1ds

r'(p) 1 s s
E)a+ﬁ—1

1 t
- F(a+,6)f1 UOgs

< l¢lic+I1inl+diligplc + da]

ds
P(S)U/(HJ/slIC)T

(log b)P N dillyllp-rp +dz

p
TB+1) rpry  logh)

N Ipllocy Ul ylln-r,51) (logh)®*P,
Ia+p+1)
which can be expressed as
di (logh)#
(1 GE )1y

<1
Mo + Y (1Yl 1-r0) 1| Plloo rrrgryy log )P

In view of (A6), there exists M such that || ylin—rp # M. Let us set
U={yeC(1-r,blL,R) : yln-rp < M}.

Note that the operator N : U — C([1 —r,b],R) is continuous and completely continuous.
From the choice of U, thereisno y € 0U such thaty = ANy for some A € (0,1). Consequently,
by the nonlinear alternative of Leray-Schauder type (Lemma|2.2.1), we deduce that N has a
fixed point y € U which is a solution of the problem -(2.3). This completes the proof.
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The second existence result is based on Krasnoselskii’s fixed point theorem.

Lemma 2.2.2 (Krasnoselskii’s fixed point theorem [23]). Let S be a closed, bounded,
convex and nonempty subset of a Banach space X. Let A, B be the operators such
that (a) Ax+ Bx € S whenever x,y € S; (b) A is compact and continuous; (c) B is a
contraction mapping. Then there exists z € S such that z = Az + Bz.

Theorem 2.2.2. Assume that (A2) and (A3) hold. In addition we assume that
A7) |f(t,x)]| < u(r), 1g(t, x)| <v(D), forall (t,x) € J xR, and u,v € C(J,R").

Then problem (2.1)-@2.3) has at least one solution on [1 — r, b], provided

k(logb)P
rp+1)
Proof 2.2.2. We define the operators 4, and 4> by
0, ifte[l-r1],
(log £)P
G y() =4 (n—g(1»¢))r(ﬁ+ D 2.7)
1 [t t.p-18(S,¥s) .
+— log- =———ds, ifte].
X0 fl (log ) ; f
¢(1), ifte(l-r1],
Goy(1) = 1 [t toarpr f(5 1) 2.8)
1)+ log - ——ds, ifte].
o0+ g ) (os) S a5, ifrey
Setting sup p(t) = |plleo, sup v(t) = vlleo and choosing
te[1,b] te(l,b]
logh)?  |lvl(logh)P (logh)**P
> _—, 2.9
p>||<,b||c+[|n|+IIVIIOO]F(ﬁ+1)+ rp+1) +”,u”ool_,(a+ﬁ+1) (2.9)
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we consider B, ={y € C([1-r,b],R) : |yl < p}. For any y,z € By, we have

|41 y(8) +G22(1)]
(log )P f ﬁ 18(5,y5)
< —g(l,
ti}?’m{(" 8( ¢))F(ﬁ+1) I ;
a+ﬁ 1f(s,zs)
+o) + ﬁ) . }
(logb)ﬁ Ivll(log b)P (logh)**P

s||<p||c+[|n|+||v||oo]r(ﬁ+1)+ rp+n HleTe e

<p.

This shows that%, y+%.,z € B,. Using [2.6) it is easy to see that 4 is a contraction mapping.
Continuity of f implies that the operator - is continuous. Also, 9, is uniformly bounded

on B, as
(log b)**P
Ta+p+1)

Now we prove the compactness of the operator 4,. We define

[y1 < lIgllc+llplo

f= sup |f(t,y)<oo0,
(t,y)€[1,b]x B,

and consequently, for t1, t; € [1,b], t; < t,, we have

|(52J/(l‘2) —%y(tl)l

tz a+p-1 fa+p-1\ds
- (log )" 2

N

f 5} (logg)oﬁﬁ—l@

+F(a+[3) f S S
< W%M[)(IOgtg)a-kﬁ—(lOgl’l)a-kﬁ +|10gf2/t1|a+ﬁ],

which is independent of y and tends to zero as t, — t; — 0. Thus, 9. is equicontinuous. So %

is relatively compact on B,. Hence, by the Arzela-Ascoli theorem, 9, is compact on By,. Thus
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all the assumptions of Lemma are satisfied. So the conclusion of Lemma implies
that the problem (2.1)-[2.3) has at least one solution on [1 —r, b]

