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Abstract

In the last decades, the qualitative and the quantitative aspect of fractional
differential equations got a lot of researchers’ attention. Some of the con-
tributions in this fields are in the investigation of solutions to nonlinear
fractional differential equations and fuzzy fractional differential equations.
The interest in this field is mainly due to the large applicability of the the-
ory in modeling problems presenting nonlocal characteristics, such as vis-

coelasticity and memory preservation.

The object of this thesis is to contribute in the field of fractional calculus
where we study some class of fractional differential equations in Banach
spaces. Our results are based on fixed point theorems and Nagumo like

conditions.

First, we establish the positivity and existence to a class of fractional initial
value problems and boundary value problems using the fixed point theo-
rem of Guo-Krasnoselskii. Later on, we establish the uniqueness along-
side the existence of the solution of some initial value problems under
Krasnoselskii-Krein like conditions. Finally, we are concerned by the study
of a class of fuzzy fractional differential equations with uncertainty and we
prove some new results on existence and uniqueness of high order prob-

lems.

One numerical example and several other examples are provided to out-
line the applicability and the usefulness of our results in the field.
Keywords:

Fractional differential equation ; Nonlinear problem ; Uniqueness theo-
rem ; Successive approximations ; Picard’s iterates ; Initial value problem ;
Boundary value problem ; Existence ; Uniqueness ; Positivity of solution ;
Fixed point theorem ; fractional derivative ; Fuzzy fractional differential
equations ; Krasnoselskii-Krein conditions ; Kooi conditions ; Rogers con-
ditions ; Guo-Krasnoselskii Theorem ; Riemann-Liouville fuzzy differen-

tiability ; Fuzzy derivative ; Fuzzy fractional differential equation.
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Résume

Ces deux dernieres décennies ont connu un développement rapide dans la
théorie du calcul fractionnaire. De nombreux chercheurs ont apporté des
contributions importantes a cette théorie qui permet de mieux expliquer
et modéliser les phénomenes non-locaux qui préservent une certaine meé-
moire. L'intérét est surtout porté a 1’étude qualitative et quantitative des
solutions de problemes fractionnaires et de quelques équations différen-

tielles fractionnaires floues.

Cette these est consacrée a 1’étude de quelques problemes engendrés par
des équations différentielles d’ordre non entier. On s’intéresse a l’existence,
a l'unicité et a la positivité de la solution. En se basant sur les théoremes
du point fixe et les méthodes itératives. On établit aussi quelques résultats

pour les équations différentielles floues.

D’abord, on présente des résultats de positivité et d’existence de solutions
de quelques classes d’équations différentielles fractionnaires de Riemann-
Liouville, notamment a conditions initiales ou aux limites en utilisant le
théoreme du point fixe de Guo-Krasnoselskii. Ensuite, on établit’existence
et]’unicité avec d’autres techniques reposant sur des conditions semblables
acelle de Nagumo. Enfin, quelques nouveaux résultats d’existence et d"uni-

cité de solutions floues sont démontrés.

Pour bien illustrer leur applicabilité et leur intérét particulier, on présen-
tera quelques exemples et un cas numérique pour conclure.

Mots clés:

Equation différentielle fractionnaire ; Probleme non linéaire ; Théoreme
d’unicité ; Approximations successives ; Itérations de Picard ; Conditions
initiales ; Conditions aux limites ; Existence ; Unicité ; Positivité ; Théoreme
du point fixe ; Dérivée fractionnaire ; Equations différentielles fraction-
naires floues ; Dérivée floue ; Conditions de Krasnoselskii-Krein ; Condi-
tions de Kooi ; Conditions de Rogers ; Théoreme de Guo-Krasnoselskii ;

Différentiabilité floue au sens de Riemann-Liouville.
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Introduction

A huge number of physical phenomena is modeled using differential equa-
tions. A great portion of the models has been or is being studied using the

fixed point theory.

In the past years, researchers from around the world tried to narrow the
gap of error between the physical model and the experiments conducted
in adjacency. This resulted in the introduction and application of new the-
ories or extension of old theories, such as time-scales theory, fuzzy sets

theory, fractional calculus, etc.

The fractional calculus and fuzzy set theory caught our attention. In a mat-
ter of fact, the former one is a generalisation of integration and differen-
tiability to noninteger order numbers and was coined by Leibniz in his
famous letter to L’'Hopital. With this theory, models have fewer variables
and are better describing nonlocal properties and memory characteristics
in models. The Latter theory was introduced by Zadeh and Klaua as an ex-
tension of the classic notion of set. In contrast with the classical set theory
where the elements either belong or don’t belong to the set, an element on
fuzzy sets have a gradual membership with intermediate grades: rather
belong than not, to more likely to be out of the set. In this suitable concept
to cope with reality, the incomplete or imprecise information are better un-

derstand and taken into account.

These theories advanced considerably the modeling and efficience of a

wide range of applications, for instance signal processing, molecular bi-
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ology, psychology analysis, game theory, etc.

Motivated by the works on these two theories and as a continuation of the
works conducted intensively in these fields, our objectives are to demon-
strate the existence and uniqueness of solutions for fractional differential
equations with initial value problems and boundary value problem using

the definition of Riemann-Liouville in crisp sets and fuzzy sets.

We treat in the chapters of this thesis the following problems under several
assumptions. The several notation that arises are defined properly in the

main chapters.

(t),D71x(t))
,DU=x(0)=0,i=1,...,[q],

——
L3
= =
—~
N =
Sl
~—
—~
I+
=

Du(t) 4 g(t) f (u(t),u’ (t),u"(t),...,ul™ (), D*u(t)) = 0,
u(0)=0,u®0)=0,i=1,...,.n—2,
Dfu(1)=0,2<p<n—-21<m<a<p-1,

{ Dix(t) = f(t,x(t), DI 1x(t))
x(0) =y, DUIx(0)=0,i=1,...,[q].

This thesis is organized as follows:

In the preliminaries” Chapter of this thesis, we recall necessary definitions,
notions, and two models. Chapter 2 is based on the papers submitted [96]
and accepted [95]. We treat two FDE; one is with initial data and the sec-
ond one is with boundary conditions. After succinctly speaking about the
previous researchs in the field, we give new results on the existence of pos-
itive solutions. Further, in the following Chapter §, we prove the existence
of uniqueness for a class of FDE using different techniques than those of
Chapter ] and provide a numerical example, see the accepted paper [93].
At last, Chapter i is based on the accepted paper [04]. We use the fuzzy
Laplace transform and Nagumo-like conditions to obtain several unique-

ness results for fuzzy fractional differential equations of high order.
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Chapter 1
Preliminaries

In this chapter, we give an introduction to the several concepts that are of
a particular interest in what follows. First, we define the fractional differ-
entiation and give some practical properties and lemmas. Next, we give
some general definitions and some fixed point theorems. Finally, we intro-
duce fuzzy sets and exhibit some extensions, definitions, and other useful

theorems.

1.1 Fractional Calculus on crisp sets

1.1.1 Fractional differentiation and integration

Before introducing a definition of fractional derivative we define some
special functions which generalise the factorial and exponential functions,

more details on the book [2].

Definition 1.1.1 (Gamma function)

The gamma function T'(-) is defined by the integral
I'(z) = / et 4t
0
which converges in the right half of the complex plan: that is, Re(z) > 0.

1



One of the basic properties of the gamma function is that it satisfies
I['(z+1)=2zI(2),
and for every integer n > 0, we have
I'(n+1)=n

The gamma function can be represented also for every z € C such that
Re(z) > 0 by the limit

r y n'n®
(2) T abez(z4 1) (z4n)

Figure 1.1: Plot of the gamma function.

Properties 1.1.2
The following are some properties of the gamma function, see [42].

2



(i) T'(x) > 0, for every x > Xpin > 1,
(ii) Xpin ~ 1.461 and T(x,,;,) =~ 0.885,
(iii) T(1) =T(2) =1,

(iv) T(x)I'(x—1) = forevery 0 < x < 1.

sin(7rx)

The binomial coefficients for r,n integers such that 0 <r < are defined
by

Cr — 1O — n!
I G

Without loss of generality, we denote by rCa the following extended bino-

mial coefficients for « € R

I'(a+1)
Fnm—r+1I(r+1)

rCa =

Definition 1.1.3 (Beta function)
For every z,w € C such that Re(z) > 0,Re(w) > 0, the beta function is defined
by

B(z,w) = /01 #1(1 — )4t

An interesting formula relating the gamma and beta functions is

I(z)T'(w)

B(z,w) = Tetw)

Mittag-Leffler introduced a function that plays the role of the exponential
function in the fractional calculus. Several generalisations were introduced
by many researchers later. For the convenience of the reader, we define
here briefly the one parameter and two parameters Mittag-Leffler func-
tions. In [35, 71}, 88, 89], several discussions and properties of this function

could be found.

Definition 1.1.4 (One-parameter Mittag-Leffler function)
For every & > 0 and z € R, the one parameter Mittag-Leffler function is defined

3



by

o0

kZOF txk—l—l

where o > 0.

This function coincides with the exponential function when a = 1.

Definition 1.1.5 (Two-parameter Mittag-Leffler function)
Forevery o, B > 0and z € R, the two parameter Mittag-Leffler function is defined

by
Ea’/g(z) = Z m

k=0

A great number of papers and books on the theory and applications of
fractional calculus appeared. They used several approaches to defining
integration and differentiation of arbitrary order, see [38, 63, 74, 78, 82, 87].

The following are some of the most used ones:

Definition 1.1.6
The Grunwald-Letnikov fractional derivative of order a« > 0 of f is given by

GL 1 =2/ k
Df()= Jim e X (DM aCHf(— i

Definition 1.1.7 (Riemann-Liouville fractional integral)

The fractional integral of the function h : (0,00) — R of order & € R is defined
by

I (F) = r(la) /Ot(t ) n(s)ds,

provided the right side is pointwise defined on (0, c0).

Definition 1.1.8 (Riemann-Liouville fractional derivative)
For a function h € C((0,00),R), the Riemann-Liouville fractional derivative of h
is defined by

D) = ﬁ (%)n/ot(t o)y (s)ds,

4



where n € N* and n = [a] + 1, provided that the right side is pointwise defined

on (0,00).

Definition 1.1.9 (Riesz fractional derivative)
The Riesz fractional derivative of fractional order « of the function f is given by
-1
R
D*f(t) =
f(t) 2cos(ma/2)T'(n — )

ﬁ : _ o\n—a—1 _1\n e _ yn—a—1
X o (t—>s) f(s)ds+ (—1) t (t—s) f(s)ds |.
Definition 1.1.10
Let & > 0 and n = [a] + 1, for a function f € C"([a,b],R) the Caputo fractional
derivative of f of order « is defined by

Cu _ 1
Df(t)_F(n—oc)

/ (t— ) (s)s.

Lemma 1.1.11 (Relation between RL and C derivatives)
Let « > 0and n = [a] + 1. Assume that h: [a,b] — R is such that D*h and D"h
exist. Then
" DKf(a

CDYh(E) = Dh(F) — Ig#ﬁfll)(x _a)ke
In the realm of fractional differential equations, the most used definitions
are Caputo and Riemann-Liouville derivatives. The Caputo definition is
more welcome due to initial data in integer derivatives, Nevertheless, the
Riemann Liouville derivatives are possible to measure and observe as can
be found in [57]. Furthermore, fractional order initial conditions of Riemann-
Liouville type differential equations can be given by integer order condi-
tions, as usual, see [68, 104]. For the above mentioned reasons, we will
focus on it throughout this manuscript. And we refer the reader to the
good monographs and book [1, 63, 67, 82, 87], for discussions and more

details on the fractional calculus.

Lemma 1.1.12 ([63])

Let p,g > 0and f € L'([0,1]), then
I8 h(t) =15, 1) h(t) = I} h(t)

5



and
DII] h(t) = h(t).

Lemma 1.1.13 ([63])
Let p>q>0,and h € L'([a,b]), then for all t € [a,b] we have

DIy h(t) =1} "h(t).

Theorem 1.1.14 (Leibniz’ formula for Riemann-Liouville operators)
Let n > 0 and assume that f and g are analytic on (a — h,a + h) with some h > 0.
Then,

(4] co
D”‘[fg](f)ZI;)C?(Dkf)(t)(D“_kg)(t)+ Y. GBI )(1),

k=[a]+1

fora<t<a+ %
If a, B € C such that Rep > 0, then

L (I8 (t = )P 1) (x) = pibls (x —a)P+e ! (Rea > 0)
Tr

2 (Dt = )P 1) (%) = gl (x = )P+ (Rew20)
r

3. (I (b= 1) (x) = ;abls (b= x)PH1 (Rea > 0)

4. (D% (b—t)F 1) (x) = B (b—x)f~*"1 (Rea >0).

