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. ا عند البدء و الختامنالحمد لله شكرا و حبا و إمتنابالبيان و الحكمة لأهل العلم،   
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ي الآمنإلى أصلي الأصيل، ظلي الطويل،  
ي   رحمة الله عليه جدي ... كهف 

، ورافقتب  ّ غيابه طيلة هذه السني   الذي عزّ علي

ي كل حي   
 دعواته ف 

وت البحر و طهر السماء إلى  ي و لم يكن لىي وطن سواها ، إلى جب 
ي الله فيها و منها ، إلى من كانت وطب 

إلى من إبتدأن 

ي 
ي الحياة إلى قدون 

ي ،إلى من  سندي و ملاكي ف 
ي و ما تحت أقدامها جنب 

منذ الصغر و حب  الممات ، إلى من بسمتها غايب 

ي بحبها ،  إلى من كان دعاؤها و رضاها و سيبف  مفتاحا 
ي قلبها فغمرتب 

ي من صدرها و أسكنتب 
ي بطنها و سقتب 

ي ف 
حملتب 

ي معب  الحنان و العطاء معب  الصب  و ا
ي  ، إلى من علمتب 

ا لكسرن  ي و جب 
ي سماء لعسرن 

ي المضيئة ف 
لقوة و الحب نجمب 

ق  ي فجري المسرر
، إلى من سهرت معي و ساندتب  ي

ي كل خطوان 
ي كواليس نجاحي دوما و الداعم الأول ف 

العمر، إلى من كانت ف 

ي إلى من ظلت تنفق عمرها لتخيط لىي 
ي صنعتب 

ي لب  الأمان إلى المرأة الب 
بعتمة الأيام، إلى من بذلت و كابدت لتوصلب 

ي محبوبة العمر و الروحتقيما  طريقا مس ي و نور قلت 
ي أدعو الله أن يحفظها لىي  أمي الغالية جنت 

. النعمة الب   

 

ت، و صديقة  ة مهما كب  ي صغب 
ي أول آذان، إلى من يران 

إلى داعمي و مشجعي الدائم سندي و ملجأي الآمن، إلى من أسمعب 

ي عينيه ، إلى 
ي العطاء بدون مهما عرفت، إلى من رأيت إنعكاس نجاحي بريقا ف 

من كلله الله بالهيبة و الوقار، إلى من علمب 

از إلى من يستحق أن أهديه روحي قبل نجاحي ، لم أكن أصل لهذه المرحلة  إنتظار، إلى من أحمل إسمه بكل إفتخار و إعب  

ي الكثب  و يختصر الجميع، إلى من فعل لأجلي كل ما أحب و 
لم يبف  للآخرين  لولا عرق جبينه المبارك،إلى من وجوده يعب 

ام له ، فالشكر له و الحب له و الإحب  ء ليفعلوه لأجلي ي
ي الغالي  شر ي عمره و بارك فيه أب 

. أطال الله ف   
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ي ف 
لذلك الجزء من وطن الأب، ضلعي الثابت عضدي و متكب 

،صاحب العقل الراجح و الفكر  ي
ي و عزان 

ي لأصفه، إلى من الحياة عزون 
ي كلمان 

نة، إلى من لا تسعفب  النب  و الشخصية المب  

ي دون أن أطلب، إلى من لم يبخل بالعطاء ماديا و 
ي دون أن أتحدث، و يساعدن 

ي عند كل مشكلة، لمن يفهمب  يقف بجانب 

ي العزيز خالدمعنويا، 
وأعلاه مكانة و مقاما . حفظه الله و فتح عليه فتوح العارفي   و زين أيامه و رزقه خب  الأمور  أخ   

 

ّ من روحي إلى   عند الحاجة إلى من هو أقرب إلىي
ي الثابت ،إلى من كان خب  السند و المعي  

إلى سندي و عضدي ، إلى كتف 

ي الغالي فؤاد ملاذي الدائم 
. أخ   

ي و روحي  ي هذه الحياة، إلى شقيقة قلب 
ي ف   ، إلى مكسب 

ّ
ي حضن أمي إلى  أعظم نعم الله علي

ي  إلى من شاركتب 
إلى من رافقتب 

ي الثابت 
ي أيامي الحلوة و المرة، إلى كتف 

ي و قاسمتب 
ي جميع تفاصيل حيان 

ي العزيزة حسيبةف 
. أخت   

ي يإل شخص
ي الحضور الحاض   ةالغائب ة المفضلت 

ي القلب و  ةف 
، و تشتاق العي   ا الذاكرة ، إلى من يخفق القلب شوقا له ف 

. ا و تحلو الحياة بقرب  ه ا لرؤيته  



ي إليه روحا 
و دما  إلى سندي و مرشدي صاحب الثغر الجميل و الأفكار العقلانية و الآراء الحكيمة، إلى من أفتخر بإنتمان 

ي  
. حسانخالي إلى من هو بمثابة أب إلى مصدر قون   

ها كأخت ثانية إلى  ي إلى رمز الحنان و الأمومة إلى من أعتب 
. زوجة أخ   

ي عند ولادته ، إلى 
ي زينت دنيانا ، إلى من أنار حيان 

ي إلى قطعة السكر الب  ي قصي عبد المهيمإلى صغب 
. نإبن أخ   

. إل كل الأهل و العائلة الكريمة كل بإسمه و مقامه  

ي غزة و فلسطي   إل الذين منعتهم الحرب أن 
 
ي ف

ي  إل زملاب 
ي سبيل إل الذين يكونوا مكاب 

 
الله جاهدوا و أسروا ف  

كاء الجد و التعب و السهر و اللهو إلى ذكر  ياتنا إلى من سرنا معا نحو الحلم خطوة بخطوة ، إلى قناديل الدرب ، إلى سرر

عة و ترفع المر  ة ، الآن تفتح الأسرر ي الكلية ، أحاديثنا الطويلة...صورنا الكثب 
ي كل مكان ف 

ساة لتنطلق الجميلة المحفورة ف 

ي عرض واسع مظلم هو بحر 
ي لا  السفينة ف 

ء إلا قنديل الذكريات ، ذكريات الأخوة الب  ي
ي هذه الظلمة لا يض 

 الحياة و ف 

 تنسى. أستاذات المستقبل

ة، ميساء، سميحة"  "شيماء، سماح، منار، ندى، أمي 

ون الحزن سعادة و الهموم أفراح إلى أجمل م ن إلى مؤنسات الحياة إلى من يضيفون الفرح و السرور للقلب إلى من يغب 

ي 
غر عرفب 

ُ
د لهن بهن القدر ، إلى من ترقص لهن فراشات الربيع إلى كل من تتفتح لهن شقائق النعمان و الياسمي   إلى من ت

ي أذكر منهن: 
ي سُكرات حيان 

اء من بعيد إلى جميع صديقان  ي الخصر 
لوِح لهن الفياف 

ُ
ي الأفق البعيد و من ت

، ماء شيالطيور ف 

يال، جيهان، ريان و اسماء و القائمة تطول... دعاء ، خولة ، نضال، نهلة، سماح، أميمة، فر   

ي جميع مراحلي 
ي ف 
ّ بنجاحي و وصولىي إلى هنا إلى جميع أساتذن  ي حرفا ، إلى كل من كان له فضل علي

 إلى كل من علمب 

. الدراسية  

ي به ذكرى 
 الخب  لىي ، إلى كل من تربطب 

ي بدعوة و تمب 
ي ، إلى كل من تذكرن  ي و وقف بجانب  ليكم جميلة إإلى كل من آمن ن 

. جميعا   

. أو لزيادة علمه أو لأشباع فضوله قراءته ... سواء لتقييم أو لنقد  من يتكبد عناءإلى كل   

لدخول للامتحان وعند إلى كل ومضة عي   قاومتها ليلا...إلى كل غفلة قاطعتها لأجل الوصول...إلى رجفة يدي قبل ا

ي وعملي هذا...إلى كل حلقات البحث ظهور النتائج
ب...إلى النجاح الذي يعانق إهدان  ي رأيتها تبتعد ثم تقب 

...إلى أحلامي الب 

ي خاضت كل هذه المعارك الخفية
ي سهرت عليها أناء الليل وأطراف النهار...إلى الروح الب 

ي الب 
ي وانكساران 

...إلى خيبان 

...إلى  ي
ي ودمعان 

ا أهدي هذا  23أفراحي وآمالىي وضحكان  ي أنا نتاج دروسها أصبحت الآن و أخب 
عام من دروس الحياة الب 

ي 
ي لإجتهادي و قون  ي لسهري لتعب 

. إل أنا فأنا أستحقالنجاح لنفسىي لصمودي لعنان   
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The aim of this memory is to study some physical problems 

related to wave equations.  