2.3 Examples

In this section we give an example to illustrate the usefulness of our main results. Let us

consider the fractional functional differential equation,

1 -t
Dl/2 D3/4y(t)— +e ”yt”C _ ”yt”C +e—t (2.10)
8+el (1+1y:lc) 21+ lyellc)
teJ:=[le],
y@)=¢), tel[l-r1l], (2.11)
D¥*y) =1/2. (2.12)
Let
£t x) = — (£, ) 1+€% =), txeex0,00
) =0 ) =——\— ) ) ) ,00).
2(1+x) § 8+el \1+x
For x, y € [0,00) and ¢ € ], we have
1 |x—y| 1
60 - feyl=3| L |- Y <y,

1+x 1+yl 20+00+y 2

and

1+e‘t‘ X y | _l+et  |x—yl

8+e! 1+x_1+y - 8+e! Q+x)1+y)
e+1

<
e(e+8)

lg(t,x)—g(t, )=

lx—yl.

Hence conditions (Al) and (A2) hold with ¢ =1/2 and k =

k(logh)* ¢(log b)*+P
a+1) TI(a+p+1)
has a unique solution on [1 -1, e].

respectively. Since
e(e+8) P Ve

~ 0.5853088 < 1, therefore, by Theorem|2.2.2} problem (2.10)- (2.12)
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Also |f(t,x)| < (1 +2e D /2= pu(t), gt x)|<A+e ")/ (8+e") =v(t) and k(logh)*/T (a +
1) =2(e+1)/Vme(e+8) =0.144005 < 1. Clearly the assumptions of Theoremare sat-
isfied. Consequently, by the conclusion of Theorem there exists a solution of the
problem (2.10)-(2.12) on [1 -, e].

2.4 Initial value integral condition case

The results of this paper can be extended to the case of an initial value integral condition

of the form

b
Dfy) = fl h(s,ys)ds, (2.13)

where h: J x C([-r,0],R) — R is a given function. In this case n will be replaced with
b

f h(s,ys)ds in and the statement of the existence and uniqueness result for the
1

problem (2.1)-(@2.2)-(2.13) can be formulated as follows.

Theorem 2.4.1. Assume that the conditions (A1) and (A2) hold. Further, we suppose that

(A8) there exists a nonnegative constant m such that

|h(t,u) - h(t,v)|<mlu—-vlc, forte]andeveryu,veC,.

Then the problem 2.1)-2.2)-@2.13) has a unique solution on [1—r, b] if

(m(b-1) + k)(logb)? .\ ¢(logh)®*P
rpg+1) IFa+p+1)

We do not provide the proof of the above theorem as it is similar to that of Theorem
211

The analog form of the existence results: Theorems [2.2.1] and [2.2.2] for the problem
2.1)-(2.2)-(2.13) can be constructed in a similar manner.
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Chapter 3

Existence and uniqueness of solutions for
the y-Caputo operator

This work is concerned with the existence and uniqueness of solutions to the following
initial value problem (IVP) of y-Caputo sequential fractional order neutral functional dif-

ferential equations

25120 y(t) —g(t,y)l = f(t,y), te]:=la,b), (3.1)
y()=¢(t), tela-ral, (3.2)
255V y(@) =neR, (3.3)

where @;‘1“”,@;"2;‘” are the y-Caputo fractional derivatives, 0 < a1,a2 < 1, f,g: JxC([-r,0],R) —
R are given functions and ¢ € C([a — r, a],R). For any function y defined on [a — r, b] and

any f € /, we denote by y; the element of C, := C([-r,0],R) defined by

y:e@)=y(t+0), O0€[-r0].

22
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3.1 Existence and uniqueness result

In this section, we establish the existence and uniqueness of a solution for the IVP (3.1)-

B3).