Remark 1.1.15. Unlike the usual differentiation, the fractional derivative in

Riemann-Liouville sense of a constant is not zero. However
B Ia—m+1), ,_
DY, pa—m _ n—m\(n) _
( a+ )(x) r(n_m+1) (x ) O/

foreverym € {1,2,...,[Rea]| +1}. This last equation will be used in proving

the equivalence between FDE and the associated integral equation.



1.1.2 Fractional functional spaces

Before speaking of a solution to differential equations, we need the func-
tional space were the solution belongs to obtain some regularity proper-
ties. The problems treated in the following chapters use some of the Ba-
nach spaces defined in this subsection or based on the definitions below.
The list here is not exhaustive and we refer to some books devoted to this
branch [36, 48].

Definition 1.1.16
We denote by AC(0,1) the space of absolutely continuous functions defined on
[0,1). In fact, x € AC(0,1) if and only if there exist ¢ € L' ((0,1),R) and c € R
such that ,

NOET: +/0 ¢(s)ds for t € (0,1),

where L'(]0,1],R) is the Banach space of Lebesgue integrable functions from [0,1]
into R with the norm ||| ;1 = fol |h(t)]dt.
Also, we define AC"~1(0,1) by

AC™1(0,1) = {x € C"2,x""V ¢ AC(0,1)}.

Theorem 1.1.17 ([83, Theorem 7.21])
If x : [a,b] — R is differentiable at every point of [a,b] and x" € L' on [a,b], then

x(t) — x(a) = /atx’(r)dr.

Theorem 1.1.18 ([47, Theorem 3.21])
If x : [a,b] — R, the followings are equivalent:

(i) x is absolutely continuous on [a,b).
(ii) x(t) — x(a) = [} y(7)dx for some y € L'([a,b],R).

(iii) x is differentiable almost everywhere on [a,b], x' € L'([a,b],R), and

x(t) — x(a) = [T/ (T)dA (7).



1.1.3 Between the FDE and the integral equation

The basic idea of this subsection is to get general results of the following

classical standard result from differential and integral calculus.

Theorem 1.1.19 (Fundamental Theorem of classical calculus)
Let f: [a,b] — R be a continuous function and F : [a,b] — R be defined by

t
F(1) 2 / F(s)ds.
a
Then, F is differentiable and F' = f.

Lemma 1.1.20 ([63])
Assume that u € C(0,1) N LY(0,1) with a fractional derivative of order a > 0 that
belongs to C(0,1) N L1(0,1), then

I8, Dy u(t) =u(t) + Cit* 1+ Cot* 2+ ...+ Cut* "
forsomeC; € R, i=1,2,...,n.

Lemma 1.1.21 ([63])
For a > 0, the general solution of the fractional differential equation D§j, u(t) =0
is given by
u(t) = Crt* L+ Cot* 2 4 .. Cut™ ",
where C; €R,i=1,2,...,n,and n = [a] + 1.

Lemma 1.1.22

Let v € L'((0,1),R), then

is the unique continuous solution on [0,1] of the equation

/t(t —5)17to(s)ds
0

D{ u(t) =o(t), (1.1)
satisfying the initial conditions

u(0) =0,DDy(0)=0,i=1,...,[q]. (1.2)



Proof. In fact, we may apply Lemma 1.1.2( to reduce equation ([L.1) to an

equivalent integral equation
u(t) =10, 0(t) + CtT 1+ Gt 2+ ...+ Cut™",

forsome C;,i=1,...n.

By the initial conditions #(0) = 0, D(q’i)u(O) =0,i=1,...,]q], we obtain
Ci=C=---=C,=0.

Substituting theses values in the last formula, we obtain the expression of
the unique solution of (1) subject to the conditions ({l.2)

1t
u(t :—/ t — )1 o(t)ds.
()= g7 (0= 000
Ol
A function x is called a solution of the nonlinear equation
Dy = f(t,u) (1.3)

where f is a continuous function an [0,1], if x € C([0,1],R), D9x exists and

is continuous on [0,1], f(¢,x) is well defined, and x satisfies ([1.3).

It’s often the case to use some special transforms to obtain the associated
integral equation, and one of the main methods is the Laplace transforms

as mentioned by A. Jafarian et al. in [59].

Definition 1.1.23
We say that a function f : [0,00) — E is of an exponential type, if there exist
to, M > 0, and v € R such that

£ (1) < Me", for allt > tg.

In other words, the function f must not grow faster then a certain exponential

function when t — co.



Lemma 1.1.24
Let f : [0,00) — E be a locally integrable function of an exponential type. Then
there exists vy > 0 such that

/ e Mf(t)dt
0
is convergent for Re(A) > 1.
Denote the subset D by
D = {f € L'((0,00),E) : f is of exponential type}.

Definition 1.1.25 (Laplace transform)
The Laplace transform L of f € D is defined by

LUFOHAY = [ e f(tyat
Definition 1.1.26 (Inverse Laplace transform)
Let f be an integral function. We define the inverse Laplace transform of f by

LN = 5 [ M

27T1 —700

1.2 Existence and uniqueness theorems

In general cases, when we want to study a fractional differential equation,
we have to obtain solution in a suitable functional spaces. Later, we modify
the problem suitably and apply one of the fixed point theorems in combi-
nation with other useful estimates and known inequalities in order to es-
tablish the wanted existence, uniqueness or stability results. In this Section,
we recall some known fixed point theorems. We think that the books and
notes [6, 28, 50, 56, 61, 67, 90] give sufficiently large number of theorems,
other versions of these theorems, their proofs alongside applications of the

theory.

10



1.2.1 Fixed point theorems

Definition 1.2.1
A mapping T of a metric space E into itself is said to satisfy a Lipschitz condition
with a Lipschitz constant K if

d(Tx,Ty) < Kd(x,y),

for every x,y € E. If this condition is satisfied with 0 < K < 1 then T is called a

contraction mapping.

Theorem 1.2.2 (Banach’s contraction mapping principle)

Let (E,d) be a complete metric space and T be a contraction mapping from E into
itself. Then T has a unique fixed point xo and for each x € E, limy,_,0o T" (x) = xo.
Moreover, d(T"(x),x0) < £5d(x, T(x)).

Theorem 1.2.3 (Nonlinear alternative of Leray-Schauder [103])
Let E be a Banach space and C be a nonempty convex subset of E. Let U be a
nonempty open subset of C with 0 € U and T : U — C continuous and compact

operator. Then either

(1) T has fixed points or
(2) There exist u € oOU and A € (0,1) such that u = AT (u).

Theorem 1.2.4 (Brouwer fixed point theorem)
Let B be a non empty compact convex subset of a finite dimensional normed space

and let T be a continuous mapping of B into itself. Then T has a fixed point in B.

Theorem 1.2.5 (Schauder)
Let B be a non empty closed convex subset of a normed space. Let T be a continuous

mapping of B into a compact subset of B, then T has a fixed point in B.

Theorem 1.2.6 (Altman)
Let E be a normed space, let Q be the closed ball of radius r > 0, i.e. : Q= {x:

11



|x|| < r}and let T be a continuous mapping of Q into a compact subset of E such
that
1T — x[|* > | Te]|* — ]|,

for every x verifying ||x|| = r. Then T has a fixed point in Q.

Theorem 1.2.7 (Schaefer)
Let E be a normed space, T a continuous mapping of E into E which is compact
on each bounded subset B of E. Then either

(i) the equation x = ATx has a solution for A =1, or
(ii) the set of all such solution x, for 0 < A <1, is unbounded.

Theorem 1.2.8 (Krasnoselskii)
Let M be a closet convex non-empty subset of a Banach space (E,d). Suppose that
A and B map M into E and suppose the following conditions are satisfied

(i) Ax +Bye M, for allx,y € M,
(ii) A is compact and continuous,

(iii) B is a contraction mapping.

Then there exists y in M such that Ay + By = y.

Lemma 1.2.9 (Arzela-Ascoli Theorem)
Let Q) be a bounded subset of R". A subset A € C(Q)) is relatively compact if and

only if it is bounded and equicontinuous.

Lemma 1.2.10 (Arzela-Ascoli Theorem)

Let X be a compact metric space and Y any metric space. A subset ¢ of the space
C(X,Y) of continuous mappings of X into Y is totally bounded in the metric of
uniform convergence if and only if ® is equicontinuous on X and ®(x) = {¢p(x) :
¢ € O} is a totally bounded subset of Y for each x € X.

For the following theorem of Guo-Krasnoselskii we need to define a cone:

12



Definition 1.2.11
A closed subset P of a Banach space X is called a cone if:

(i) Vx,ye P:x+y€P,
(ii)) Vx € P,Va >0:ax € P,
(iii() PN (—P) = {0}.
A cone P defines a partial order by x <y <y —x € P.

Theorem 1.2.12 (Guo-Krasnoselskii)
Let E be a Banach space and P C E be a cone. Assume )y and () are open bounded
subsets contained in E with 0 € Qq and Q1 C Q. Assume, further, that

T:PN(Q\Oy) =P

be a completely continuous operator. If either

(D || Tul| < ||u|, u € PN OOy and || Tul| > ||u||, u € PN aQ, or

(ID || Tu|| < ||u||, v € PNoQy and || Tu|| > ||u||, u € PN o).

Then T has at least one fixed point in PN (Qp\ ().

1.2.2 Nagumo like theorems

Before stating some theorems, we would like to define some subsets.

* S={(ty) € [to—a,to+a] x [yo — b,yo + b]}.

So={(t,y) € [to,to +a] x [yo — b,yo + b]}.

Do={(ty):0<t<a,l|y| <oo}.

U= [ty,to +a] x {x e R": ||x — x¢|| < b}.

13



such that a,b > 0 and t¢,yg > 0.

Theorem 1.2.13 (Lipschitz, 1876)

Let f be continuous and satisfies a Lipschitz condition with respect to x: that is,
|f(t,x) = f(£,X] < K|x — |

in some neighbourhood V of (a,b). Then the differential equation with initial

condition p
= flty) () =b (14)

has a unique solution in some neighbourhood of a.

In the following some uniqueness theorems which assumes different con-

ditions on the function f(-,-) then the Lipschitz condition.

Theorem 1.2.14 (Peano’s Uniqueness Theorem)
Let f(t,y) be continuous in So and nonincreasing in y for each fixed t € [to, to + a].
Then, IVP (L4) has at most one solution in [ty,to + a).

We say that a function f(-,-) satisfies Nagumo’s condition in a set D if

f(ty) = FE)| <Klt —to] "y — 71,
for all (t,y),(t,y) € D, such that t # ty and k < 1.

Theorem 1.2.15 (Nagumo’s uniqueness theorem)
Let f(t,y) be continuous function, which satisfies Nagumo’s condition in S. Then,
IVP ([L4) has at most one solution in |t — ty| < a.

The constant in the Nagumo condition k could be greater than 1 provided
we add an additional condition, for proofs and other interesting results,

see the excellent book of Agarwal et al. [4].

Theorem 1.2.16 (Krasnoselskii-Krein” Uniqueness theorem)
Let f(t,x) be a continuous function on S, which satisfies for all (t,x),(t,x) € S:

14



(i) |f(t,x) = f(£, %) < k|t —to] "Hx — |, t # to,

(ii) |f(t,x) — f(t,%)| < c|x —X|*, where c and k are positive constants, the

real number « is such that 0 <« <1, and k(1 —a) < 1.

Then IVP (1.4) has at most one solution in |t — to| < a.

Theorem 1.2.17 (Kooi’s Uniqueness theorem)

Let f(t,x) be a continuous function on S, which satisfies for all (t,x),(t,x) € S:

(D) |f(t,x) = f(£, %) < k|t —to| ~Hx —X|, t £ to,

(ii) |t —to|P|f(t,x) — f(t,%)| < c|x — X|*, where c and k are positive constants,
the real number o is such that 0 <« <1, f<wand k(1 —a) <1 —B.

Then IVP ([L.4) has at most one solution in |t — ty| < a.

Theorem 1.2.18 (Roger’s uniqueness theorem)

Let f(t,y) be continuous in Dy, which satisfies the condition
flty)=o(e”V't72)
uniformly, for 0 <y <6, 6 > 0 arbitrary. Further, let

£y = DI < 5 ly—7l,t £0

for all (t,y),(t,7) € Dy. Then IVP ([L.4) has at most one solution in [0,a].
Consider the initial value problem

x' = h(t,X), X(t()) = Xp (15)
where h: U C R" — R is continuous.