These wave phenomena appear in numerous applications such 

as: sound waves and electromagnetic waves... 

In the first chapter, we recalled some definitions and 

properties of PDEs, as well as some generalities that we used 

in the following chapters. 

The second chapter was devoted to solving the wave equation, 

where we presented three methods of resolution, namely the 

D'Alembert method, the Fourier method and the Kirchhoff 

method. 

Finally, and through the last chapter, we have proposed a 

numerical solution of the equation in question via the finite 

difference method. 

Keywords: 

Partial differential equations - The wave equations -

CHAUCHY problem – D'ALEMBERT's formula - FOURIER 

separation - Kirchhoff formula. 



 

 

 

 

 

L’objectif de ce mémoire s’inscrit dans l’étude de certains problèmes 

physiques liés aux équations des ondes.  

Ces équations apparaissent le plus souvent dans de nombreuses 

applications telles que : les ondes sonores et les ondes 

électromagnétiques, etc... 

Dans le premier chapitre, nous rappelons quelques définitions et 

propriétés sur les EDPs, ainsi que quelques généralités que nous 

utiliserons par la suite 

Le deuxième chapitre est consacré à l’étude de ces équations, où nous 

avons présenté trois méthodes de résolutions à savoir la méthode 

D'Alembert, la méthode de Fourier ainsi que celle de Kirchhoff. 

Enfin, et à travers le dernier chapitre, nous proposons une résolution 

numérique de l’équation des ondes via la méthode des différences 

finies. 

Mots clés : 

 Équations aux dérivées partielles - Les équations des ondes -problème 

de CHAUCHY - La formule de D’ALEMBERT - Séparation de 

FOURIER- formule de KIRCHHOFF. 

Résumé 



 

 

 

 

 

يا مذكرةتهدف هذه ال ز معادلات ب ئية المرتبطةإلى دراسة بعض المشاكل الفي 

 . جا مو الا 

ي العديد من التطبيقات مثل: 
الصوتية،  لامواجاوتظهر هذه الظواهر الموجية فز

ها.  الكهرومغناطيسية لامواجا  وغي 

ي الفصل الأول ، تذكرنا بعض التعاريف والخصائص حول
تفاضلية المعادلات ال فز

ي الفصول التالية. الجزئية ، 
ي استخدمناها فز

 وكذلك بعض العموميات الت 

ي لحل
معادلة الامواج، حيث عرضنا ثلاث طرق للحل،  وخصصنا الفصل الثانز

شوف.  ت وطريقة فورييه وطريقة كي   وهي طريقة دالمير

حنا حلا عدديا للمعادلة المعنية عير 
ا ، ومن خلال الفصل الأخي  ، اقي  أخي 

 فرق المحدود. طريقة ال

 الكلمات المفتاحية : 

ي  -المعادلات الموجية  -المعادلات التفاضلية الجزئية 
معادلة  -مشكلة كوش 

ت  ي  -دالمير شوف.  - فصل فورني  صيغة كي 

 ملخص
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Introduction

Many phenomena and problems in the world today are based on partial di¤erential equa-

tions, hereafter abbreviated as PDEs.

When did PDEs �rst appear? They were probably �rst formulated at the birth of rational

mechanics in the 17th century (Newton, Leibniz...). The "catalogue" of PDEs then grew with

the development of the sciences, in particular physics. If we have to choose just a few names,

we should mention Euler, followed by Navier and Stokes for the equations of �uid mechanics,

Fourier for the heat equation, Maxwell for the equations of electromagnetism, Schrodinger

and Heisenberg for the equations of quantum mechanics and, of course, Einstein for the PDEs

of relativity.

Partial di¤erential equations translate the laws of phenomena in mechanics, �uid dynamics,

elasticity and meteorology, among others, into mathematical language. Furthermore, due to

technological advancement, PDEs have been applied to image processing. Hence, physics and

mathematics have a close correlation. Poincare�s words a¢ rm this relationship: "All laws are

derived from experience, but to state them, a special language is needed; ordinary

language is too poor, and moreover too vague, to express such delicate, rich and

precise relationships. This, then, is the �rst reason why the physicist cannot do

without mathematics it is the only language he can speak". (Poincare, 1910).In 1765,

Euler wrote a dissertation on pure mathematics dedicated to a speci�c PDE." Lagrange gave

a summary of PDEs encountered in physical problems and provided innovative integration

methods. He was less systematic and mathematical in his teaching of EDP. D�Alembert was

the only one to simultaneously:

- consider PDEs outside of any physical problem.

- undertake the study of very broad classes of PDEs.

Wave equation is one of partial di¤erential equations that express many of the fundamental

laws of nature, and generally arise in the mathematical analysis of problems in science and

3
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technology.

We essentially encounter three types of waves: acoustic waves, i.e. waves that propagate

in a �uid (water or air for example). Elastic waves, i.e. waves that propagate in a solid;

electromagnetic waves, for example light. We will mainly study the acoustic wave equation

which is the simplest model (scalar model).

This memoir is divided into three chapters:

In the �rst chapter, we review some de�nitions and properties of PDEs, as well as some

generalities such as Fourier series.

In the second chapter, we looked at solving the wave equation.We present this resolution

using three methods Fourier�s method, D�Alembert�s method and Kirchou¤�s method.

In the last chapter, we establish a numerical resolution of the equation under consideration

using the �nite-di¤erence method.
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Chapter 1

Preliminaries [1] [2]

In this part, we introduce some fundamental notions about partial di¤erential equations and

di¤erent properties necessary for the rest of our work.

1.1 Generalities about partial di¤erential equations

1.1.1 De�nitions and properties

De�nition 1 A partial di¤erential equation of the �rst order with the unknown u and n

independent variables x1; :::; xn is an equation of the form:

F (x1; :::; xn; u;
@u

@x1
; :::;

@u

@xn
) = 0 (1.1)

where (x1; :::; xn) 2 
 is an open of Rn .

De�nition 2 The general form of a second-order PDE is:

F (x; y; u;
@u

@x
;
@u

@y
;
@2u

@x@y
;
@2u

@y@x
;
@2u

@x2
;
@2u

@y2
) = 0 (1.2)

for (x; y) 2 
 is an open of R2.

5



Chapter 1. Preliminaries [1] [2]

1.2 Some mathematical physics equations

PDEs are commonly found in science and engineering, particularly in physics. Here are a few

examples of them:

1.2.1 Transport equation :
@u

@t
+ c

@u

@x
= 0

where u (x; t) and c is a positive real number.

The transport equation is used to model air pollution, the dispersion of dyes and even

tra¢ c �ows.

1.2.2 Wave equation :
@2u

@t2
� c2(@

2u

@x2
+
@2u

@y2
+
@2u

@z2
) = 0

where u (x; y; z; t)

�The wave equation is utilised in various phenomena such as string theory, gravitational

waves, light waves and sound waves.

�It helps us determine the movement of strings and �uid surfaces such as water waves.

�The wave theory has its application in numerous �elds, be it wireless communications,

musical instruments or the detection of speeding vehicles.

1.2.3 Heat equation :
@u

@t
� k(@

2u

@x2
+
@2u

@y2
+
@2u

@z2
) = 0

where u (x; y; z; t)

The heat equation is used in real life to predict temperature changes in various objects and

systems, such as in engineering design, climate modeling, heat transfer processes and thermal

conduction.