Definition 3.1.1. A function y € C?([a- r,b],R), is said to be a solution of B.D-@3) if y
satisfies the equation 2" (2.2 y(t) — g(t, )] = f(t,y:) on J, the condition y(f) = ¢(1)

on [a—r,al and 2°2Y (a) =1.
The next theorem gives us a uniqueness result using the assumptions

(Al) there exists ¢ > 0 such that

lf(t,u)— f(t,v)|<llu—vlc, forte]andeveryu,veC,;

(A2) there exists a nonnegative constant k such that

lg(t,u)—gt,v)|<klu-vlc, forte]andeveryu,veC,.

Theorem 3.1.1. Assume that (A1), (A2) hold. If

k(Fa(b))*? N O(Fa(b))M1+e
F(a:2+1) F((X1+C¥2+1)

<1, (3.4)

then there exists a unique solution for IVP (3.1)—(3.3) on the interval [a—r, b].

Proof 3.1.1. Consider the operator N : C([a—r, b],R) — C([a—r, b],R) defined by

¢(1), iftela-r,al,
H- a2
0la) + (- gla,plan LT
Npw={ 1 ey 3.5)
+—f (W) —w(s)™  y'(5)g(s, ys)ds
r(azi a ;
_ ar+az—1 .

e van fa (W) —yp(s) V' (9 f(s,yds, ifte].
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To show that the operator N is a contraction, let y,z € C([a—r, b],R). Then we have

1 [t .
IN(y)(£) - N(2)(1)| < f (Fs()™ lw'(S)Ig(s,ys)—g(s,zs)|ds
I'(a2) Ja
1 t aj+az—1
Taita) f (Es0) ™ g @I f (5,79~ f (5, 20lds
k ! a—1
= T f (Fo0) ™ ') lys - zllcds
4 ! ay+az—1
+mfa(Fs(t)) V' )ys—zslcds
<k(Fa(t))0‘2 Izl C(F, ()%t —
= Tlag+) W ANar T R T, v )Y T Al
Consequently we obtain
k(F., (b))% ((F.,(b))*1taz
IN() = N lla-r,p = FalbD_ , £u0) 1y =2l ta-r,p)»

I'(ap,+1) I'(a;+ar,+1)
which, in view of (3.4), implies that N is a contraction. Hence N has a unique fixed point by
Banach’s contraction principle. This, in turn, shows that problem (3.1)-(3.3) has a unique

solutionon[a—r,D].

3.2 Existence resulis

In this section, we establish our existence results for the IVP (3.1)-(3.3). The first result is

based on Leray-Schauder nonlinear alternative.

Lemma 3.2.1 (Nonlinear alternative for single valued maps [17]). Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose thatR:U — C isa

continuous, compact (that is, RU) isa relatively compact subset of C) map. Then either
(i) R has a fixed point in U, or

(ii) thereisau € 0U (the boundary of U inC) and A € (0,1) with u = AR(u).
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For the next theorem we need the following assumptions:
(A3) f,g:]xC,— R are continuous functions;

(A4) there exist a continuous nondecreasing function H : [0,00) — (0,00) and a function

p € C(J,R") such that

|f(t,w)| < p()H(lullc)for each (f,u) € ] x Cy;

(A5) there exist constants d; < T'(a» + 1) (F,(b))”*? and d, = 0 such that

lg(t, )| =dilullc+dz, te], uecC,.

(A6) there exists a constant M > 0 such that

dy (Fy(b))*2
(1_ r(o?zﬂ) )M

Mo+ HM)|Plootiarazrry (Fab) @1+ 22

where
(Fa(b))%2

Mo = 19llc + [l + dillgllc + 24y | 22

Theorem 3.2.1. Under assumptions (A3)—-(A6) hold, IVP (3.1)-(3.3) has at least one solution

onla-rDb].