Theorem 1.2.19 (Kamke’s uniqueness Theorem)
Assume that for all (t,x),(t,x) € U, t # to, if

[ (t,x) = h(t,X)| < g(t = to,[|x — X)),
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for some continuous function g : (0,a] x [0,2b] — [0,00) such that for every c €
(0,a), the trivial solution x = 0 is the only solution of
x'(t) = g(t,x(t)) for allte (0,c), and lim X _ 0.
t—0t
Then IVP ((1.5) has at most one solution in [to, ty + a).

Theorem 1.2.20 (Montel-Tonelli uniqueness Theorem)
Assume that for all (t,x),(t,X) € U, t # ty, we have

[ (t,x) = h(t,X)| < p(t = to)p(||x — X[,

where p : (0,a] — (0,+00) is integrable, and ¥ : [0,2b] — [0,400) is continuous

and
dr

o+ $(r)
Then IVP ([L.5) has at most one solution in [y, ty + a).

:+OO

Last, we provide two inequalities that will be used in the sequel. The first
is a particular case of Jensen’s inequality and the second in a generalisation

of the Jensen’s inequality.

Lemma 1.2.21
For every a,b € (0,1) and every o > 1, we have the following estimate

o

(a+b)“g%(a“+b“).

Lemma 1.2.22 (Jensen’s inequality [101])
Let p be a nonnegative continuous function on [a,b] such that | ub p(x)dx > 0.

If g and h are real-valued continuous functions on [a,b] and
my < g(x) <M, my<h(x) <My,
for all x € [a,b], and F is convex on
A = [mq, Mq] X [my, M3],

then

(1.6)

(fg p(t)dt [ h(t)p )nga ><>t'
Ji p(o)t 'fp A
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1.3 Fuzzy sets

In contrast to odd and even numbers which can be classified as belonging
to exactly one class, in many engineering tasks, we are faced with classes
such as tall, speed, age, etc. All of these convey a useful semantic meaning
that is obvious to a certain community. However, a borderline between
the belonging or not of a given object to such classes is not evident. Two-

valued logic, used in describing these classes of situations, might be not

well-suited, see Figure 1.2.

;’l young middle-aged old y young middle-aged old
1 1 1 W
0 ; , 0 ,
Crisp membership A g e Fuzzy membership A g e

Figure 1.2: Crisp VS fuzzy membership logic.

1.3.1 Basic definitions and properties

First, let us recall some basic definitions about fuzzy numbers, fuzzy sets,
and fuzzy logic. Further foundation and applications of this theory could
be found in [64, 102, 113].

Let E = {u: R — [0,1]; u satisfies (AT){A4) } the space of fuzzy numbers:
(A1) uisnormal: that is, there exists yy € R such that u(yy) =1,

(A2) uis fuzzy convexie. u(Ay + (1 —A)z) > min{u(y),u(z)} whenever
y,z€ Rand A €[0,1],

(A3) u is upper semicontinuous i.e. for any o € R and € > 0 there exists

0(yo,€) > 0 such that u(y) < u(yp) + € whenever |y —yo| <9, y € R,

(A4) The closure of the set {y € R; u(y) > 0} is compact.
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The set [u]* = {x € R; u(y) > a} is called an a-level set of u.

It follows from [A1){A4) that the a-level sets [1]* are convex compact sub-
sets of R for all « € (0,1]. The fuzzy zero is defined by

5 0 ify#0,
1 ify=0.

Definition 1.3.1 ([113])

A fuzzy number u in the parametric form is a pair (u(r),u(r)) of functions u, u,
for 0 < r <1, which satisfy the following conditions:

(i) u is a bounded nondecreasing left continuous function in (0,1] and right
continuous at 0,

(ii) U is a bounded nonincreasing left continuous function in (0,1] and right
continuous at 0,

(iii) u(r) <u(r), forall 0 <r<1.

The characteristic function of a set D is denoted x : D — {0,1} such that

(x) = 1 ifxeD
M7 0 ifxéD.

Whereas a trapezoid fuzzy membership function y : D — [0,1] verifies

(0 if x<ag,
;:a if a<x<p,
p(x) = d—?c
if c<x<d,
d—c
(0 if d<x,

such as [a,d) C D, below an other membership function is plot on and
a crisp membership function on [Figure 1.3

Moreover, we also can present the r-cut levels of fuzzy numbers as [u]" = [u(r),u(r)]
forall0 <r <1.

18



Figure 1.3: Example of a crisp membership function.

1
=
=
0
-7 7

Figure 1.4: Example of a fuzzy membership function.

According to Zadeh’s extension principle, we have the following proper-

ties of fuzzy addition and multiplication by scalar on [E

(u ®v)(x) =supmin{u(y),v(x —y)},x €R,
yeR

and
u(¥) ifk>0,

(kGM(X)){~ .
0 if k=0.
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Seeking simplicity, we note ®, © by the usual +,-. The Hausdorff distance
between the fuzzy numbers is denoted by d : E x [E — [0, 400, such that
d(u,v) = sup, (g max{|u(r) — v(r)|,[u(r) —o(r)[}. And (4,E)is a com-

plete metric space.

Definition 1.3.2
Let x,y € E. If there exists z € IE such that x = y + z, then z is called the
Hukuhara difference of x and y, and it is denoted by x © y and called H-difference.

Remark 1.3.3. Note that the sign © stands for H-difference and x © y #
x+ (—1)y.

We denote by C¥[0,4] the space of all fuzzy-valued functions which are
continuous on [0,a] and LF[0,a] the space of all Lebesgue integrable fuzzy-
valued functions on [0,a], where a > 0. We also denote by AC"*~DF|0, 4]
the space of fuzzy-valued functions f which have continuous H-derivati-
ves up to order 1 — 1 on [0,a] such that f"=1) in ACF[0,a].

1.3.2 Fuzzy differentiation and integration

Definition 1.3.4 ([26])

A function f : (a,b) — E is called H-differentiable on xo € (a,b) if for h > 0
sufficiently small there exist H-differences f(xo+h) © f(xo0), f(x0) © f(xo — h)
and an element f'(xo) € R such that

O:}lllill’(l)d (f(xO +h})l @f(XO)/f/(xO)) :}llg(‘)d (f(xO) @i(xo +h)’f/(xo)) ,

where h at denominator means %@.

This usual concept of differentiability has some shortcoming:

Remark 1.3.5. If ¢ is a fuzzy number and g : [2,b] — R an usual real valued
function differentiable on x( € (a,b) with ¢’(xp) <0, then f(x) =c® g(x)
is not differentiable on x(. In [26], Bede et al. defined a generalised concept

of differentiability.
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Definition 1.3.6
Let f: (a,b) — E and xo € (a,b). We say that f is strongly generalised differen-
tiable on x if there exists an element f'(xg) € IE, such that for all h > 0 sufficiently

small, we have

(1)
, Y CI)(XO —+ h) ) CD(XQ)
f (xO) _;lllz{(l) h
—fim 2(0) © Plxo — )
h—0 h
or
(ii)
/ s CI)(XO) ) CI)(XO + h)
f(x0) = Jim iy
— lim CI)(XO — h) ) CD(XQ)'
h—0 —h
Definition 1.3.7 ([12])

Let f € C¥[0,1) N L¥[0,1]. The fuzzy fractional integral of the fuzzy-valued func-
tion f is defined by
IPf(x;r) = [I'Bj_f(x;r),lﬁj_‘(x;r)] ,0<r<1,
where L
Iﬁj_’(x;r) = Tﬁ)/ﬂ (x — s)ﬁ_lf(s;r)ds,

1Pf(x;r) = ﬁ/ox(x — )PV f(s;7)ds.

Definitions for higher-order derivatives were introduced based on the se-

lection of derivative type in each step of differentiation.

In [26], the authors considered four cases for derivative up to second order.
Following [12] and for the sake of convenience, we only consider two cases.
The other cases are trivial because they can be reduced to crisp elements.

For more detalils, see [[12].
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Definition 1.3.8 ([[12, Definition 6] )

Let f € C(W¥[0,1] N LF¥[0,1], x9 € (0,1), and P(x) = (1/T(n—B)) [y (f(£)dt/(x
t)B=1+1), where n = [B] + 1. We say that f is fuzzy Riemann-Liouville fmctzonal
differentiable of order B at x, if there exists an element (Dg f ) (x0) € E, such
that for all h > 0 sufficiently small, we have

(i)
(n—1) (n—1)
B o @V (g + k) © @Y (%)
(D6) (x0) = = im 7
(n—1) (n—1) _
—im 2 (x0) © P (x0 — h) /
h—0 h
or
(ii)
(n—-1) (n—1)
B d (x0) © P (xo +h)
(D6 ) (x0) = bim “h
(n—1) _ (n—1)
— lim P (xo h) X (xo) .
h—0 —h

Denote by C("~1F([0,a]) the space of fuzzy-value functions f on the inter-
val [0,a] which have continuous H-derivative up to order n — 2 such that
=1 € CF[0,a]. C*~VF(]0,a]) is a complete metric space endowed by the
metric D such that for every g,h € C"~DF(]0,4]):

n—1

D(g,h) = Y sup d (3(t),h(1)).
i=0 t€[0,4]

In the rest of this thesis, we say that a fuzzy-valued function f is RL[(i) —
B]-differentiable if it is differentiable as in Definition 1.3.§ case (i) and is
RL[(ii) — B]-differentiable if it is differentiable as in Definition 1.3.§ case
(ii).
Definition 1.3.9 ([12, Theorem 7])
Let f € C(W¥[0,1]NL¥[0,1], x9 € (0,1), and ®(x) = (1/T(n—B)) [y (f(£)dt/(x
)P0 where n = [B] + 1 such that 0 < r < 1, then
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(i) if f is RL[(i) — B|-differentiable fuzzy valued function, then

(Dgf) (xo;7) = [(Dgi) (x0;7), <D€7) (xo;r)] ,

(ii) if f is RL[(i) — B]-differentiable fuzzy valued function, then

(Dgf) (x0;7) = [(Dgf) (x0;7), <D§j_f) (xo;r)] ,

Aol (8 [
(08F) () = [ () e =02 Fema]

1.3.3 High order differential equations and limitations

X=Xq

X=Xq

In [14], Allahviranloo and Ahmadi introduced the fuzzy Laplace trans-
form, which they used under the strongly generalised differentiability. Re-
cently, E. ElJaoui et al. [43] developed it further. The newly defined fuzzy
Laplace transform [[14] for high order fuzzy derivatives is one of the most
useful methods as mentioned by A. Jafarian et al. in [59]: ”..., one of the
important and interesting transforms in the problems of fuzzy equations
is Laplace transforms. The fuzzy Laplace transform method solves fuzzy
fractional differential equations and fuzzy boundary and initial value prob-
lems [21], 22, 86] ....” See also [9, 85].

Definition 1.3.10

Let f be a continuous fuzzy-valued function. Suppose that f(x) ® e”P* is im-
proper fuzzy Riemann integrable on [0,00), then [;° f(x) @ e"P¥dx is called the
fuzzy Laplace transform of f and is denoted by

L{f(x)] = /0 T f(x)@ePdx, (p>0and integer).
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Remark 1.3.11. Using the definition of fuzzy Riemann integration, if follows
that

L) = (£ [fxn)] . [fn)]).

Theorem 1.3.12

Let f' be an integrable fuzzy valued function and f its primitive on [0,00). Then

L[f'(x)] = p O LIf(x)] = £(0)

when f is (i)-differentiable

LIf'(x)] = (=f(0)) & (=p O LIf()]).
when f is (ii)-differentiable.

Let us give the following theorem whose prove is essentially based on [[12,
Theorem 16]

Theorem 1.3.13
Suppose that f € CUF[0,00) N L¥[0,00), one has the following:

(i) if f is RL[(i) — B|-differentiable fuzzy valued function, then
n—1
L[(0r) ] = prscore (S oo+ )
=0

or

(ii) if f is RL[(i) — B]-differentiable fuzzy valued function, then
n—1
L|(Df) ()] =- ( )y kaﬂ—k—1f> (0)& (~pPLIf(®)]).
=0

For more details and properties of the fuzzy Laplace transform, we kindly
refer the reader to [14, 43, 80] and for an application to fuzzy differential

equations see, e.g., [17], Chapter [, and the references cited therein.
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Chapter 2

Existence of positive solutions in

da cone

The value of a mathematical discipline is to be de-
termined by its applicability to the empirical sci-

ences

C. Runge, Doctoral dissertation, Berlin, 23 April
1880.

Initial and boundary value problems of fractional orders have been stud-
ied extensively in the last decades and by different methods, for instance,
fixed point theorems, upper and lower solution method, coincidence de-

gree theory of Mawhin.