6
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1.2.4 Burgers equation :

@u

@t
+ u

@u

@x
= 0

where u (x; t) and u is the speed.

The Burgers equation is a widely used mathematical model for physical phenomena such

as gas dynamics, tra¢ c �ow, shallow water waves, di¤usion of chemical reactions.

1.2.5 Laplace equation:

@2u

@x2
+
@2u

@y2
+
@2u

@z2
= 0

where u (x; y; z)

Laplace�s equation is a fundamental second-order partial di¤erential equation that �nds

extensive application in the �eld of physics and engineering.These include electrostatics, grav-

itation, �uid mechanics and steady-state heat conduction.

1.2.6 Euler-Bernoulli equation :

@2u

@t2
� c4@

4u

@x4
= 0

where u (x; t)

Bernoulli�s equation has many real-life applications. One common application is in the

study of �uid dynamics, it is also used in the design of water distribution systems.

1.3 Classi�cation of second-order PDEs

Second-order partial di¤erential equations of the following form :

A
@2u

@x2
+B

@2u

@x@y
+ C

@2u

@y2
+D(x; y; u;

@u

@x
;
@u

@y
) = 0

7



Chapter 1. Preliminaries [1] [2]

where A, B and C are constants of x and y. Partial di¤erential equations of the second

order are classi�ed into three types, depending on the value of the determinant: B2 � 4AC

where we distinguish:

If B2�4AC < 0, the PDE is called Elliptic.

If B2�4AC = 0, the PDE is called Parabolic.

If B2�4AC > 0, the PDE is called Hyperbolic.

@2u

@x2
+
@2u

@y2
= 0

B2 � 4AC = 02 � 4 (1) (1) = �4 < 0 so the Laplace equation is elliptic.

@u

@x
� d@

2u

@x2
= 0

B2 � 4AC = 02 � 4 (�d) (0) = 0 so the di¤ussion equation is parabolic.

@2u

@t2
� c2@

2u

@x2
= 0

B2 � 4AC = 02 � 4 (�c2) (1) = 4c2 > 0 so the wave equation is hyperbolic.

Y
@2u

@x2
� @

2u

@y2
= 0

tricomi equation.

if Y < 0 =) the PDE is elliptic.

if Y = 0 =) the PDE is parabolic.

if Y > 0 =) the PDE is hyperbolic.

8
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1.4 Reminder of Fourier series:[1] [3]

1.4.1 Periodic Applications :

De�nition 3 A function f:R �! C is called periodic with period T > 0 if

f (x+ T ) = f (x)

8x 2 R

Example 4 1) Constant functions are periodic, for any period T:

2) t 7�! exp(it) is periodic with period 2�:

3) The functions x 7�! cosx and x 7�! sin x are 2� periodic.

1.4.2 Fourier series and Fourier coe¢ cients

De�nition 5 A Fourier series is a series that takes the form of the following formula

a0
2
+

1X
n=1

(an cos(nx) + bn sin(nx))

(Real form)

De�nition 6 Let f be a piecewise continuous function on [��; �] :The exponential Fourier

coe¢ cients of f are the complex numbers cn de�ned for all n 2 Z by

cn (f) =
1

2�

Z �

��
f (x) e�inx dx

and we call the trigonometric Fourier coe¢ cients of f the numbers an and bn are de�ned by

a0 (f) =
1

�

Z �

��
f (x) dx

an (f) =
1

�

Z �

��
f (x) cos(nx)dx

and bn (f) =
1

�

Z �

��
f (x) sin(nx)dx

9
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Example 7 let f(x) = x+ x2 2 [��; �] so

a0 =
1

�

Z �

��
f(x)dx =

2�2

3

if n � 1 so

an =
1

�

Z �

��

�
x+ x2

�
cos(nx)dx

=
1

n�
(
�
x+ x2

�
sin (nx)]��� �

1

n�

Z �

��
(1 + 2x) sin(nx)dx

= � 1

n2�

�
(� (1 + 2x) cos (nx)]��� +

1

n
2 sin (nx)]���

�
=

4 cos (n�)

n2
=
4 (�1)n

n2

and bn =
1

�

Z �

��

�
x+ x2

�
sin(nx)dx =

2 (�1)n+1

n

therefore the series of f(x) is

�2

3
+

+1X
n=1

 �
4 (�1)n

n2

�
cos (nx) +

 
2 (�1)n+1

n

!
sin(nx)

!

Remark 8 1) If f is an even function ) (bn = 0), then its Fourier series is as follows:

a0
2
+

+1X
n=1

an cos(nx) with an =
2

�

Z �

��
f (x) cos(nx)dx for n � 0

2) If f is an odd function ) (an = 0), then its Fourier series is as follows:

+1X
n=1

bn sin(nx) with bn =
2

�

Z �

��
f (x) sin(nx)dx for n � 0

1.4.3 Dirichlet�s simple convergence theorem

De�nition 9 A piecewise continuous function on [0; 2�] is piecewise continuously di¤erenti-

able (of class C1 ) on this interval if there exists a partition of [0; 2�] consisting of a �nite

number of intervals [a; b] such that

10
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1: f is continuous on ]a; b[ , and f has a right-hand limit at a and a left-hand limit at b:

2: f is di¤erentiable on ]a; b[ and f 0 is piecewise continuous on this interval.

Theorem 10 "Dirichlet�s" Let f : R �! C be a periodic 2� function that is continuously

piecewise di¤erentiable on R. Then the Fourier series of f converges simply and its sum is

for all x 2 R:

a0(f) +
X
n�1

[an(f) cos(nx) + bn(f) sin(nx)] =
f(x+0 ) + f(x

�
0 )

2

where f(x+0 ) and f(x
�
0 ) are the right and left limits of f at x0. In particular if f is continuous

at a point x, then we have

f(x) =
a0
2
+

+1X
n=1

[an(f) cos(nx) + bn(f) sin(nx)]

11
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Chapter 2

wave equation[6]

A wave is the phenomenon of propagation in a medium that does not involve the transport

of matter.

The wave equation is a second-order partial di¤erential equation that describes wave

propagation phenomena such as sound waves, light waves ....This equation appears in many

�elds.

In this chapter, we study the wave equation

@2u

@t2
� c2�u = f

where c is a constant.

2.1 Wave equations in one dimension

The evolutionary P.D.E. of second order in time (t) and space (x) is called the linear wave

equation:
@2u

@t2
� c2@

2u

@x2
= 0 t 2 R+; x 2 R

where c is a given positive real number, homogeneous to the wave propagation speed.

13



Chapter 2. wave equation[6]

- In dimension one (of space), the wave equations model the equations of vibrating strings.

-The general solution to this equation is the sum of two functions:

u(x; t) = F (x+ ct) +G(x� ct)

2.2 Types of wave equations

2.2.1 Acoustic waves

If 
 denotes an open space of R3 (bounded or not) �lled with �uid, the propagation of acoustic

waves in this �uid depends on �(x) the �uid density at the point x, c(x) the local velocity of

the acoustic waves and the function g (x; t) is the source.

The equation that governs variations in the pressure P (x; t) of the �uid at a point x and

at time t is the wave equation

1

�(x)

@2P

@t2
� div

�
1

�(x)
rP

�
= g x 2 
; t > 0

where �(x) = �(x)c2(x)

Applications:

Acoustic waves are used, for example, in musical acoustics, room acoustics, underwater

acoustics or to study wave phenomena.

14



Chapter 2. wave equation[6]

Acoustic wave

2.2.2 Elastic waves

The equations of motion are

�
@2
�!
u

@t2
� div (�) = ��!g

where
�!
u (x; t) is a vector representing the displacement of a particle from point x to

time t; � is the tensor of opposites , linked to the deformation tensor "(
�!
u ) by the material

behaviour law.