Proof 3.2.1. We shall show that the operator N : C([a—r, b],R) — C([a - r, b],R) defined by

(3.5) is continuous and completely continuous.
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Step 1: N is continuous. Let {y,} be a sequence such that y,, — y in C(la—r, b],R). Then

IN(yn) () = N(») (D]

t
f(Fs(t) Ly ()1 (S, Yus) — (s, y5)lds

<
I'(az)

a1+a2—1 ! _ ﬁ
F(a1+a2)f F(n) VS8 yns) = [ 791~

f (Fs(0)™ 11//’(8) sup (g(s, yns) —8(s,y5)lds

s€la,b]

<
I'(az)

- - 061+062 1 _
F(a1+a2)f Fy(1)) w(S)S:EBJ] | £ (8, ¥ns) = [ (s, ys)lds

- g, ¥n)— 8¢ ¥)lloo
B I'(a) a

||f(»yn)—f(»,}’)||oo b a+ﬁ 1
T Taaa) ), 0N v9ds

_ Fab)®18C,yn) - 8, ¥ llow
I'az+1)
N (FaD)™ 22N £ yn) = f ¥ lloo
I'lay +a2+1)

(Fs(t))“z L' (s)ds

Since f, g are continuous functions, we have

IN(Yn) = N(Wlloo

- (Fa(b))az ”g(;J/n) —g(;)’)”oo + (Fa(b))al+a2||f(';.)/n_) _f(;J/)”oo
- I'lapx+1) I'la;+ax+1)

-0

as n — oQ.

Step 2: N maps bounded sets into bounded sets in C([a—r, b],R). Indeed, it is sufficient to

show that for any 0 > 0 there exists a positive constant ¢ such that for each y € By = {y €
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C(la—r1,b,R): [ ylleo <0}, we have | N(¥) oo < /. By (A4) and (A5), for each t € ], we have

ING)®] < $llc+ I +d1||¢||c+d2]—§z(zbj_):j

e ((112) f t (Fs(0) 9/ (9)1g (s, ys)ldss
+ —F(aliaz) f t((Fs(t))“”“flw’(s)|f(s, ys)lds

<lglic+ [Inl+dilipllc+ds —(Fiz(zbfjj
Ly "F[‘E(;’Z;” i fu t (Fs(0)™ 'y (9)ds
.\ H(”?(Izl_ibc]r)z”)p”w at (Fs(t))“lmz_lt//’(s)ds

<lglic+ [Inl+dilplc+ds iia(z—bf;
. dlll;/‘l(lzz_:_bi; dy (Fa(5)% + H(]!!g/;ll[a;;l;])_il’f)”oo(Fa(b))alﬂxz.

Thus
IND oo < Il + |11+ dr (Il +6) + 24 %

HO)Iplleo

ar+az . i
F(a1+a2+1) (Fa(b)) =t

Step 3: N maps bounded sets into equicontinuous sets of C(la—r1,b],R). Let t1, o € ], t; < 1o,
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Bg be a bounded set of C(la—r,b],R) as in Step 2, and let y € By. Then

INW)(t) = N() (1)
_Inl+dilglc+ds
B I'ax+1)

F(zxz) fatl [(Fs(fz))az_l - (Fs(h))az_l]w'(S)g(s,ys)ds
12/

I(az) Jy

1 0
+\—f
[(ar+az) Ja
1 r

+—
F(a1+a2) h
_Inl+dildlic +d,
N T'(as+1)
d10 +d, h

+

I(az) Ja

d16+d2 17 ax—1 ,
F(t d
* iy ) (B)] v@ds
+H(9)Ilplloo h
I'(ay+az) Ja
+H(9)|Ip||oo 2
I'lay +ap) Jy
_Inl+ailidlic +d,

- T'(as+1)
di10 +d,
————— | |(Fa(t2))*? = (Fa(t1)) 2| + | Fy, (£2)|*?
F(a2+1)[|( (12))%2 = (Fa (1)) | + |y, (1))
HO)ploo
F(a1+a2+1)

| (Fa(12))% = (Fa(t1))?]

|

+

(Fs(tz))az_lw'(s)g(s, ys)ds‘

)061+062—1 )(x1+a2—1

(F(e2) - (P [w/ @ s yods

(Fete) ™y @ s yods]

| (Fale2)® = (Fa(2))*]

[(Fs(fz))az_l - (Fs(tl))az_l]w’(s)ds

)a1+a2—1 )a1+a2—l

(Fitz2) - (P [w'yds

()™ ™y 9

| (Fa(12))%2 = (Fa(01))?]