In this Chapter, we establish sufficient conditions for the existence of pos-
itive solutions for a class of higher order Riemann-Liouville fractional ini-
tial and boundary value problems. By means of Guo-Krasnoselskii fixed
point theorem, we investigate the existence of at least one positive solution
in suitable cones. The first part is dedicated to the study of IVP where the

second one is devoted to BVP.
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2.1 Previews works

It goes without saying that ordinary and fractional IVP and BVP are greatly
treated in several thousands of papers, we only cite a few: the works of
Zhang et al. [105-111], Bai [24], Goodrich [49], Sotiris et al. [77], Guezane-
Lakoud et al. [51-55], Chidouh et al. [B1-33], others [69, 70, 98], and many
more details in [3, §] and the references cited therein. We give an overview

of the problems treated:

In [7], Agarwal et al. treated the following boundary value problem
D*u—+ f(t,u(t),D*u(t)) =0, 0<t<1ll<a<?2,
u(0) =u(l) =0,

with 4 <1 — «a and f satisfies Carathéodory conditions.

In [70, 98], the authors used Schauder fixed-point theorem for a coupled
system where the nonlinear terms involve a fractional derivative of order

O0<o<l.

In [p6], Lakshmikantham et al. obtained the existence uniqueness of solu-

tion to the following IVP, using Krasnoselskii-Krein type conditions

Diu(t) = f(t,u(t)).
More details are in Chapter §, when we treat a more general problem.

In [24], Bai considered the existence of positive solutions of the fractional

boundary value problem:
Dgu(t) + f(t,u(t)) =0,0<t<1,1<a<2,
u(0) =0, Bu(y) = u(1),
where D denotes the Riemann-Liouville fractional derivative.
In [49], Goodrich studied a similar problem
— Dgu(t) = f(t,u(t)),0<t <1,
u(0) =0, [D*u(t)],_; =0,0<i<n—-2,1<a<n—2,v>3.
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The author established the existence of a positive solution using cone the-

oretic techniques.

In [77], Sotiris et al. extended his problem to a nonlinear fractional order

differential equation with advanced arguments

Dgu(t) +a(t)f(u(6(t)))=0,0<t<ln—1<a<n,
u®(0) =0, [Dﬂu(t)] —0,0<i<n-21<B<n—2,n>3

In [62], Guezane-Lakoud et al. studied the following problem

DRu(t) = F(tu(t),D7(£),0 <t <1,2 <a <3,
u(0) =u'(0) =u"(0) =0,u'(1) =°D%u(1),

where Df represents the Caputo fractional derivative of order a. And re-
cently in [51], the author established the existence and uniqueness for the

following problem

DTu(t) = f(t,u(t),u'(t)),0<t <1,
u(0) =u'(0) =u"(0) =0,

where 2 < g < 3, using Guo-Krasnoselskii theorem.

Note that in the previously cited works and in many others, the authors
trea-ted initial value problems assuming that the nonlinear term f depends
on the classical derivatives of u, i.e. D'u for i € N, or on the fractional
derivatives D7u, 0 €]0,1], also they used some assumptions on the growth
of a certain fractional derivative of the solution. In contrast to most of
the anterior works, we prove the existence of at least one positive solu-
tion without imposing a growth assumption on the fractional derivative
D71y,

A few question arises about quantitative aspect of positive solution in the

following cases:

* The nonlinear term depends not only on integer derivatives of the

solution but also on its fractional order derivative
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¢ The fractional derivative that the nonlinear term depends on is of

high order

Motivated by the active investigations on the IVP and BVP. In the follow-
ing, we prove some existence results for two problems and answer some
of the above questions. For that, first, we define some quantities and recall

some lemma.

2.2 Some definitions

We set

Co = [1901 — 1) Pg () flau(t), ! (1), (1) .., u™ (1), D*u(t))]

t=1
i _ r(q) a r(q)
RS Vi A A Vg e
u

(2.1)

Definition 2.2.1 ([99])
Let f : R? — R, define

F':Ry - Ry, F*(r)= max {fi(u,0)},

0<u+ov<r
F*
B tim D00 pe i FO)
lu|+|v|] =0t U+ r—0 7
[T SLC71) B ()]
oot u+0 07 %0 1 7

The case where Fy = oo and Fy, = 0 is called the sublinear case.

Lemma 2.2.2 ([99, Lemma 2.8])

If f1 is continuous, then F§ = Fy and F}, = Fe.
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Proof. The proof runs along similar lines as in [99].

First, since f is continuous, we obtain that

fluo) i max|y|[o|<rf(#,0) :

lu|+|o|]—0 U+ r—0 7

that is, Fj = Fo.

Next, to prove that F}, = F we distinguish two case.

Case (i): f is bounded.

In this case from lim ;| y|—c0 (4 + v)~1 =0, we conclude that F, = FZ%.
Case (ii): f is unbounded.

In one hand, Setting for any chosen § > 0

N, = inf{|u| + [0| : |u|+ |o| > S and f(u,v) > F*(p)} > p,

and noting that
F*(p) = max{f(u,0) : [u| +[o| < Np} = max{f(u,0) : [u] + |v| = Np},

the relation
F*(r) = max{ f(1,0)  Ju| + [o| < r}

is reduced to
F*(r) =max{f(u,v) : Ny < |u| + |v| <1},

for every r > N,. In the other hand, there exists (11,01) € R? such that
F*(r) = f(u1,v1), with N, < |u| + |o| <r. Let us choose (u5,0,) € R? such
that |up| 4 |vp| =7, then

flug,02) _ F*(r) _ f(u,o1) _ f(,01)

ul+ ol = r T ul+ o]

Using this last estimate and the fact that f is continuous: that is, for any

€ > 0 there exists p > 0 such that for |u| + |v| > p the inequality

Fo—e< 9 op L
Ll"‘U
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yield that
F(r)
r

Foo —€ < <Fo+e

for any r > N,. Hence F» = F5,. When F = o0 a similar argument may
show that FZ = oo. O

Definition 2.2.3
Let f : R"*2 — R and putting

AO _ lim f(vlln-lil_-zlvm-i—Z), Aoo — lim f(vlln-l—-l_-zlvm-l—Z)
Ba IR Wl [ DA SRS B I

7

The case where Ag = 0 and A = oo is called the superlinear case and the case

where Ag = oo and As = 0 is called the sublinear case.

Lemma 2.2.4 ([98])
Let the space X be as follows

X ={ulu e C|0,1],Du € C[0,1]}
endowed with the norm

ullx = ul(t D%u(t)|,
Jullx = max ful ()] + ma [ Du(t)|

where 0 < o < 1. Then (X, || - ||x) is a Banach space.

Definition 2.2.5
We define the space Xy as follows

X1 = {uju e C"2[0,1] D7 'u € C[0,1] and
u(0) =0, DU Dy(0)=0,i=1,....n—1},n>2

endowed with the norm

n—2
ullx, = Z {max \u(i)(t)|} + max |D’7*1u(t)],

= lo<t<1 0<t<1

where [q] =n — 1.
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Lemma 2.2.6
(X1, - || x,) is @ Banach space.

Proof. Let {u}2, be a Cauchy sequence in the space (X, || - ||x,), obvi-
ously {u,(:) 22 and {D97 1y} | are Cauchy sequences in the space C([0,1]).
Therefore, {u](:) 2 and {D97 1w, }*° | converge tosome o) and win C([0,1])
uniformly, (), w € C([0,1]) and v(0) = 0 and w(0) = 0. It suffices to show
that w = D7~ 1v. We have

|M—1Dq—1uk(t) — 1q—1w(t)| gﬁ/ot(t — s)q—2|Dq—1uk(s) —w(s)l|ds
S%gg{gﬁ DTy (1) — w(b)|.

Since { D771 }$° | converges uniformly, then limy_, o, I1771 D7~y (¢) = 1171w (¢)

uniformly on [0,1]. From Lemma 1.1.20, witha =g — 1, we get [T 1 D71y (t) =

u(t). Hence, we have v(t) = I 'w(t). From Lemma 1.1.13, we obtain

w = D7 1v. Thus, {u;}>, converges in Xj. This completes the proof. [

Definition 2.2.7
We define the space X as follows

X = {u|u € C"[0,1], D*u € C([0,1]) and
1u(0) =0, u®(0) =0, i = 1m}

endowed with the norm

ulx, = Z{max |u<f><t>|} T max [D*u(t)],

= | o<i<i 0<t<1
where u®) =y and [a] = m.

Lemma 2.2.8

(X2, - ||x,) is @ Banach space.

Proof. Let {uy}2, be a Cauchy sequence in the space (X, || - ||x,), obvi-
ously {u,(cl) } ey and {D"u; } 7, are Cauchy sequences in the space C([0,1]).
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Therefore, {ul(f) }ooq and {D*uy } 32, converge to some o) and win C([0,1])
uniformly, (), w € C([0,1]) and v(0) = 0 and w(0) = 0. It suffices to show
that w = D*v. We have

II*D*uy (1) — I*w(t))| gﬁ/ﬂt(t — )12 D%y (s) — w(s)|ds
1 o
ST(J)Q% | D*u(t) — w(t)].

Since { D*uy }3- , converges uniformly, then limy_, o, I* D*uy (t) = I*w(t) uni-

formly on [0,1]. From Lemma 1.1.20, we get I*D*u; (t) = uz(t). Hence, we

have v(t) = [*w(t). From Lemma 1.1.13, we obtain w = D*v. Thus, {14},

converges in X,. This completes the proof. O

We define a cone P; C X; by
P = {I/l € Xq: M(t) >0,Vt e [0,1]}

Also, we define the cone P, C X; by

_ : ' i
P, = {u € X : u(t) >0and térﬁr}]u(t) > m”uﬂxz}

2.3 Positive solutions to IVP

In this section, we investigate the existence of positive solutions of the fol-
lowing initial value problem with higher order Riemann-Liouville type

fractional differential equation:

{ DIu(t) = f(tu(t), DI 1u(t)),g >2,0<t <1 2.2)

u(0)=0,D9 Dy (0)=0,i=1,...,n—1,

where n = [q] + 1.

We assume that f satisfies the following conditions:

(H1) f(t,x,y) =gt fi(x,y), g€ L'([0,1,R%) and f; € C(R} x R,R}).
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(H2) f; is a convex, nonnegative, and continuous function, decreasing ac-

cording to each of its variables.

(H3) £1(0,0) # 0.

We seek a solution u of IVP (2.2), such that u € C(]0,1],IR) and D7u exists
and is Lebesgue integrable on [0,1] and u satisfies (2.2).

Define T : X; — X; by
1t
Tu(t) = o [ (=) f(s,u(s), D7 Tu(s))ds,
0
where f satisfies (H1)}-(H3).
Clearly from [Lemma 2.2.6, a function u is a solution of IVP (2.2) if and only

if it is a fixed point of T;
u(t) =Tu(t), Vtel0,1].

We first introduce the following Lemma which is crucial in the proof of the

main results.

Lemma 2.3.1
Assume conditions (HL)HHS3) are satisfied, then the operator T : P, — Py is com-

pletely continuous.

Proof. Step 1: Firstly, from conditions -, and noting that I7 maps
LY([0,1],R) into AC"1([0,1],R), for every q > 1, with n = [g] + 1 it yields
that for every u € X1, Tu € C"2([0,1],R) and D9~1(Tu) € C([0,1],R).

We have foreveryic1,...,n —1

1
T(q—1i)
Since g and f; are bounded at 0, we get from the previous equation (2.3) and
the definition of T that Tu(0) = D7~(Tu)(0) =0, foreveryi € {1,...,n —1}.
Next, if u(t) > 0, then D7~ u(t) > 0. Moreover, it follows from conditions

DI (T)(0) = o [ (=51 Tg(5) fula(s), D (). (23)
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(HLHH3) that Tu(t) > 0, Vt € [0,1]. Finally, we conclude that T (P;) C P;.
Step 2: we show that T maps bounded sets into bounded sets in P;.

In fact, set B be a bounded set in P;, then for u € B we have

ITu(t) '/ (t — )7 g (s) fi (u(s), DT u(s))ds|.

And from condition [H1), ¢ € L([0,1],R* ) nonnegative, then there exist
constants g1,g2 > 0, such that g; < f[; Q(t) < g, forall t € [0,1]. Hence, we

obtain £ (0,0
8271 (Y,
| Tu(t)] < )

and for each integer i such that 0 <i <n — 2, we have

\(Tu)(i)(t)| :ﬁ /Ot(t —8)T e (s) fy(u(s), DT tu(s))ds
_ﬁfl (0,0) '/Otg(s)ds
_8:A00)

“Tg-i)’
and
D1 Tu(t)| =| [ (613 (s), D7 )

<£2f1(0,0).