Applications:

Elastic waves are encountered in particular when studying seismic or geophysical problems

and non-destructive testing.
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seismic waves

2.2.3 Electromagnetic waves

In a medium that we will assume to be isotropic linear dielectric, an electromagnetic �eld in

a domain 
 is described by the electric �eld
�!
E (x; t) and the magnetic �eld

�!
H (x; t) which

satisfy Maxwell�s equations 8<: �@
�!
H
@t
+ rot

�!
E = 0

"@
�!
E
@t
+ �

�!
E � rot

�!
H +

�!
js = 0

" (x) > 0 is the dielectric permittivity of the medium, �(x) > 0 is the magnetic permeability

of the medium, �(x) � 0 is the conductivity of the material,
�!
js is a source current. The wave

velocity of the medium is given by the relation :

c2 =
1

"�

16
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Applications:

Electromagnetic waves are widely used to detect �ying objects (radar stealth).

Electromagnetic waves applications

2.3 Canonical form and general solution[5]

The homogeneous wave equation in one dimension space has the form:

@2u

@t2
� c2@

2u

@x2
= 0 �1 < x � +1; t > 0 (2.1)

where c 2 R is called the wave velocity. To obtain the canonical form of equation (2:1);

we use the change of variables 8<: � = x+ ct

� = x� ct

We pose !(�; �) = u(x(�; �); y(�; �)) . The chain rule gives

8<:
@u
@t
= c

�
@!
@�
� @!

@�

�
@u
@x
= @�

@�
+ @�

@�

17



Chapter 2. wave equation[6]

and 8<:
@2u
@t2
= c2

�
@2!
@�2
� 2 @2!

@�@�
+ @2!

@�2

�
@2u
@x2

= @2!
@�2
+ 2 @

2!
@�@�

+ @2!
@�2

Therefore,
@2u

@t2
� c2@

2u

@x2
= �4 @

2!

@�@�
= 0

This is the canonical form of the wave equation. Such as @2!
@�@�

= 0 it follows that @!
@�
= f (�)

then ! =
R
f (�) d� +G (�) :

The general solution of equation @2!
@�@�

= 0 has the form:

! (�; �) = F (�) +G (�) :

Where F;G 2 C2 (R) are both arbitrary functions, the fact that

! (�; �) = u (x (�; �) ; y (�; �))

implies

u (x; t) = F (x+ ct) +G (x� ct)

2.4 Cauchy�s problem and d�Alembert�s formula[5]

The Cauchy problem for the one-dimensional homogeneous wave equation is given by8<: @2u
@t2
� c2 @2u

@x2
= 0; �1 < x � +1; t > 0

u(x; 0) = f(x); ut(x; 0) = g(x); �1 < x � +1

Theorem 11 The solution to the Cauchy problem is given by the following formula (called

the D�Alembert formula)

u(x; t) =
1

2
[f(x+ ct) + f(x� ct)] + 1

2c

Z x+ct

x�ct
g(s)ds (2.2)
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Proof. we have the general solution of the wave equation is

u(x; t) = F (x+ ct) +G(x� ct)

therefore at t = 0, we obtain

u(x; 0) = F (x) +G(x) = f(x):

ut(x; 0) = cF
0(x)� cG0(x) = g(x):

therefore

u(x; 0) = F (x) +G(x) = f(x): (2.3)

ut(x; 0) = F 0(x)�G0(x) = 1

c
g(x): (2.4)

integration of (2:4) in [0; x] we obtain

F (x)�G(x) = 1

c

Z x

0

g(s)ds+ C (2.5)

where C = F (0)�G (0)

(2:3) + (2:5) F (x) =
1

2

�
f(x) +

1

c

Z x

0

g(s)ds

�
+
C

2
: (2.6)

(2:3)� (2:5) G(x) =
1

2

�
f(x)� 1

c

Z x

0

g(s)ds

�
� C
2
: (2.7)

If we substitute these expressions for F and G into the general solution

u(x; t) = F (x+ ct) +G(x� ct)

we obtain the following formula

u(x; t) =
1

2
f(x+ ct) +

1

2c

Z x+ct

0

g(s)ds+
1

2
f(x� ct)� 1

2c

Z x�ct

0

g(s)ds

where

� 1
2c

Z x�ct

0

g(s)ds = +
1

2c

Z 0

x�ct
g(s)ds
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therefore

u(x; t) =
1

2
[f(x+ ct) + f(x� ct)] + 1

2c

Z x+ct

x�ct
g(s)ds: (2.8)

Example 12 solve:

utt = 4uxx

u(x; 0) = �x ut(x; 0) = 0

here c2 = 4 c = 2 f(x) = �x g(x) = 0

the general solution

u(x; t) =
1

2
[f(x+ 2t) + f(x� 2t)] + 1

4

Z x+2t

x�2t
g(s)ds:

u(x; t) =
1

2
[�(x+ 2t)� (x� 2t)] + 0

=
1

2
[�x� 2t� x+ 2t]

=
1

2
[�2x]

u(x; t) = �x

2.5 The non-homogeneous Cauchy problem[5]

Let�s consider the following Cauchy problem8<: @2u
@t2
� c2 @2u

@x2
= F (x; t); �1 < x < +1; t > 0

u(x; 0) = f(x); ut(x; 0) = g(x); �1 < x < +1; t > 0
(2.9)

Theorem 13 The problem (2:9)has a unique solution u, which is given by the formula

u(x; t) =
1

2
[f(x+ ct) + f(x� ct)] + 1

2c

Z x+ct

x�ct
g(s)ds+

1

2c

Z �=t

�=0

Z �=x+c(t��)

�=x�c(t��)
F (�; �)d�d�
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Proof. The equation is in the form

A2 �B2 = (A�B) (A+B)

The equation (2:9) can be written as:

@2u

@t2
� c2@

2u

@x2
=

�
@

@t
� c @

@x

��
@

@t
+ c

@

@x

�
u = F (x; t)

To simplify, let

v(x; t) =
@

@t
� c @

@x

so we obtain the problem8<: @v
@t
+ c @v

@x
= F (x; t)

v(x; 0) = ut(x; 0)� cux(x; 0) = g(x)� cf 0(x)

we obtain the following two transport equations8<: vt + cvx = F (x; t)

v(x; 0) = g(x)� cf 0(x)8<: ut � cux = v(x; t)

u(x; 0) = f(x)

v(x; t) = g(x� ct)� cf 0(x� ct) +
Z t

0

F (x� ct+ c� ; �)d�

u(x; t) = f(x+ ct) +

Z t

0

v(x+ ct� c� ; �)d�

= f(x+ ct) +

Z t

0

24 g(x+ ct� c� � c�)� cf 0(x+ ct� c� � c�)
+
R t
0
F (x+ ct� c� + c� ; �)d�

35 d�
+

Z t

0

Z t

0

F (x+ ct� 2c� + c� ; �)d�d� (2.10)

we have Z t

0

g(x+ ct� 2c�)d�
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we assume

s = x+ ct� 2c� =) ds = �2cd�

d� =
�1
2c
ds

� ! 0 s = x+ ct

� ! t s = x� ct

=)
Z t

0

g(x+ ct� 2c�)d� = 1

2c

Z x+ct

x�ct
g(s)ds

we have also Z t

0

f 0(x+ ct� 2c�)d� =
1

2c

Z x+ct

x�ct
f 0(s)ds

=
1

2c
[f(x+ ct)� f(x� ct)]

we take

I =

Z t

0

Z t

0

F (x+ ct� 2c� + c� ; �)d�d�

suppose that

� = s+ c� = x+ ct� 2c� + c�

d� = ds

I =
1

2c

Z t

0

Z x+c(t��)

x�c(t��)
F (�; �)d�d�

substitute in (2:10) we �nd

u(x; t) =
1

2
[f(x+ ct) + f(x� ct)] + 1

2c

Z x+ct

x�ct
g(s)ds+

1

2c

Z �=t

�=0

Z �=x+c(t��)

�=x�c(t��)
F (�; �)d�d�

Example 14 consider the following Cauchy problem8>>><>>>:
@2u
@2t
� 9@2u

@2x
= ex � e�x �1 < x � +1; t > 0

u(x; 0) = x �1 < x � +1

ut(x; 0) = sinx �1 < x � +1
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from D�Alembert formula we have

u(x; t) =
1

2
[f(x+ ct) + f(x� ct)] + 1

2c

Z x+ct

x�ct
g(s)ds+

1

2c

Z �=t

�=0

Z �=x+c(t��)