[[(Fa(12) ™92 = (Fa(11)) ™92 |+ | Fy, (22|12

As ty — 1 the right-hand side of the above inequality tends to zero. The equicontinuity for
thecasesti <t,<0andt; <0<t is obvious.
As a consequence of Steps 1 to 3, it follows by the Arzeld-Ascoli theorem that N : C([a —

r,b],R) — C(la—r, b],R) is continuous and completely continuous.
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Step 4: We show that there exists an open set U < C([a—r, b],R) with y # AN(y) for A € (0,1)
andyeoU. Letye C(la—r,b],R) and y = AN(y) for some0 < A < 1. Then, foreach te€ ], we

have

3 (Fa(b))*2 1 ! ar-1_
y(t)—ﬂt(cb(a)ﬂn g(a,¢(a)))r(a2+1)+r(a2)fu(Fs(t)) v (s)g(s, ys)ds

1 ' aj+az—1
*rarray ), O ),

By our assumptions, for each t € ], we obtain

F,4(b))%?
ly@DI=ll$plc+ [Inl +dilldlc+ dz] —(F(a(z )+)1)

dl”J’”[a—r b+ d ft ar-1
, F,
+ T(@) j (Fs(0)™ ¢/ (s)ds

1 ! aj+az—1 /
Tt a f (Fs(0) p(& Hlysl oy (s)ds

(Falb)) (Falb))
<9lc+ [+ dulplc+do | £ o=+ [dillyliarn + o (2 2=
ooH a-r
Pl HU i) v

INa;+a2+1)
which can be expressed as

di (Fa(b)*2
(l—m)”yn[a—r,b] -1

Mo+ H(lYllja—r ) | Plloo tarazrny Fa(D) @102

In view of (A6), there exists M such that ||y ||jqa—rp # M. Let us set
U={yeC(la-r,b,R) : ylig-rp < M}.

Note that the operator N : U — C(la— r,b],R) is continuous and completely continuous.
From the choice of U, thereisno y € 0U such thaty = ANy for some A € (0,1). Consequently,
by the nonlinear alternative of Leray-Schauder type (Lemma(3.2.1), we deduce that N has a
fixed point y € U which is a solution of the problem -(.3). This completes the proof.
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The second existence result is based on Krasnoselskii’s fixed point theorem.

Lemma 3.2.2 (Krasnoselskii’s fixed point theorem [23]). Let S be a closed, bounded, convex

and nonempty subset of a Banach space X. Let A, B be the operators such that
e Ax+ Bx € S whenever x,y € S;
* A is compact and continuous;
* B isa contraction mapping.
Then there exists z € S such that z = Az + Bz.
Theorem 3.2.2. Assume that (A2) and (A3) hold. In addition we assume that
A7) |f(t, 0| < u(), gt x)| <v(1), forall (t,x) € ] xR, and u,v € C(J,R").

Then problem -(.3) has at least one solution on [a— r, b], provided
k(Fq(b))*?
— <1

3.6
F(ag + 1) ( )

Proof 3.2.2. We define the operators 4, and 4> by

0, iftela—-r,al,
(Fq (b))
Gy(1) = (n—g(a,sb(a)))m (3.7)
1 ! az—1
+ F(0) ¢/ (s)g(s,yds, ifte].
F(az)fa (Fs(1) Y (s)8(s, s if
$(), iftela—r,al,
G, y(1) = 1 ¢ . (3.8)
(a)+—f Fs(0)" ™y () f(s,y5)ds, ifte].
¢ T(a,+as) a(s ) Y () f(s s if
Setting sup u(t) =lltlleo, sup v(t) = |vlle and choosing
tela,b] tela,b]
(Fq(b))*? (Fa(b))®1+e

> 2Vl | = P S — 3.9
p = Ipllc-+ [Inl+20Wleo| 12 =+ Moot = (3.9
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we consider B, ={y € C([a—r1,b],R) : |yl < p}. For any y,z € By, we have

|41 y(8) +%z(1)|
(Fa)® 1 ff w1
< - , + Fq(t ,Vs)d
ti’?ﬁ]{m 8@ i)t Tiag J, O V085 yds

1 t aj+az—1
+¢(a) + m‘[u (Fs(f)) v (S)f(S,ys)dS}

(Fa (D)2 (Fa(b))¥1 72

+ oo

<9le+ [+ 21Vl | £ 82 + oo s

<p.
This shows that %, y+%.z € B,. Using (3.6) it is easy to see that % is a contraction mapping.