So, || Tul|x, < g2f1(0,0) (1 +yr2 e )> Hence, T(B) is uniformly bounded.
Step 3: Now, we prove that the operator T is equicontinuous.

For each u € B, any € > 0, 11,1, € [0,1], t > t;, we have

w1 L =9 s e) (o), D ) s

= [ = s gl D s as
1 i 1 1
g1 00) (/0 8(5) (= )71 = (ty =) ) ds

Tu(ty) — Tu(ty)] =
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+/t2 2—5q1d5)
;ﬂ&?(ﬂ(q1xm—@ﬂﬂ%+l?”_®k%®%)

Sglf{; (_0’10))‘ (t2—t) + flr((O[;)O) /:(tz —5)171g(s)ds — 0, as t; — to,

and for each integer i such that 1 <i <n —2, we have

|(Tu) D (1) — (Tu)D(t2)| __ 1

- (h— s)q—l—i> ds + /tltzg(s)(tz — s)q—l—ids)

OO o
SRt W gy ), 2

which tends to 0 as t; tends to f5.
DT Tu(ty) — DI 1 Tu(ty)|
t t
g(S)f1(M(S),D‘7_1M(S))dS - /O 8(s)f1(u(s), D7 u(s))ds

t
_/2 $)f1(u(s), D1 u(s))ds — 0,as t — t

Therefore, T(B) is equicontinuous.
From Arzela-Ascoli Theorem, we deduce that the operator T is compact.
[

2.3.1 Existence result

Now, we establish an existence result for positive solutions to problem

(@). The results of this section are submitted for publication, see [96].
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Theorem 2.3.2
Suppose that f satisfies (H1}-{H3), then problem (2.2) has at least one non trivial

positive solution in the cone Py in the sublinear case.

Proof. From Lemma 2.3.1, T is completely continuous. Since Fy = +oo,

_ T+l . <
TT—s)ig(s)ds’ there exists r{ > 0, for any 0 < u + v <y,
then f1(u,0) > M(u + v). Let Q1 = {u € E,|jul|x, < ri1}. Assume that

Juy € Py N o)y, such that || Tuy || x, < ||u1]|x,, then we can write

choosing M; >

1
=l > [Tl 2 [ Tl > [ Tun (£

z%q) /0 1 /O Lt — )0 Lg(s) fy (12 (5), DIty (s))dsdt
> [ (=) (61 9, D9 )

1
I(g+1)

Vv

/01(1 — s)"g(s)fl(ul,D”’_lul)ds.

From the convexity of f; and using Lemma 1.2.22, we get

41 Zﬁ (/01(1 - s)qg(s)ds>
< fi (fol(l —s)TgOun(e)ds (1 swg(s)Dq—lu1<s>ds> e
fol(l —s)ig(s)ds fol(l —s)ig(s)ds

Using the estimations

1 1
| = syg(s)n(s)ds < s [ (1= 5)7g(s)ds
1 1
| 0= s)g(e)DT N (s)ds < DT [ (1 )Tg(s)as,

and taking (H2) into account and the fact that f; is decreasing according to

each of its variables, inequality (2.4) becomes

p s o (=9)(s)ds

q—1
fgen Sl D7 ).
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Using (H3), we obtain

UL f ( ) mé”mmnzw—%unw>
g(s)d
1)

(q i<n—-2

fo (1—15)78(s (i) ~1 81
. D1 o | = =—2—Mr1.
(q iggzuul H + H ul“ r(q n 1) 1

Using the fact that M > NLD, then it follows that
Jo (1=5)7g(s)ds

s s o =9)(s)ds
- I'(g+1)

which is a contradiction. Thus, ||Tu||x, > ||u||x,, Yu € P; N o0)y.

From , we have F, =0 < F}, =0, so for every € > 0 verifying

there exists R > 0 such that for r > R, then F*(r) < er. Let r > max(r1,R)
and set () = {u € E: ||u||x, < r2}, it is easy to see that Q; C ;.
Assume that Juy € Py N0, such that || Tuy || x, > ||uz2||x,, then we have

Mrq >rq,

ra =l[luallx, < ||Tuz|x,

n—2 1 t )
=max Y oy (=9 86D fa(ua(s), DY M (s) s

+ max /Otg(s)fl(u(s),Dqlu(s))ds

te[0,1]
n—2 1 n—2 1
<F*(r 1+ — | <er 1+ — | <r
<”@< gnww> 2@( gnww> 2

which is a contradiction. So || Tu||x, < ||u||x,, Vu € P; N0O,.

It’s clear that the assumptions of [Theorem 1.2.12 are satisfied, it follows
that problem (R.2) has at least one positive solution in P; N (R\O). O
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2.3.2 An example

In this example we illustrate the usefulness of our result. Let us consider
the following IVP

( 1+
, 0,1 , 3 4,
Tt eeDapp coUNQ 3<es
D*u(t) = (2.5)
1
B OICE0) S
u(0) =0,D* 1u(0) = 0,D*2u(0) = 0,D* 3u(0) = 0. (2.6)

Set f(t,x,y) = g(t) f1(x,y), where

1+, tel01]NnQ
g(t)_{L te[0,1\Q

and
1

filx,y) = m

Thus g € L'((0,1), R} ), with ¢; = 1 and ¢, = 2 and clearly f is a continuous
decreasing nonnegative convex function and f(0,0) = 1.

Hence, conditions (H1)H{H3) hold. Then, by Theorem 2.3.2, problem (2.5)

has at least one continuous positive solution on [0,1].

2.4 Positive solutions to BVP

In this section, we consider the following BVP

Du(t) +g(t) f (u(t),u'(8),u" (¢),...,ut™ (), D*u(t)) = 0,0 < t <1,
w(0)=0,u®(0)=0,i=1,...,n—2,
Dfu(1)=0,2<p<n—-21<m<a<p-1,

(2.7)
where n —1 < g <nand n > 3 and the functions g and f satisfy the condi-

tions:
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(H1) g€ L'([0,1],RY),

(H2) f e C(R",Ry).

Note that the nonlinear term doesn’t depend solely on the unknown solu-

tion but on its fractional derivatives of high orders too.

Firstly, we convert the problem into an equivalent integral equation, fol-
lowed by some estimating on te Green function and finally we apply Guo-
Krasnoselskii’s fixed-point theorem in cones to establish some new results.

The results of this section appeared in [95].

2.4.1 New estimates on Green function

In [49], Goodrich proved the following Lemma and obtained estimates on

the minimum of the Green function.

Lemma 2.4.1
Assume that y € C([0,1]), then the following problem

where
g1 _y—p-1_ _ e\v—1
SR () U= g<s<i<n,
G(t,s) = tq_l(l o S)V_ﬁ_l (2.8)
,0<t<s<1.

[(v)

He proved, under the assumption that § < v — 1 the following estimate:
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Lemma 2.4.2 ([49])
There exists a constant vy € (0,1) such that

min_G(t,s) > v max G(t,s) = yG(1,s),
te[11] te[01]

where g1
v—B—
o By
y=ming ——g—— |5
By substituting fand gby fo = —aand gu =g —a, then f; =p —1,¢q; =

g —i,wherei € {1,...,m}, we obtain the following estimates:

Lemma 2.4.3

Let G(t,s) be as given in (2.8). Then for every i =1,...,m there exist constants
Vs Yis Yo glven by

Y = min

EENeh

28 —1
l qiﬁil 1
i = min (2> E ﬂl
1 2[371' . 1 7 2
l qiﬁil -
Yo = min <2> 1 e
o 2[37“ _ 1 7 2 7

such that
min_G(t,s) > v max G(t,s) = yG(1,s)
té[%,l] tG[O,l]

min_G;(t,s) > v; max G;(t,s) = 7;G;(1,s)
te[%ll] tE[O,l]

min Gg(t,5) > v, max Gy (t,5) = 14Ga(1,5),
te[%ll] tE[O,l]
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where

) 0<s<t<1
d' I(q—i ’ -
Gi(t,s) = 7;:G(t;s) = p-1-i( _S)qg%ﬂ )
. ,0<t<s<1,
\ r(q - l)
( 1q—1—a(1 _ \g—B—-1 _ _o\g—1-ua
t (1 s)r _lx)(t s) O<s<i<1,
Galt5) = D*G(65) = { yy1a(y _ g0 Pt
<t<s<l1
\ r(q - ‘X)

Moreover,

. v m 5
tg[é]:}] G(t,s) > vG(1,s) > CERRO] (G(l,s) + Gga(1,8) + ;Gz(l, )) .

(2.9)

Proof. Using the same process as in [49], we get for every i =1,...,m the
desired constants y,v; and y,. Moreover, using the fact that 1 <i <m <
x < B —1, it follows for every 0 <s <1 that

G > =1y > L

Gi 1,s
X0 DR
I'(qg—uw) 1
G(1,s) > Gu(1,8) > ——G,(1,8).
(Ls) 2 =y~ CGalls) 2 s Gallos)
Noting that I'(.) is increasing in (2,00), we obtain the desired inequality
@9 N

We define T : X, — X, by

Tu(t) = /01 G(t,5)g(s)f(u(s),u'(s),u"(s),...,u™(s), D*u(s))ds,

where ¢ and f satisfy (H)HH2).
Clearly from Lemma 2.4.1, a function u is a solution of BVP (2.7) if and only

if it is a fixed point of T,
u(t) ="Tu(t), Vtel0,1].
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2.4.2 Existence result

In this section, we deduce the existence of a positive solution to problem
(@) To accomplish this we first introduce the following Lemma which
is crucial to the proof of our result based on the Guo-Krasnoselskii fixed

point theorem.

Lemma 2.4.4
Assume that conditions (H)HHZ2) are satisfied, then the operator T : Py — P, is

completely continuous.

Proof. Firstly, it follows from (H1J{H2) and (R.1) that Tu(t) >0, vt € [0,1],
and
m

i T 1 (1, s s)ds
tg[gr}] Tu(t) Zm/o (G(l,s) + Ga(1,5) +;GZ(1, )) g(s)R,(s)d

0% 1
> ) | Ges)g(s)Ru(s)ds

+(m+2 tglf)a)l(/G“ts Ru(s)ds

+ — (CESE) +2 max Z/ R, (s)ds

teOl

_r max u u () “Tu .
> T ) (T (t >+g<T )0 () + DT <t>>

Thus

. Y
2 T 2 G2

which implies that T : P, — P5.

1Tt .

Secondly, we show that T'maps bounded sets into bounded sets in P;.

In fact, for every bounded set B in P, there exists

1
5= gsz<1—|—Z e Z)>+C,X+ZC >0,

i=0
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such that
1

Tu)| :W) [ =9 g6 Rulshas + 171

gﬁMf '/Otg(s)ds

ngMf
I'(q)

and for each 1 <i <m, we have

+ 1171¢,

+ Co,

. 1 t . .
(7) N _ o\g—1-i 4q—1—i
()00 =| i [ (=97 g R+ Ci
1 t .
< 4q—1—i
_F(q—i)Mf /Og(s)ds + Cjt
g2 My
< + C;,
(g —1)

and

t
|ID*Tu(t)| = ‘/ g(s)Ry(s)ds + Cut117%
0

ngMf + CIX'

So, || Tu||x, < 4. Hence, T(B) is bounded.
Now, we prove that the operator T is equicontinuous.
For each u € B, any € > 0, f1,t, € [0,1], £, > t;. Let

m
5= <5a + 2(51-) ,
i=0

where
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and for everyi =0,...,m, let

. 1 €m 1/(q717i) €m 1/(q717i)
i = min E(E) '(C(a—l—z‘)) /

I'(g—1—i)em [T(g—1i)em a1
My '\ &My '

and
€Em = 1 €
" 2(m+2)

then when |t, — t1| < J, we get

utt) = Tute)| =| i (=91 goRu )

_ /OtZ(tz — S)’ilg(s)Ru(s)ds> + CO(tzfl B tgfl)
_T(q) Ty Ms (/tlg(s) ((h C5)1 T (fy— S)qfl) P

t
+ [T =)+l — )
1

S%(/Otl(q 1)(tr —t1)g ds+/t2 z—sqlds>

~1 -1
+Co(t 1)

82My My /*2 1
<—2—(t) —t e th —s)17d
—r(q_l)(z 1)+I-(q) h g(S)(z S) 5

+ Gt =, (2.10)

and for each i < m we have

1

)0 02) = (1) Ot = | (= g Ralo)s

q—l
- /otzuz_sw—l—"g(s)Ru(s)dS) G =g

—F(ql_ ) My (/tlg(s) ((h — )7 () — S)qflfi) ds
+/t2 tz_sqllds>+|c(tqlz_tq 1—i)|
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Mf 1 )
Sw (/0 (q—1—1i)(ta —t1)g(s)ds

+/ (s)(ts — ‘711ds)—|—C(tq11—tqll)
82My _ My /*2 _ya-ie1
STl - Z,_1)(1&2 t1)+1"(q—i) . g(s)(ta —s) ds
LG o, (2.11)

and

1 h s
e ([ =9 R

- /Otz(tz - S)‘“"‘g(s)Ru(s)dS) I i
—ﬁMf (/Otlg(S) (CED I CER G FE
)
Dc) (/0 1(’7 —1—a)(t2 — t1)g(s)ds
+/h sb_sanQ+CMﬂal_ﬂ“5

f 2 Cae
_m(tz—tl)—Fm/tl 3(s)(t2 — )1 ds

FC (T =, (2.12)

ID“Tu(t) — D*Tu(ty)| = ‘

In particular, for every 0 < i < m we divide the estimates C; (tg_l_i —#] )
in two cases, as in [25].
Case 1. 0 <t <6, tp < 20;:

Gt T — T < G26) 1 < e

Case2.6; <t1 <try<1:

i g1 (q—1—1) 1-
T i) < Ci%(tz —h)<Cilg—1-1)0T " <ep.
i
Doing the same for Ca(tg_l_“ — t{{_l_“) and then substituting these esti-

mates in (2.10), (2.11)) and (2.12), we obtain that T(B) is equicontinuous.
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From Arzela-Ascoli Theorem, we deduce that the operator T is compact.
O]

Now, we establish an existence result of positive solutions to problem (2.7).