�=x�c(t��)
F (�; �)d�d�

so

u(x; t) =
1

2
[f(x+ 3t) + f(x� 3t)] + 1

6

Z x+3t

x�3t
sin(s)ds

+
1

2c

Z �=t

�=0

Z �=x�3(t��)

�=x�3(t��)

�
e� � e��

�
d�d�

u(x; t) = x+
1

3
sin x sin 3t� 2

9
sinh x+

2

9
sinh x cosh 3t

2.6 Wave equations in a bounded domain[4]

Now we consider the 1D wave equations posed on the space domain [0; 1]:

@2u

@t2
� c2@

2u

@x2
= 0; t > 0; x 2 ]0; 1[ (2.11)

with initial conditions

u (x; 0) = f (x) ;
@u

@t
(x; 0) = g (x) ; x 2 ]0; 1[ (2.12)

for example, the homogeneous DIRICHLET boundary conditions

u (0; t) = u (1; t) = 0; t > 0 (2.13)

2.6.1 Separation of variables and FOURIER series

The separation of variables consists in �nding solutions to (2:11) (2:12) (2:13) that take the

form

u (x; t) = T (t)X (x) ; t > 0; x 2 [0; 1]
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By formally injecting this formula into the wave equations (2:11), we then obtain

T 00 (t)X (x) = c2T (t)X 00 (x)

necessarily, then we have

X 00 (x) = �X (x) ; x 2 [0; 1]

T 00 (t) = �c2T (t) ; t > 0

where � is a real so far undetermined.

The solutions of the �rst equation take the form

u (x) = �e
p
�x + �e�

p
�x

The DIRICHLET conditions reported on u then impose the conditions

u (0) = u (1) = 0

which requires having

� = �� and e
p
� = e�

p
�

Therefore, it appears that no solution can be found if � < 0 and that the only suitable values

for � � 0 are the values for which
p
� 2 i�Z:

either again

� = � (n�)2 for n 2 N

Then the solution is a multiple of

X (x) = sin (n�x)

o which corresponds a time factor oscillating of the form

T (t) = an cos (n�ct) + bn sin (n�ct)

Any �nite combination of these functions is reciprocally a solution of (2:11) (2:13).

24



Chapter 2. wave equation[6]

More generally, if the initial conditions f and g admit FOURIER series expansions of the

form

f (x) =
X
n2N

an sin (n�x) ;

g (x) =
X
n2N

(n�c) bn sin (n�x) :

then the solution to the DIRICHLET problem is given by :

u (x; t) =
X
n2N

(an cos (n�ct) + bn sin (n�ct)) sin (n�x) (2.14)

provided that this series converges and that we can derive two variables under the sum sign

with respect to each of the variables.

Which is the case if f and g are su¢ ciently regular.

A su¢ cient condition for the series (2:14) to be a solution of class C2([0; 1] � R+) is for

example to have f 2 C4([0; 1]); g 2 C3([0; 1]) and the compatibility conditions

f (0) = f (1) = f 00 (0) = f 00 (1) = g (0) = g (1) = 0

Example 15 [8] We consider a rope of length L maintained at each end. The rope is pinched

and released at t = 0 in such a way that its initial speed is zero. The place x = a where we

clamp the rope to a large in�uence on the harmonics present (and consequently on the sound).

It is considered that at the initial instant, the position of the string is as follows (the string is

pinched in the middle over a height h and has a triangular shape represented by the function

f(x)) .

The laws of physics lead us to solve the following partial di¤erential equation where y(x; t)

is the unknown function (position of the string at each point and at each instant) and v is the

propagation velocity in m=s which depends on the physical characteristics of the string.

Equation to be solved (E) :
1

v2
@2y

@t2
=
@2y

@x2

Field of Study (
) : 0 � x � L
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Border conditions (F )

8<: y (0; t) = 0

y (L; t) = 0
(rope �xed at the ends)

Initial conditions (I) :

8<: y (x; t = 0) = f (x) (initial position of the rope)
@y
@t
(x; t = 0) = 0 (zero initial speed)

The function f(x) is written :

f (x) =

8<: 2h
L
x for 0 � x � L=2

2h
L
(L� x) for L=2 � x � L

We are looking for a solution of the form (we separate the variables x and t) :

y (x; t) = X (x)T (t)

If we replace this expression in equation (E), we obtain :

1

v2
XT 00 = X 00T

We divide by the product XT

1

v2
T 00

T
=
X 00

X
= �� (� is a constant)

Again, the variables are separable because they are on either side of the equality.

We are then led to solve the following problems :

�1 eigenvalue problem (Sturm-Liouville) on the variable x (because the homogeneous bound-
ary conditions are found on this variable) :8<: X 00 (x) + �X (x) = 0

X (0) = X (L) = 0

where it is necessary to search for all �n eigenvalues and eigenfunctions Xn (x) :

� 1 di¤erential equation of the 1st order on the variable t :

T 00 (t) + �nv
2T (t) = 0
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a) Solving the eigenvalue problem:

The eigenvalues and eigenfunctions are as follows :

�n =
�n�
L

�2
with n = 1; 2; 3; :::1

Xn (x) = An sin
�n�
L
x
�

b) Solving the di¤erential equation on the variable t:

T 00 (t) +
�n�v
L

�2
T (t) = 0

The general solution of this di¤erential equation is written :

T (t) = Cn cos
�n�v
L
t
�
+Dn sin

�n�v
L
t
�

where Cn and Dn are two arbitrary constants.

c) General solution of the PDE:

The general solution of the partial di¤erential equation is the superposition of the set of

solutions (we must consider all the eigenvalues) :

y (x; t) =
1X
n=1

Xn (x)Tn (t)

By associating the coe¢ cients AnCn and BnDn with each other, we obtain the general solution

of the PDE :

y (x; t) =
1X
n=1

n
An cos

�n�v
L
t
�
+Bn sin

�n�v
L
t
�o
sin
�n�
L
x
�

d) Special solution :

The general solution must verify the initial conditions :

y (x; t = 0) = f (x) and
@y

@t
(x; t = 0) = 0

with

f (x) =

8<: 2h
L
x for 0 � x � L=2

2h
L
(L� x) for L=2 � x � L
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Substituting the two initial conditions into the general solution, we obtain :

f (x) =

1X
n=1

An sin
�n�
L
x
�

0 =
1X
n=1

BnL

n�v
sin
�n�
L
x
�
which imposes Bn = 0

It therefore remains to calculate the coe¢ cients An by decomposing f(x) on the basis of the

eigenfunctions :

An =
2

L

Z L

0

f (x) sin
�n�
L
x
�
dx

Replacing f(x) with its expression, we obtain:

An =
2

L

Z L=2

0

2h

L
x sin

�n�
L
x
�
dx+

2

L

Z L

L=2

2h

L
(L� x) sin

�n�
L
x
�
dx

The development of calculations gives us :

An =
8h

(n�)2
sin
�n�
2

�

The position of the string as a function of x and time is then given by the following function :

y (x; t) =

1X
n=1

8h

(n�)2
sin
�n�
2

�
cos
�n�v
L
t
�
sin
�n�
L
x
�

The variations of the position of the rope as a function of x and t are given in the following

�gure (for h = 5mm;L = 0:5m and v = 30m=s).
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Evolution of the height of the string as a function of t and x.

2.7 Higher-dimensional wave equation[9]

In this section, let�s consider the wave equation in dimension n � 2,

utt = c
2�u; x 2 Rn; t > 0

with initial conditions

u (x; 0) = f (x) ; ut (x; 0) = g (x) ; x 2 Rn:

Using spherical averaging, we will transform the previous equation given in dimension

n � 2 into an equation in dimension 1.