Continuity of f implies that the operator9, is continuous. Also, %, is uniformly bounded

on Bp as

(Fo(b)*1+e2
Gyl = B ——
12¥1l < llpllc+ Il el T +a,t 1)

Now we prove the compactness of the operator 4,. We define

f= sup If(t,]<oo,
(t,y)€la,blx By

and consequently, for t, t; € [a, b], t; < t,, we have

|92y () — 4> y(11)]

—F(alf;az) ;2 (Fs(tz))almz_lds
f

)

[ |(Fa(t2)) 192 — (Fa() M %2 | + | Fyy (1) |42

< J

I'a;+az+1)
which is independent of y and tends to zero as to — t; — 0. Thus, 9. is equicontinuous. So 9,
is relatively compact on B,. Hence, by the Arzela-Ascoli theorem, 9, is compact on B,,. Thus
all the assumptions of Lemmal3.2.2 are satisfied. So the conclusion of Lemmal3.2.2 implies
that the problem -(B.3) has at least one solution on [a— r, b]
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3.3 Examples

In this section we give an example to illustrate the usefulness of our main results. Let us

consider the fractional functional differential equation,

Z:log Lilog - lyelle lyellc
Q5 e (g5 e () —— = (3.10)
1 T B Ao T Via o)
te]:=[1,e],
y()=¢(t), te[l-r1], (3.11)
1.
25"% y1) = 1/2. (3.12)
Let
£(t, %) T e_t( =), txellelx0,00)
) = ) ) =——\T——D) ) ) ,00).
V7(1+x) § V51 +x
For x, y € [0,00) and ¢ € J, we have
1 x y lx—yl 1
| (t,X)— (t) )|:_ - = S_|-)C_ |)
! Iy f?‘1+x L+yl VI0+x)1+y) V7 d
and
e’ x y et x—yl
L) -gt,Yl=—|l—-—"—|=—F=—"——
lg(t,x) = g(5,y)] Vsll+x 1+y V5 (1+x)(1+y)
1
<—|x-yl.
5 y
1 1 k(F1(b))*2
Hence conditions (A1) and (A2) hold with £ = — and k = — respectively. Since &+

V7 V5 [(az+1)
=~ 0.910079666 < 1, therefore, by Theorem 3.1.1} problem (3.10)-(3.12) has a

C(Fy(b))1Tee

I'(a; +ax+1)
unique solution on [1 -1, e].

Also |f(t,x)| < L+t:u(t) lg(t,x)| < Le_t =v(t)and kw ~(0.487071271 <1
SRR/ e T /B Tl +1) '

Clearly the assumptions of Theorem [3.2.2] are satisfied. Consequently, by the conclusion
of Theorem 3.2.2} there exists a solution of the problem (3.10)-(3.12) on [1 -1, e].
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3.4 Initial value integral condition case

The results of this paper can be extended to the case of an initial value integral condition

of the form

b
D" y(a) :f W(s,ys)ds, (3.13)
a

where W : J x C([-r,0],R) — R is a given function. In this case i will be replaced with
f W (s,ys)ds in (3.5) and the statement of the existence and uniqueness result for the
problem (3.1] can be formulated as follows.

Theorem 3.4.1. Assume that the conditions (A1) and (A2) hold. Further, we suppose that

(A8) there exists a nonnegative constant m such that

[W(t,u)-W(t,v)|<mlu—vllc, forte]andeveryu,veC,.

Then the problem -(3.2)-(3.13) has a unique solution on [a—r, b] if

m(b—1) + k| (Fa(b))® | L)

T'(ax+1) I'la; +ax+1)

We do not provide the proof of the above theorem as it is similar to that of Theorem
BI1

The analog form of the existence results: Theorems [3.2.1] and [3.2.2] for the problem
(3.1)-(3.2)-(3.13) can be constructed in a similar manner.
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