Theorem 2.4.5
Suppose that f satisfies (HDHHZ2), then problem (R.7) has at least one non trivial

non-negative solution in the cone P, in either the sublinear case or the superlinear

case.

Proof. From Lemma 2.4.4, T is completely continuous.

(i) Sublinear case: Since Ag = +09, there exists r; > 0, forany 0 < Z;”:J{Z lv;| <
r1, then f(vq,...,0m12) > M(LI? |0;]), where M > 0 satisfies

Mm /11 G (%,s) g(s)ds > 1.

2

Let Oy = {u € E,||ul|x, <r1}. Take u € P, N9, then

1
ITulle =Tl > T (5) =[G (51) sIRuts)
0

1
(5% s(e)s =l

Thus, || Tul|x, > ||ul|x,, Vi € P, N9QY.
Next, since Ao = 0, then there exists Rsuch that f(vy, ..., 0m12) < €Y1 |v;]
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for Y12 |v;| > r, where € satisfies

1
e(m+2)T(q)/0 G(1,5)g(s)ds < 1.

Let Oy = {u € E: ||lu||x, < r2, 72 > max{ry,R}}, it is easy to see that O C
.

Now we may choose u € P, N d()y, and obtain

te[0,1] \ Jo

1 m 1
|| Tu|| x, = max (/ G(t,s)g(s)Ry(s)ds +£/0 Gi(t,s)g(s)Ry(s)ds
+/01 Ga(t,s)g(s)Ru(s)ds)
<(m +2)I'(q) /01G(l,s)g(s)f(u(s),u’(s),u”(s),...,u(’")(s),D"‘u(s))ds

1
<e(m+20(q) | G(1,9)g(s)ullxods < ]

Hence, by the second part of Guo-Krasnoselskii fixed point [Theorem 1.2.12,

we can conclude that (.7) has at least one positive solution.

(ii) Superlinear case: Since Ag = 0, then there exists r; such that

m+-2
f(01,..,0my2) <8 Y Joj]
i=1

for 2?1;12 |v;| < r1, where ¢ satisfies

1
5(m+2)F(q)/0 G(1,5)g(s)ds < 1.

Let Oy = {u € E,||ul|x, <r1}. Take u € P, N9, then

| Tul|x, = max /1G(t s)g(s)R (s)ds+i/1G~(t 5)g(s)Ry(s)ds
Xy, — 0 /5)8 u = 0 i\t,5)8 u

t€[0,1]
+/01 Ga(t,s)g(s)Ru(s)ds)
<(m+2)T(g) [ GG () (5)(5).,u" (), DFu(s)ds

1
<o(m+2)T(0) [ G(1,9)3(s) |ullxuds < [l
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Next, since As = 409, there exists a constant r > rq, such that

m+2

f(oreee0mi2) 2 () 0)

i=1

for any Y742 |o;| > r, where A > 0 satisfies

Am/JG (%,s) g(s)ds > 1.

Let O ={u€cE:|ulx, <ry,r> W},itis easy to see that Q0 C ().

Now we may choose 1 € P, N 0(),. Then (m++)rw) |u||x, > r. Hence,

| Titl|x, = | Tt oo > T (%) _ /01 c (%1) 2(5)Ru(s)ds
ZﬁlG (%,s) g(s) f(u(s),u'(s),u"(s),...,ul™(s),D%u(s))ds

> [16(35) 8OO+ 1a(0) + i(5)
e [ (5) 4 | DRu(s)])ds
1 /1
2/1 G (E,s> 2(s)A|u(s)|ds

2

Y 1 [1
>l Gy (3%) 8(6)ds = il

2

Thus, || Tul|x, > ||ul|x,, Vu € P, N 0oQy.
Therefore, by the second part of [Theorem 1.2.12, we conclude that problem
(2.7) has at least one positive solution in P, N (Q2\ ). O
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2.4.3 Some examples

Example 2.4.6
Let us consider the following BVP

( 2

D¥u(t) +u2(t) + (' (1) + (Diu(r)) =0,
te10,1\Q
D?u0f+02+1)Cﬂﬁ)+(ﬂ@»2+<ﬂéuuna>=0,
te[0,1]NQ
| 2(0)=0,4/(0)=0,u?(0) =0,ul®(0) =0, D2u(1) =0,
(2.13)

wheren:S,q:%,ﬁ:g,azg,
1+1t2, te[0,11NQ
£() = “
1, te]0,1\Q,

and
flx,y,z) =x*+y* + 2%

Thusg € L'((0,1), Ry ) and f € C(R"2,Ry). Since f is superlinear, by Theorem 2.4.9
we deduce that problem (2.13) has at least one positive solution on [0,1].
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Example 2.4.7
Let us consider the following BV P

(

D¥u(t) + LS. . =0
O+ W)l ()P 1 (Diu(t)>2 +1
ift € [0,1]\Q

1 1 1 1 1

DS u(t) + (2 +1) - + + +

ifte[0,1]NQ
1(0) =0,'(0) =0, u®(0) =0,u®(0) =0, Dzu(1) =0,

\

7
wheren:6,q:—,ﬁ:§,tx:;,

1+, te01NnQ
g(t)_{L te[0,1]\Q,

and
1 1 1

x2+1+y2—i—1+22—|—1+w2—|—1'

Thus g € L'((0,1),R+) and f € C(R"2,R ;). Since f is sublinear, by
we deduce that problem (2.14) has at least one positive solution on [0,1].

f(xy,z,w) =
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Chapter 3

Uniqueness and existence under

Nagumo-like conditions

In the book of Agarwal et al. [4] published in 1993, a great number of
uniqueness and nonuniqueness criteria were detailed and some new refine-
ments were established and proved. Since then, little to no contributions

in this field was done.

Nevertheless, a few years ago a new interest debuted by the published
works by Lakshmikhantan and Leela in 2009, see [66, 67]. They gave ana-
logues of Nagumo’s condition [67] and a Krasnoselskii-Krein type condi-
tions for FDE [66], referred as Nagumo-like conditions for short. They es-
tablished the existence and uniqueness of the following Riemann-Liouville

problem:
Diu(t) = f(t,u(t)), wu(ty)= ub,
where 0 < g < 1.

Similarly to [66], the authors in [100] established the uniqueness and exis-

tence of the following problem

{ D7u(t) = f(t,u(t), DI u(t)),

u(0) =0, DNy (0) =0, G1)
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where 1 < g < 2. One contribution of that paper is in the use of nonlinearity

depending on a fractional derivative.

Recently, some works considered Nagumo conditions and Nagumo-like
conditions: that is, Krasnoselskii-Krein conditions, Rogers conditions, and
Kooi conditions. And in a paper published a year ago [34], Cid and Pouso
presented a new uniqueness result for first order systems of ordinary dif-
ferential equations which contains a generalisation of Montel-Tonelli’s uni-

queness Theorem.

3.1 Position of the problem

Motivated by the rising interest in the uniqueness theorems [20, 23, 34, 46,
65, 67, 76], we generalise the Krasnoselskii-Krein type of uniqueness theo-
rem to q > 1 arbitrary along with Kooi and Rogers ones. The IVP is of the
Riemann-Liouville type fractional differential equation, where the nonlin-
earity is depending on D7~ !x. This order may take values greater than one.
Further, we establish the convergence of successive approximations of the
Picard iterations of the equivalent Volterra integral equation. Finally, we
give an example illustrating numerically our results. The results of this

chapter are accepted for publication [93].

We propose the following IVP

(3.2)

Dix(t) = f(t,x(t), D97 1x(t)),0<t <1
x(0) =0,D=)x(0) =0,i=1,...,[q],

where f € C(Ry,),such that Rg = {(t,x,y):0<t<1,|x| <b,|y| <d,b,d e
R*}. Using similar arguments as in the previous Chapter, we prove easily
the equivalence of this IVP with the associated Volterra integral equation

given by , t
x(t) = Tq)/o (t —s)T71f(s,x(s), DT x(s))ds. (3.3)
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3.2 Uniqueness and existence results

Now, we state the Krasnoselskii-Krein type conditions for IVP (8.2) of the
Riemann-Liouville type fractional differential equation which involves deriva-

tive term in the function f.

Theorem 3.2.1
Let f € C(Ro,R) satisfy the following Krein-type conditions:

k+a(q —[q])

> rl—a(g—[q]) [|x _ﬂ + |]/ _yl]/

(AD [f(t,x,y) — f(1,%,7)| < min{T(q),1}
t#£0and 0 < a < 1.

(A2) |f(tx,y) = F(E%7)] < ¢ [Jx = 3" + 0Dy — g+ ,

where ¢ and k are positive constants and k(1 —a) <14 a(g — [q]). Then the

successive approximations given by

xXjt1(t) = %q)/ot(t — )77 f(s,xj(s), DT x(s) )ds,
xo(f) =0,n=0,1,... (3.4)

converge uniformly to the unique solution x of (3.2) on [0,7], Let M be the bound
1/
for f on Ry and n = min{l, <W) q,%}/

Proof. First, we establish the uniqueness, we suppose x and y are any two
solutions of (3.2) on [0,77] and let p(t) = |x(t) — y(t)| and O(¢) = | DI 1x(t) —
D7 1y(t)|. Note that ¢(0) = 6(0) = 0.
We define R(t) = fot [(p“(s) + s”‘(q_[q})G”‘(s)} ds, clearly R(0) = 0.
Further, we have for t € [0,7]

x(t) = I1f(t,x(t), DT x(t)),

DI Yx(t) = DT [f(t,x(t), DT x(t))] = /Otf(s,x(s),Dq_lx(s))ds.
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Using this and condition [A2), we get

() <oy (¢ =017 (5,3(6), D1 x(5)) = 5,906, D7y (s)) s

q

“T(@)
And
0(1) < [ 17(5,3(), DT 1x(5)) = fy(5), D y())|ds < eR (1),

For the sake of simplicity, we use the same symbol C to denote all different

/0 (t— )11 {4%(5) + S“W-[q])e“(s)] ds < Wt"‘lR(t).

constants arising in the rest of the proof.
We have

R'(t) =¢*(t) + 11D (1)
<C [t“<‘7‘1> n t“(q—[q])] RY(8). (3.5)

Since R(t) > 0 for t > 0, multiplying both sides of (3.5) by (1 — «)R%(t),
and then integrating the resulting inequality, we get for t > 0

« a 1—a[q]
R(t) <C (t(l—‘"qul) —+ t(lﬂ%q_'_ 171;’1 )) ,

where we used Theorem 1.2.2. This leads to the following estimates on ¢ (t)
and 6(t), for t € [0,7],

gtt) < 0 (1) 4 (),

o x 1—alq]
6(t) <C (t(laqﬂ) + t(wﬁ . )> .

Define the function (t) = t *max{¢(t),0(t)} for t € (0,1]. Either t *¢(t)

or t7k@(t) is the maximum, it follows that

0<y(t)<C (t(liak) N t(ﬁ#quh_k))

or

« g 1-alg]
0<y(t)<C (t(uqﬂ—k) 4 t<1_qa+11_;7 k)) .
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Since we assumed that k(1 —a) <1+ a(g — [g]), we can easily verify that
the below inequalities hold

k(1—a)<g
(k—1)(1—a)<ag

k(1—a) <q+a—afq])

k(1—a) <ag+1—alg

So all of the exponents of t in the above inequalities are positive. Hence,
lim,_,o+ ¢(¢) = 0. Therefore, if we define ¢(0) = 0, the function ¢ is contin-

uous in [0,7].