Let�s start with the following de�nition.
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De�nition 16 For a function h continuous on Rn, we de�ne its spherical mean on the sphere

of radius r and center x by

Mh (x; r) =
1

!n

Z
@B(0;1)

h (x+ rz) dS (z) =
1

!n

Z
jzj=1

h (x+ rz) dS (z)

where !n is the area of the unit sphere

@B (0; 1) = Sn�1 = fz 2 Rn; j z j= 1g

The function Mh veri�es some important properties grouped in the following proposition

Proposition 17 For a given function h = h (x) 2 Ck (Rn) ; k � 2 the function v : Rn�R! R

de�ned by v (x; r) =Mh (x; r) is of class Ck on Rn � R:

Moreover, it veri�es the following properties:

1.v (x; 0) = h (x) for all x 2 Rn:

2.v (x;�r) = v (x; r) for all x 2 Rn; r 2 R:

3. @
@r
v (x; 0) = 0 for all x 2 Rn:

4. @
2

@r2
v (x; r) + n�1

r
@2

@r2
v (x; r) = �xv (x; r) on Rn � R�:

2.8 Kirchho¤ formula:

Either the problem

(pn)

8<: utt = c
2�u; x 2 Rn; t > 0

u (x; 0) = f (x) ; ut (x; 0) = g (x) ; x 2 Rn:

We will solve the problem (pn) for n = 3, in other words we will determine the form of the

solution to the problem(p3).

Using spherical averages, we prove the following theorem.
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Theorem 18 Let f 2 C3 (R3) and g 2 C2 (R3) . Then the problem (p3) has a unique solution

u (x; t), de�ned by Kirchho¤ �s formula

u (x; t) = tG (x; ct) +
@

@t
(tF (x; ct))

=
1

4�c2t2

Z
jy�ctj=ct

[tg (y) + f (y) +rf (y) (y � x)] dS (y)

where F (x; r) and G (x; r) are the spherical means of f and g respectively.

Proof. According to Darboux�s formula, since G (x; r) is the spherical mean, then for n = 3

we have
@2

@r2
G (x; r) +

2

r

@

@r
G (x; r) = �xG (x; r) ; (x; r) 2 Rn � R�:

Multiply both members by r we get

rGrr (x; r) + 2Gr (x; r) = �x (rG (x; r))

Write this equation in the form

@2

@r2
(rG (x; r)) = �x (rG (x; r))

and put
�
G (x; t) = tG (x; ct) =

t

4�

Z
jzj=1

g (x+ ctz) dS (z) :

then the function
�
G satis�es the wave equation

�
Gtt (x; t) = c

2�
�
G (x; t) ; x 2 R3; t > 0:

with the initial conditions

�
G (x; 0) = 0;

�
Gt (x; 0) = g (x) : x 2 R3:

Repeating the same calculations for the spherical mean F (x; r) of f (x) and posing

�
F (x; t) = tF (x; ct) =

t

4�

Z
jzj=1

f (x+ ctz) dS (z)
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we can easily check that

�
F tt (x; t) = c

2�
�
F (x; t) ; x 2 R3; t > 0:

As an exercise, we show that since
�
F is of class C3 on R3 � ]0;+1[and satis�es the wave

equation, then the function
�
Ft also satis�es this equation.

Furthermore, we have

�
Ft (x; t) =

@

@t

�
F (x; t) =

@

@t
(tF (x; ct)) = F (x; ct) + t

@

@t
F (x; ct)

�
Ft (x; t) =

1

4�

Z
jzj=1

f (x+ ctz) dS (z) +
t

4�

@

@t

�Z
jzj=1

f (x+ ctz) dS (z)

�
=

1

4�

Z
jzj=1

f (x+ ctz) dS (z) +
t

4�
c

�Z
jzj=1

rf (x+ ctz) zdS (z)
�

that means

@

@t

�
Ft (x; t) =

1

4�

Z
jzj=1

f (x+ ctz) dS (z) +
t

4�

Z
jzj=1

[f (x+ ctz) + ctrf (x+ ctz) z] dS (z)

we have
�
Ft (x; 0) =

1

4�

Z
jzj=1

f (x) dS (z) =
f (x)

4�
= f (x) ;

and
@

@t

�
Ft (x; 0) =

@2

@t2

�
F (x; 0) = c2�

�
F (x; 0) = 0

We have thus obtained two solutions to the equation in the problem(p3).

The �rst is
�
G (x; t) satisfying

�
G (x; 0) = 0;

�
Gt (x; 0) = g (x) ; x 2 R3

and the second solution is
�
F (x; t) , with

�
Ft (x; 0) = f (x) ;

�
Ftt (x; 0) =

@

@t

�
Ft (x; 0) = 0; x 2 R3:

Now, since the problem (p3) is linear, its solution can be written as

u (x; t) =
�
Ft (x; t) +

�
G (x; t) :
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and note that for all x 2 R38<: u (x; 0) =
�
Ft (x; 0) +

�
G (x; 0) = f (x)

ut (x; 0) =
�
Ftt (x; 0) +

�
Gt (x; 0) = g (x)

Finally, let�s express u (x; t) as a function of f (x) and g (x). We have

u (x; t) =
�
Ft (x; t) +

�
G (x; t)

By replacing each term by its expression we obtain

u (x; t) =
1

4�

Z
jzj=1

[f (x+ ctz) + ctrf (x+ ctz) z] dS (z) + t

4�

Z
jzj=1

g (x+ ctz) dS (z)

let y = x+ ctz; so dS (y) = c2t2dS (z) and jzj = 1 =) jy � xj = ct:

With this change

u (x; t) =
1

4�c2t2

Z
jy�xj=ct

[f (y) +rf (y) (y � x)] dS (y) + t

4�c2t2

Z
jy�xj=ct

g (y) (y � x) dS (y) :

and we arrive at Kirchho¤�s formula

u (x; t) =
1

4�c2t2

Z
jy�xj=ct

[tg (y) + f (y) +rf (y) (y � x)] dS (y) :

2.9 Energy and Unicity

De�nition 19 let u be a solution of @
2u
@t2
�c2 @2u

@x2
= 0 in the interval I of R (x 2 I) :The energy

of u at time t is the quantity

E (t) =
1

2

Z
I

"�
@u

@t

�2
+ c2

�
@u

@x

�2#
dx:

33



Chapter 2. wave equation[6]

Proposition 20 Let I = [a; b] then dE
dt
= c2

�
@u
@x
(b; t) @u

@t
(b; t)� @u

@x
(a; t) @u

@t
(a; t)

�
in fact

dE

dt
=

Z b

a

�
@u

@t

@2u

@t2
+ c2

@u

@x

@2u

@t@x

�
dx

where c2
Z b

a

@u

@x

@2u

@t@x
dx =

�
c2
@u

@x

@u

@t

�x=b
x=a

� c2
Z b

a

@u

@t

@2u

@x2
dx

as @2u
@t2
� c2 @2u

@x2
= 0 only the term in square brackets remains.

We can deduce the following theorem

Theorem 21 let u1 and u2 be two solutions to the following problem:

(E)

8>>><>>>:
@2u
@t2
� c2 @2u

@x2
= 0 8x 2 [a; b]

u (x; 0) = f (x) ; @u
@t
(x; 0) = g (x) 8x 2 [a; b]

u (a; t) = � (t) ; u (b; t) = � (t) ; 8t � 0

then u1 (x; t) = u2 (x; t) 8x 2 [a; b] ; 8t � 0

Proof. u1 � u2 is a solution of (E) ; u1 (a; t)� u2 (a; t) = � (t)� � (t) = 0 8t � 0 so

d

dt
(u1 � u2) (a; t) = 0 8t

in the same way
d

dt
(u1 � u2) (b; t) = 0 8t

and according to the previous proposition dE
dt
= 0: the energy associated with the function

u1 � u2; is therefore a constant

calculate E (0) =
1

2

Z b

a

�
@u1
@t

� @u2
@t

�2
(x; 0) + c2

�
@u1
@x

� @u2
@x

�2
(x; 0) dx;

where
@u1
@t
(x; 0) = g (x) and

@u2
@t
(x; 0) = g (x) ; 8x

in addition u1 (x; 0) = f (x) = u2 (x; 0) ; 8x so E (0) = 0:
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then 0 = 2E (t) =
1

2

Z b

a

�
@u1
@t
(x; t)� @u2

@t
(x; t)

�2
+ c2

�
@u1
@x

(x; t)� @u2
@x

(x; t)

�2
dx;

Since the functions @u
@t
and @u

@x
are continuous, this constant is zero due to the initial conditions.