We want to prove that ¢ = 0. Since the function ¢ is continuous, if { doesn’t
vanish at some points ¢ that is ¢(t) > 0 on |0,#], then there exists a maxi-
mum m > 0 reached when t is equal to some t1: 0 < t; <7 <1 such that
P(s) <m=1(t), for s €]0,t1). Therefore, from condition we get for

either cases
m=p(t) = *p(tr) < min(T(q),1)mt] I <

or
m =1(t) = £750(t;) < min(T(q), )mts T <,

which is a contradiction. Thus, the uniqueness of the solution is estab-
lished.

For the second part, we use Arzela-Ascoli Theorem. First, we show that
the successive approximations {x;1(f)},j =0,1,... given by (B.4) are well-

defined and continuous on [0,7]. In fact,

[x41(H)] < ﬁ [ =57 |f531(5), D ) s

t
D (O] < [ [£(5,3(5), D71y (5))| s
For j=0and t € [0,%], we have

q
1y (b)] < % <b and |D"lx(f)| < Mt <d.
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Moreover, for every i € {0,...,n — 1} we obtain

< (1) =D T (¢, x0(t), DI xo (1))
—| 177 £ (¢, x0(#), DT L xo(1)))

)
s T (9, D1 (o)

Mt :
< _ o\g—i—1
_P(q—i)/o(t s) ds
Mt~
< . .
~(g—1)T(g—1)
Mt
“T(g—i+1)

By induction, the sequences {x;1(t)} and {D7 'x;,q(t)} are well-defined
and uniformly bounded on [0,7]. We verify that the family {D71j,,1()}
is equicontinuous in C[0,1] and that the family {x;,1(¢) } is equicontinuous

in C"~1[0,1].

We may prove that y and z are continuous functions in [0,#], where y and

z are defined by
y(t) =limsup |x;(t) — xj_1(t)],
j—oo
z(t) =limsup |D‘7_1x]-(t) - Dq_lx]-_l(t)|.
j—oo

Let us note

m(t) = sup hmsup|x ( ) — x(l_)l(t)|

i<n—1 j—oo J

For t1,t € [0,17] we have

() = 3(0)] < [t = x4 82) |+ s 2 = )"

and we get for every i € {0,...,n — 1}

et = 27 (0)] < [ (62) = 5 (02)| + g (= )7

I'(g—i+1
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In fact, for0 < t; <t, and foreveryi € {0,...,n — 1}, consider the difference

2y () — 27 ()] =[x, (02) = %) (1)

§|x](21(t1) - x]@(fl) - x]@ﬂtz) + x]@(fzﬂ

<t || (=9 D = [ s |
<o || [ st e
- /tltz(tz—s)q_l_ids}
e 5?/([61 e B Ca
S T ORI

where D(s) = |f(s,x]-(s),D‘7_1xj(s)) —f(s,xj,l(s),Dq_lx]-,l(s))] <2M.
Let us note

4M :
— - _ q—1
7 iI<n:D(1{F(q—i—l—1) (tz tl) }

The right-hand side in the above inequalities is at most m(t,) + € 4 o (¢) for
large n if € > 0 provided that

Mt
th —t| << —— <.

Since € is arbitrary and #;, t; can be interchangeable, we get
m(t) —m(b)| <o
The same goes for z: that is,
|z(t1) — z(t2)| < 2M|ty — 1.

These imply that y and z are continuous on [0,#]. Again by using condition

and the definition of successive approximations we obtain

() — 30 <e [ (=) [lxis) x4 (9]

0
+g%(q—[q]) ‘qulx].(s) — inlxj—l(s)‘a] ds
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and

|x]+1( 1 |<C/ q i— 1 |x](s) —X]'_1(S)|a
+sa=lal) | pa- Lxi(s) _DE]*lxjil(S)’a} Js.

As a consequence, we obtain the following estimate for a certain i = i

o1 =51 <C [ (1= 5170 [x5(5) — x4 ()1
-+ S ( [ ])|Dq_1xj(s) — Dq_lxj_1(5)|a ]ds

All of the Arzela-Ascoli Theorem conditions are fulfilled for the family {x;}
in C"1[0,1], respectively {D7 'x;} in C[0,1]. Hence, there exists a sub-
sequence {x;, }, respectively {D9~!x; } converging uniformly on [0,7] as

jk—>00.

Let us define m* and z* for every t € [0,] by

m*(t) =limsup |x]-k(t) — xjk—l(t)|’
k—yo00

z*(t) =limsup |D‘7_1x]-k(t) - Dq_lx]-kfl(t)|.

k—o0

Further, if {|xj — xj_1|} — 0and {|D7 'x; — D7 'x;_|} — Oas j — oo, then
(B.4) implies that the limit of any such subsequence is the unique solution
x of (B.2). Tt follows that a selection of subsequences is unnecessary and
that the entire sequence {x;} converges uniformly to x. For that, it suffices

that y = 0 and z = 0 which leads to m* and z* being null.
Setting
t
R(t) = / [y(s)“ + s"‘(”/_[‘ﬂ)z(s)“] ds,

0
and by defining ¢*(t) = t *max{y(t),z(t)}, the lim;_,o+ ¢*(t) = 0.
We now show that ¢* = 0. If ¢*(¢) > 0 atany point in [0, 7], then there exists
t1 such that 0 < 7 = ¢* (t1) = maxo<;<, §* (t). Hence, from condition (A1),

we obtain
=) =t Fy(t) < mln(F(q),1)mt‘i_1+“(‘1—[lﬂ) < T
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or
= p(t) = t7¥z(t) <min(T(q), a1 < m.

In both cases, we end up with a contradiction. So ¥* = 0. Therefore, the

Picard iterates converge uniformly to the unique solution x of (3.2) on [0, ].

[]
Corollary 3.2.2
Let f € C(Rg,R) satisfy the following Krein-type conditions:
_ . k+ap _ _
(BL) |f(t,xy) = f(£%,7)] < min{D(q), 1} g [lx = %[+ y — ][, £ # 0

and 0 < a < 1.
(B2) |f(t,x,y) — f(txY)| < cllx —x[* + t*P[y — y[*],

where ¢ and k are positive constants, 0 < p < 1and k(1 —a) <1+ amin(q —
[q], p). Then the successive approximations given by (B.4) converge uniformly to
the unique solution x of (8.2) on [0,7],

1/
where 1 = min {1, (W) q,%}, M is the bound for f on R.

Remark 3.2.3. For the case 1 < g < 2,[Theorem 3.2.1/is reduced to the unique-

ness result provided in [100].

Theorem 3.2.4 (Kooi's type uniqueness theorem)
Let f satisfy the following conditions:

k+a(q —[q])

21—a(g—[q]) Hx _Y’ + |]/ _yl]/

(€1 |f(t,xy) — £(t,%9)| < min{T(g), 1}
t#£0and 0 < a < 1.

(€2) #|f(t,x,y) = F(L%7)] <c ||x— x| 4 2 -lD]y —g)e),

where ¢ and k are positive constants and k(1 — «) <1+ a(q — [q]) — B. Then

the successive approximations given by (B.4) converge to the unique solution x on
[0,7]-

Proof. The proof is similar to that of Theorem 3.2.1, thus we omit it. O

59



Lemma 3.2.5

Let ¢ and 6 be two nonnegatzve continuous functions in [0,a| for a real number
a>0. Let p(t) = fot Mds Assume the following hold:

2o T2
(D) ¢(t) <t17lly(t),
(i) O(t) < (t),
(iii) p(t) = o(t1-[Ale=1/1),
(iv) 0(t) = o(e”1/1).
Then ¢ =6 = 0.

Proof. Let y(t) = fot Wo‘ls After differentiating 1 and using ii),

we obtain for t > 0, ¢/(t) < tztp( ), so that e!/fi(t) is decreasing. Now,
from and [iv), if € > 0 then for a small ¢, we have

t1
1/t < 1/t/ ~1/s
e’ty(t) <e A —252266 ds =e.

Hence, lim;_,ge'/*y(t) = 0 which implies that ¢(¢) < 0. Finally, ¢ is non-
negative due to (i), thus ¢ = 0. O

Theorem 3.2.6 (Rogers’ type uniqueness theorem)
Let f be such that the following conditions hold:

(D1) f(t,x,y) <min{T(g),1}o ( ) uniformly for positive and bounded x
and y

(D2) |f(t,x,y) = f(1,%7)] <min{T(q), 1} 3z | 1x — %] + 0= 1D |y — 7],

Then the problem has at most one solution.

The proof of this theorem is essentially based on the Lemma 3.2.5.
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Proof. Suppose x,y are two solutions of B.2, we get for t € [0,a] C [0,1]

() =y(0)] gy (=907 (5x(5), D 1x(6) = F50(5), D1y (5)
t —5 -1
< —(?fsq—[s}iz [1x(s) = y(s)] + 57 17DT"Lx(s) — DTy (s) Jds

<171 [ Ix() — y()] 57D x(s) — DTy (o) Jds
<170 [ S lIx(E) — y()] + 7D x(s) — DIy () s,
and
ID71x(s) = DTy(6)] < [ 1f(5,x(), DT x(6)) — F(s,9(5), D y(s)|
< [IEDL f1x(s) (o)

+ 17| DI x(s) — DT 1y (s)|)ds

< [l s) ~ y(o)

0 2s9-14
T g4l |Dq_1x(s) — Dq_ly(S)HdS.

Also, if € > 0, then from condition for small ¢, we have

1 .t
|x(8) —y(b)] S%/O |f(s,x(s), DT x(s)) = f(s,5(s), DTy (s))]

. te—l/s
<t1~ 26/ 3 ds < t1-1p=1/19¢
0

<etilalg=1/tp

D7 1x(t) = DT y(1)] < /Ot |f(s,x(s), DT x(s)) — f(s,y(s), DTy (s))|

tp—1/s
<2€min{1,r(q)}/ 545 < 2ee 1/t
0
We may apply to find that |(x — y)(-)| =0, and this proves
the uniqueness of the solution. O
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3.3 Numerical example

In particularly relevant problems, it is very likely that we will be forced
to use numerical methods to approximate the solutions since an analytical
method is unavailable. In this section, we compare the successive approxi-
mations of the Picard iterates with an efficient numerical algorithm to solve
some fractional differential equations verifying Krein conditions and show

the validity of the convergence of the Picard iterate.

Example 3.3.1
We generalise the IVP proposed in [100] for arbitrary g > 1.

Atq"‘/(l—“), 0<t<1,—oco<x<0,
Dix =f(t,x) =4 Ap*/(1=0) _ Axt=1, 0<t<1,0<x<i/(1-0),
0, 0<t<1,t90-%) < x < 40,
x(0) =0,
D77 1x(0) =0,

where 0 < a <1, A=min(1,T'(g))(q(k—1)+1), k(1 —a) <1+ a(q —[q])
and ¢ =29 (g(k — 1) +1).

The function f is continuous and we shall verify the following estimates:
A —
f(tx) = f(E3)] < lx =%,
f(t,x) = f(£,%)] <A2'"x — %%,

by considering the following cases:
Suppose 0 < x,x < 1/ (1=0) then

[f(tx) = f(£X)] <
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and

A
|f(t,x) — f(fX)|< Ix x| —x)*
A i _
St—q(|x|+|x|)1 “la —x|*
A
< lap|x — x|
1
<Ay — |~

Suppose 11/ (170 < x < 400,—0c0 < X < 0, then

£(2) = f(1,)] <[ -am/0-9] < 2

<—q|x — 7|
and
1f(t,x) — f(£,7)] <At/ (1)
<A(|x| + [x[)*
<A x — x|

Suppose t9/(17%) < x < 400,0 < ¥ < t9/(1=%) then

f(tx) = f(£T)] < ‘ — A1/ 1=0) 4 A;; <% ‘tq/ (=) 5|
<A
_—q]x —X|
and
<A t7/(-0) _x
’f(t/x) _f(t/x)’ = t(l/(l—tx))(l—tx)
<A [ﬂ/(l—tx) _ y}a < A(X _ f)“
<A2%|x — %)%,
Suppose 0 < x < t17/1-%) _co < ¥ < 0, then
£ (tx) — f(1,7)] < ‘At"/(l_"‘) - Atfq _Af/0-0)| < Atfq
<A —
<@l
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and
f(bx) = f(13)] SAZ < Axt)

<A x — %)%

Since all the condition of [Theorem 3.2.1| are satisfied, the IV P has a unique solution

on [0,1] limit of the successive approximations

Xny1(t) = %/Ot(t — )17 (5,2, (s))ds.

q

The works presented in [B7, 3941, 44, 112] give several methods to approxi-
mate the solution of FDE. They have been of lower order, but the FracPECE
[40] attracted our interest because of the relative ease of application and its

reliability as far as convergence and stability are concerned.

shows the approximate solution x ¥ given by the FracPECE me-
thod (Fdel2 function on Matlab) with a stepsize 1 = 0.01 and an order g =
15,k=1.7and a =0.5.