This method can be generalised to other situations and other equations. Thus replacing
@2u
@x2

= �u by @2u
@x2
� @2u

@y2
+ @2u

@z2
we obtain in dimension 3 that for a solution of @

2u
@t2
� c2�u = 0 on

a closed domain 
 of boundary @
 and for a boundary condition u (M) = f (M) independent

of t that E (t) is constant, this allows us to conclude uniqueness.

The previous method also establishes the uniqueness of the problem where (E) is replaced

by the equation with second member @2u
@t2
� c2 @2u

@x2
= h (x; t) ; in fact if and u1 and u2 are two

solutions u1 (x; t)� u2 (x; t) is the solution to the problem without a second member.

the method can also be used, for example, for the telegrapher�s equation. This can be

transformed into:

a
@2u

@t2
= b

@2u

@x2
� k2u+ cg (x; t)

The energy of a solution u is de�ned by:

1

2

Z b

a

"
a

�
@u

@t

�2
+ b

�
@u

@x

�2
+ k2u2

#
(x; t) dx

and we can reason as before to establish the uniqueness of solutions to a problem whose initial

and boundary conditions are determined.
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Chapter 3

Numerical solution of the wave

equation

In this chapter, we have numerically studied the wave equation in dimension one in a ho-

mogeneous medium. In the homogeneous case, we apply a �nite di¤erence numerical scheme

to a vibrating string problem. We have studied the consistency, stability and convergence

properties of this method.

3.1 The �nite di¤erence method[10] [11] [12] [13] [14]

3.1.1 Principle of the method

The �nite di¤erence method consists of approximating the derivatives of the equations of

physics by means of Taylor�s developments and can be deduced directly from the de�nition of

the derivative. It is due to the work of several 18th century mathematicians (Euler, Taylor,

Leibniz, etc.).

Advantages :

� Simple to write and low cost of calculation.
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� It is widely used and easy to access.

3.1.2 De�nitions and properties

De�nition 22 The �nite di¤erence method is a common technique for �nding approximate

solutions to partial di¤erential equations. It involves solving a system of relations (numerical

diagram) linking the values of the unknown functions at certain points su¢ ciently close to

each other. This method appears to be the simplest to implement because it involves two

stages: �rstly, discretisation by �nite di¤erences of the derivation operators, and secondly,

convergence of the numerical scheme thus obtained convergence of the resulting numerical

scheme as the distance between the points decreases.

Mesh

Since we mentioned the word mesh in the previous paragraph and we�ll need it all the time,

let�s de�ne it here. For an application de�ned on a segment of R, we will generally add the

two extremities of the segment; for a higher-dimensional mesh, we may have to choose points

on the contour of the de�nition domain.

The mesh pitch is the distance between two successive adjacent mesh points.

*Let�s consider a one-dimensional case where we want to determine a quantity u(x)

on the interval [0; 1]. The search for a discretized solution of the quantity u leads to the

creation of a mesh of the interval of de�nition.

We consider a mesh (or calculation grid) made up of N + 1 points xi for i = 0; :::; N

regularly spaced with a step �x. The points xi = i�x are called the nodes of the mesh.

The initial continuous problem of determining a quantity on an in�nite-dimensional set thus

reduces to the search for N discrete values of this quantity at the various nodes of the mesh.
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Truncation error

The quantity obtained by replacing the derivatives by the divided di¤erences is known as the

truncation error. The calculation of truncation errors is usually based on Taylor expansions.

The truncation error is an error that indicates how the equation is approximated by the

diagram. It is not an error between the exact solution and the approximate solution (con-

vergence error), but it is an error that quanti�es to what order the exact solution veri�es the

scheme.

Schematic order

A discretization scheme with N discretization points is said to be of order p if there exists

C 2 R, depending only on the exact solution, such that the consistency error satis�es :

max
i=1;:::;N

(Ri) � Chp

Where Ri is the truncation error and h is the mesh pitch (i.e. the maximum of

xi+1 � xi).

Digital schematic consistency

A �nite di¤erence scheme is consistent if :

max
i=1;:::;N

(Ri)! 0

When h! 0, where N is the number of discretization points.

Numerical schema stability

By de�nition, a numerical scheme is stable if the errors (rounding, truncation, etc.) cannot

increase during the numerical procedure from one time step to the next:

A scheme can be :
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- Unconditionally unstable: Whatever �t and �x the errors increase with each itera-

tion.This causes completely wrong results.

-Unconditionally stable: Whatever �t, �x the errors caused by the numerical scheme

do not explode over iterations.

- Conditionally stable: We must set a condition on �t and �x so that the solution does

not explode, for example the Courant-Friedrichs-Lewy condition, which we will de�ne in the

next paragraph.

Interpretation of the Courant-Friedrichs-Lewy condition

1928 (CFL)

This is a necessary and su¢ cient condition for the stability of the scheme, showing that the

stability of a scheme cannot necessarily be ensured no matter how �t and �x tend to zero. It

is a very constraining condition from a practical point of view, since if we wish to have good

accuracy in space, it is necessary to choose �x small which imposes a choice of �t signi�cantly

smaller.

Convergence

In general:(Consistency + Stability) =) Convergence.

Theorem 23 [7](Lax) In a well-posed problem, with a consistent numerical scheme, stability

is a necessary and su¢ cient condition for convergence.

3.1.3 Finite di¤erences in one dimension

All numerical methods presuppose discretisations of the geometrical domain in order to move

from a continuous problem with an in�nite number of unknowns to a discrete problem with a

�nite number of unknowns.
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Domain discretisation

In this case, we discretise the continuous interval [a; b] and approach the derivatives at the

discretisation points using di¤erence operators. More precisely, we give ourselves an integer

N from which we de�ne the discretisation step

h = �x = xi � xi�1 = xi+1 � xi

We introduce theN+1 points xi = ih for i = 0; :::; N which then form a regular subdivision

of the interval[a; b] (uniformly).

The continuous problem is thus replaced by the problem of �nding approximate values ui

of the solutions u(xi) at the points xi of the discretisation.

Discretization by F.D in 1D

3.1.4 Diagram construction

the �rst derivative

let u be a function of one variable of class C2

If h tends towards 0, using the Taylor limit expansion of the function u up to order 2 at

the point (xi + h),(xi � h) we obtain :

ui+1 = u (xi +�x) = ui +�x

�
@u

@x

�
i+O

�
�x2

�
(3.1)

ui�1 = u (xi ��x) = ui ��x
�
@u

@x

�
i+O

�
�x2

�
(3.2)
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indicial case D1 :

The diagram with the 1st order F.D. �forward�or �o¤-centre forward�or �o¤-centre right�:

�
@u

@x

�
i =

ui+1 � ui
�x

+O (�x) (3.3)

The diagram with the 1st order RFs �backwards�or �o¤-centre left�

�
@u

@x

�
i =

ui � ui�1
�x

+O (�x) (3.4)

notation ui = u (xi) and
�
@u
@x

�
x=xi

=
�
@u
@x

�
i = u0i

Centred scheme :

First carry out a Taylor expansion in the vicinity of xi to order 3.

ui+1 = u (xi +�x) = ui +�x

�
@u

@x

�
i+

�x2

2

�
@2u

@x2

�
i+O

�
�x3

�
(3.5)

ui�1 = u (xi ��x) = ui ��x
�
@u

@x

�
i+

�x2

2

�
@2u

@x2

�
i+O

�
�x3

�
(3.6)

Subtracting these two relationships gives :

ui+1 � ui�1 = 2�x
�
@u

@x

�
i+O

�
�x3

�
(3.7)

This gives us the second-order �centred�scheme for approximating the �rst derivative of u

�
@u

@x

�
i =

ui+1 � ui�1
2�x

+O
�
�x2

�
(3.8)
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Approximation of F.D

Remark 24 To obtain higher orders, it is necessary to use several neighbouring nodes of

xi.The number of points required to write the diagram is called a stencil.

The second derivative

First performing a Taylor expansion in the vicinity of xi to order 4:Adding the two equalities

gives :

ui+1 = u (xi +�x) = ui +�x

�
@u

@x

�
i+

�x2

2

�
@2u

@x2

�
i+

�x3

6

�
@3u

@x3

�
i+O

�
�x4

�
(3.9)

ui+1 = u (xi ��x) = ui ��x
�
@u

@x

�
i+

�x2

2

�
@2u

@x2

�
i� �x

3

6

�
@3u

@x3

�
i+O

�
�x4

�
(3.10)

Adding the two equalities gives :

ui+1 � ui�1 � 2ui = �x2
�
@2u

@x2

�
i+O

�
�x4

�
(3.11)

This leads to the so-called �centred� second-order scheme for approximating the second

derivative of u : �
@2u

@x2

�
i =

ui+1 � 2ui + ui�1
�x2

+O
�
�x2

�
(3.12)
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3.1.5 Finite di¤erences in dimension two

Domain discretization

Uniform discretization in time and space is used to reduce to a �nite-dimensional system of

equations.to a �nite-dimensional system of equations. It is desirable for the validity of the

calculation that the approximate solution obtained by solving this system. Discretization

therefore involves giving a set of points tn; n = 0; :::;M in the interval [0; T ], and a set of

points xi; i = 0; :::; N in the interval [a; b] .

For simplicity, we consider a constant step in time and space. Let h = b�a
N
= �x;be the

discretization step in space, and k = T
M
= �t the time step. We pose tn = nk for n = 0; :::;M

and xi = ih for i = 0; :::; N .

In the case ofD2 u (x; t) is decomposed into N�P pairs of points (xi; tn) form a space-time

grid are called grid nodes.

uni is the discrete value of the quantity u (x; t) at the nodes (xi; t
n).

3.2 Solving the wave equation by F.D.[14]

3.2.1 Problem continues

In an unbounded domain, this problem consists of searching for :

u : R� R! R;checked:

8<: @2u
@t2
(x; t)� c2 @2u

@x2
(x; t) = f x 2 R; t > 0

u (x; 0) = u0 (x) initial coditions

The parameter c (wave speed) is assumed to be positive.
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Chapter 3. Numerical solution of the wave equation

If the domain is bounded in time and space :8>>><>>>:
@2u
@t2
(x; t)� c2 @2u

@x2
(x; t) = f x 2 [0; L] ,t 2 [0; T ]

u (x; 0) = u0 (x) and @u
@t
(x; 0) = v0 initial coditions,

u (0; t) = u (L; t) = 0 boundary conditions.

3.2.2 First approach: discrete problem

Discretization

A �rst method for solving this evolution problem numerically is to discretize the second-order

equation by �nite di¤erences. For simpli�cation, let�s consider the one-dimensional case of a

string of length L. We choose a regular discretization of [0; L] into intervals of length �x such

that L = M�x and a discretization of the time interval [0; T ] into time steps of length �t

such that T = N�t. Let xi be the point i�x and tn the time n�t. Let uni be the value of the

approximate solution at point xi and time tn:

The diagram is explicit in terms of time and centred in space.

Taking f = 0 then :8>>><>>>:
un+1i �2uni +u

n�1
i

�t2
= c2

uni+1�2uni +uni�1
�x2

u0i = u
0 (xi) and u1i +�tv

0
i such that i = 1; :::;M � 1 initial conditions

uni = u
n
M = 0 8n = 1; :::; N homogeneous Dirichlet boundary conditions

(3.13)

This scheme is explicit because it gives an explicit formula for calculating the solution at

time tn+1 as a function of the values of the solution at the previous time. There is no equation

to solve to obtain the value at the new time tn+1:

It�s an explicit diagram, so :

un+1i = 2

 
1�

�
c�t

�x

�2!
uni +

�
c�t

�x

�2 �
uni+1 + u

n
i�1
�
� un+1i
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Chapter 3. Numerical solution of the wave equation

-Truncation error:

we have Eni = (E
n + Ei) such that Ei is the space error and En is the time error

j Eni j� c
�
�t2 +�x2

�
Proof. By Taylor�s limited expansion for the exact solution u, assumed to be su¢ ciently

regular, we �nd with respect to the time variable (xi being �xed) we obtain

u
�
xi; t

n+1
�
= u (xi; t

n) + �t
@u

@t
(xi; t

n) +
�t2

2

@2u

@t2
(xi; t

n)

+
�t3

6

@3u

@t3
(xi; t

n) +
�t4

24

@4u

@t4
�
xi; �

+
�
; �+ 2

�
tn; tn+1

�
u
�
xi; t

n�1� = u (xi; tn)��t@u
@t
(xi; t

n) +
�t2

2

@2u

@t2
(xi; t

n)

��t
3

6

@3u

@t3
(xi; t

n) +
�t4

24

@4u

@t4
�
xi; �

�� ; �� 2 �tn�1; tn�
=) un+1i � 2uni + un�1i

�t2
=
@2u

@t2
(xi; t

n) +
�t2

12

@4u

@t4
�
u
�
xi; �

+
�
; u
�
xi; �

��� (3.14)

In the same way for space, we get :

uni+1 � 2uni + uni�1
�x2

=
@2u

@x2
(xi; t

n) +
�x2

12

@4u

@x4
u
�
�+; t

n
�
; u
��
��; t

n
��

Since u is a solution, the �rst terms disappear, leaving a truncation error

j Eni j=j En + Ei j=j
�t2

12
M +

�x2

12
M 0 j� �t2

12
jM j +�x

2

12
jM 0 j

j Eni j� c
�
�t2 +�x2

�
and c = 1

12
max (M;M 0) such that

M = sup j @
4u

@t4
�
u
�
xi; �

+
�
; u
�
xi; �

��� j
M 0 = sup j @

4u

@x4
u
�
�+; t

n
�
; u
��
��; t

n
��
j
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Chapter 3. Numerical solution of the wave equation

- Consistency:

The scheme is consistent to order 2 in time and space, and consistent for the truncation

error tends to 0 when �t and �x tend to 0 .

- Order:

This explicit scheme is of order 2 in time and space such that :

@2u

@t2
(xi; t

n) =
un+1i � 2uni + un�1i

�t2
+O

�
�t2
�

@2u

@x2
(xi; t

n) =
uni+1 � 2uni + uni�1

�x2
+O

�
�x2

�
- Stability :

In the case of numerical schemes applied to hyperbolic problems, we will choose, as a

stability condition, to impose on the vector of approximate solutions to be preserved or to

decrease in norm over time.

un+1i = 2

 
1�

�
c�t

�x

�2!
uni +

�
c�t

�x

�2 �
uni+1 + u

n
i�1
�
� un�1i

To get the convex combination :

2

 
1�

�
c�t

�x

�2!
+

�
c�t

�x

�2
+

�
c�t

�x

�2
� 1 = 1

and

0 <

�
c�t

�x

�2
< 1 =) 0 <

c�t

�x
< 1

and

0 < 2

 
1�

�
c�t

�x

�2!
< 1

for inequality :

2

 
1�

�
c�t

�x

�2!
> 0

is veri�ed for
�
c�t
�x

�2
< 1:
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Chapter 3. Numerical solution of the wave equation

We are left with the second inequality, i.e. :

2

 
1�

�
c�t

�x

�2!
< 1 =) c�t

�x
< 1

Therefore: the CFL condition for stability is :

c�t

�x
< 1

- Convergence :

According to Lax�s theorem, we obtain convergence ( consistency and stability imply

convergence).

Conclusion 25 The phenomena of wave propagation are encountered in many applications.There

are essentially three types of waves : acoustic waves, that is to say waves that propagate in

a �uid, elastic waves, that is to say waves that propagate in a solid, electromagnetic waves.

In this memory, and from the properties of the wave equations, we have determined the wave

equations in dimension greater than two in particular in dimension one. This equation helped

us in the numerical methods used to solve mathematical problems.
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