08

06+

04r

02r

Figure 3.1: Approximate solution xy given by the FracPECE.

Next, we try to solve the problem using the successive approximations of

Picard (B.4). First with different initial vectors xq and later by changing the
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values of . We calculate the integral with the composite Simpson’s rule
method with a stepsize 1 = 0,01 and we stop at the nth iteration whenever
erry = ||xn — x,—1|| < 0,01. We then calculate erry = |[x, — x¢|| to see if x;,
is converging to xy or to an other function. The implemented code in the

Matlab software is provided in the Appendix.

We stipulated in this chapter that x, — x independently of the chosen x.
Moreover, the following two tables show that after discrediting our exam-

ple, the Picard’s iterations continue to converge to the same solution.

In the first table, we give the error between x; and x;_; and the error be-
tween x; and the solution x; for different values of x and the number of
iterations k needed to get err; < 0,01 continuing further will not give any

divergence in the following iterations.

erry erry erry erry erry erry erry erry
X0 0 rand(0,1) Xy —X¢

k=1 4.02e-1 | 1.35e-0 | 1.22e-0 | 4.61e-1 | 6.97e-3 | 6.97e-3 | 2.16e-0 | 1.35e-0

k=2]1.32e-0 | 3.02e-2 | 1.90e-1 | 2.27e-1 0 6.97e-3 | 1.32e-0 | 3.02e-2

k=3]1.32e-0 | 3.02e-2 | 2.73e-1 | 3.02e-2 0 6.97e-3 0 3.02e-2

k=4 0 3.02e-2 0 3.02e-2 0 6.97e-3 0 3.02e-2

Table 3.1: err; and err, for some values of x.

The number of iterations n needed to get an error bounded by 0,01, is
shown in the following Table for different values of the fractional order
q. Although, one may note that for xg = xy the number of iterations to get
to £ is big but keep in mind that we didn’t do any stability analysis and

that we only used the Picard’s iterations with no adjustments.
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901101144 |15|2| 4| 4001 | 4985

X0
0 3 [ 3 [ 3[3[3] 3 |5 |5
rand(0,1) | 4 | 4 | 4 |4|4| 4 | 4 |4
xf 101 [ 1[1l2] 2 [ 2 |2
—x; 3 | 3 333l 3 |3 |3

Table 3.2: Number of iterations to get err; < 0.01.

3.4 Conclusion

To summarize, the fundamental goal of this chapter was to generalise the
previous uniqueness results of F. Yoruk et al. to arbitrary order using the
Krasnoselskii-Krein, Rogers, and Kooi conditions. Obviously, the numeri-
cal example showed the convergence of the Picard iterations even if it was
somewhat slow for some values of . The error, the stability analysis, and
the use of algorithms to solve this type of equations might be the subject
of a future research. We finally hope that this work is a step in the study
of the analytical and numerical aspect of fractional differential equations

used in applied mathematics’ fields.
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Chapter 4

Uniqueness and existence of

fuzzy solutions to FIVP

The value of a mathematical discipline cannot be
measured by its applicability to the empirical sci-

ences.

F. Rudio, Doctoral dissertation, Berlin, 23 April
1880.

4.1 Introduction

In the previous chapters, we established the existence and uniqueness of
the solution to classes of IVP and BVP of fractional order in crisp sets, using
different techniques. And in the preliminaries” Chapter we discussed the
usefulness of the fuzzy sets and that one has to take uncertainty to obtain

more realistic modeling of phenomena.

In this chapter, we give analogues of the results of Chapter 3 for fuzzy
sets. First, we present succinctly other authors’ results. Next, we present

the FFDE that will be studied. Finally, we prove the uniqueness of the
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solution to the proposed equations followed by a study of the existence of

that solution. The results of this chapter are accepted for publication [94].

4.2 Previous works on IVP

The study of fuzzy differential equations was focused on merely the first
order ODE [27, 29, 45, 60, 79, 81, 91] and fractional order equation with an
order less than one [5, 21] and at most for a second order equation [16, 62,
79]. To solve higher order and obtain the solution the technique used was
the fuzzy transforms [[18, 85]. And at the best of our knowledge, a very few
of articles studied the existence of solution to high order fuzzy differential

equations and the highest order treated is three [5].

In [14], Allahviranloo and Ahmadi introduced the fuzzy Laplace trans-
form, which they used under the strongly generalised differentiability. Re-
cently, E. ElJaoui et al. [43] developed it further. The newly defined fuzzy
Laplace transform [14, 19] for high order fuzzy derivatives is one of the
most useful methods as mentioned by A. Jafarian et al. in [F9]: ”..., one
of the important and interesting transforms in the problems of fuzzy equa-
tions is Laplace transforms. The fuzzy Laplace transform method solves
fuzzy fractional differential equations and fuzzy boundary and initial value
problems [21, 22, 86] ....”

This fuzzy transform motivated researchers to contribute to solving and
studying the existence of solutions to higher order equations. Many of
them worked in the theoretical and numerical aspect of fractional and fuzzy
differential equations, the reader is kindly referred to [10, 11, 15, 27, 30, 45,
58, 72, 73, 84] and the references therein.

In the other hand, we already said that there is a rising interest in Nagumo-
like conditions these years, see [4, 20, 23, 34, 46, 65-67, 76, 100]. In the fuzzy
theory, analogues of Nagumo and Krasnoselskii-Krein condtions were also

obtained by Allahviranloo et al., in [13] for order less than 1.
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4.3 Position of problem

In this chapter, we are interested by the existence and uniqueness of a solu-

tion to the following FFDE) for arbitrary order 4 > 1 with initial conditions:

{ Dix(t) = f(t,x(t), DT x(t))

x(0) =y, DU-)x(0)=0,i=1,..., ], D

where yp € E and f : Ep — E is a continuous fuzzy valued function, with
Eo = {(t,x,y) ER x E?:0 <t <1,d(x,y0) <b,d(y,0) <d},

where b and d are positive reals and d stands for the Hausdorff distance.
Our aim is to both generalise and extend the previous papers [[13, 100] and
extend the results proved in Chapter . For that, we provide some insight

on the works done in the study of fuzzy differential equations.

4.4 The associated fuzzy fractional integral equa-

tion

Before stating and proving the results of this Chapter, we first study the
relation between problem (4.1)) and the fuzzy integral form using the well
known fuzzy Laplace transform defined in [1.3.13.

By taking the fuzzy Laplace transform on both sides of the following FIVP

Dix(t) = f(t,x(t),DTx(t)) £ r(t,x)

we get
L[Dx(t)] =L [f(t,x(t),mflx(t))} .
Based on the type of Riemann-Liouville H-differentiability, we obtain two

cases.

Case i:
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If DYx is RE[(i) — g]-differentiable fuzzy valued function, then

Lr(t,x) = <Z prDP )(O)QPQL[x(t)]I

k
and based on the lower and upper functions of D7x the above equation

becomes .
e
L{r(t,xr)] = pTL{x(t7)] = ) p*DP 2 (0;7),
k=0
n—1
L[7(t,x;7)] = pIL[x(t;7)] — Y p*DP T 1%(0;1), (4.2)
k=0
where

Lr(t,x;r)] =min{r(t,u)|u € [x(t;r),x(t;r)]},0<r<1,
L[7(t,x;r)] =max{r(t,u)|u € [x(t;r),x(5r)]},0<r<1.

In order to solve system (f.2) and for the sake of simplicity, we assume that

Lix(t;r)] = Hi(p:r),

L[x(t;r)] =Ky (p;1), (4.3)
where Hi(p;r) and K;(p;r) are solutions of the previous system (%.2), it
yields

x(tr) =L~ [Fa(p;r)],
(tir) = L7 [Ki(pi7)]
Case ii:

If DYx is RE[(ii) — g]-differentiable fuzzy valued function, then

Lr(t,x) = pTL [x( (ZP"Dﬁ o )(0),

and based on the lower and upper functions of D7x the above equation

becomes
Lir(t,x;r)] =p L [x( ZPkDﬁ lx(0;1),
L[7(t,x;7)] =pIL[x(t;7)] — Zkaﬁ =1%(0;7), (4.4)
k=0
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where

Lr(t,x;r)] =min{r(t,u)|u € [x(t;r),x(t;r)]},0<r<1,

L[7(t,x;r)] =max{r(t,u)|u € [x(t;r),x(tr)]},0<r<1.

In order to solve system (f.4) and for the sake of simplicity, we assume that

Lx(t;r)] = Ha(psr),
L[x(t;7)] = Ka(p;7),

—

where H,(p;r) and Ky (p;r) are solutions of the previous system (f.4). Then

we obtain

x(tr) =L [Ha(pir)],

x(tr) =LKy (p;1)]. 4.5)
Taking into account the initial conditions of problem (%.1) and using the
linearity of the inverse Laplace transform on systems (@) and (@), we
obtain the following for both cases:

x is solution is a solution for problem (&.1) if and only if x is a solution for

the following integral equation

x(t) =yo+ ﬁ /Ot(t — )17 ¢ (s, x)ds (4.6)

in the sense of RL[(i) — g]-differentiability, and
-1

2(t)=yo© 9 /Ot(t — )17 1¢(s,x)ds 4.7)

in the sense of RL[(ii) — g]-differentiability.

4.5 Uniqueness results

Now, we state the Krasnoselskii-Krein type conditions for FFDE (%.1).
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Theorem 4.5.1
Let f € C(Ey,E) satisfy the following Krein-type conditions:

D) d(f (%), f(59) < min{(g), 11D 1900, 3) 1 agy 7))
t#£0and 0 <a <1,

(H2) d(f(t,x,y), f(1,%,7)) < 6d(x, )" + 121~ 1)d(y,7)",

where 6 and k are positive constants and k(1 — a) <1+ a(q — [q]), then in the
sense of RE[(i) — q]-differentiability, the solution x is unique and in the sense of

RL[(i) — q]-differentiability, the solution % is unique on [0,7], where

1/q
oo (57) 4]

and M is the bound for f on Eq: that is d(f,0) < M.

Proof. First, we establish the uniqueness. Suppose x and y are any two
solutions of ([£.1)) in RL[(i) — g]-differentiability and let ¢ (t) = d(x(t),y(t))
and 6(t) = d(Dq_1 (1), Dq_ly( )) Note that ¢(0) = 0(0) = 0.
We define R(¢ fo [ 7-1)ge (s )} ds, clearly R(0) = 0.
Using (.6) and Condltlon (H2), we get
t
0 ) [ =97 [g(s) + st ge )] s < 0 1R,
0

=1y o)

and
/ 5 () + 11D g (s)%ds < 5R(#).
For the sake of simplicity, we use the same symbol C to denote all different

constants arising in the rest of the proof.
We have

R/(£) =g (t) + "0~ 14)g%(¢)
<C[#=) 4 plalaD | R (o). (4.8)
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Since R(t) > 0 for t > 0, multiplying both sides of ({£.§) by (1 — a)R~*(t)

and then integrating the resulting inequality, we get
R(H)!7 < C (et 4 t<"‘”f“"‘[41>>1_“. (4.9)
Using the fact that

(a+ b)(l_“) <

ey (a(l—oc) +b(1—a)>

for every a,b € (0,1), equation (1.9) becomes

o gy 1-afq]
R(t) S C (t(lﬂ(q+1) + t(lfaq_'_llfzxq )) .

This leads to the following estimates on ¢ and 6, for t € [0,7]:

p(t) < C (t(ﬂa) + t“‘“w]))) ,

« . —a[q]
f(t)<C (t(uqﬂ) L (et )) .

Define the function (t) = t*max{¢(t),0(t)} for t € (0,1]. Either t *¢(t)

or t7%4(t) is the maximum, we get:

<y < ¢ (it 4 ()

or
1-aq]

0<y()<C (tmm—k) (i _k)) |

Since k(1 —a) <1+ a(q — [q]) (by assumption), we have

k(l—a)<g

(k—1)(1—a) <ag
k(1—a)<l+alg—[q]) = K- ) <qta—alg (4.10)

k(1—a)<ag+1-—alg

So all of the exponents of ¢ in the above inequalities are positive. Hence,
lim,_,o+ ¢(¢) = 0. Therefore, if we define ¢(0) = 0, the function ¢ is contin-

uous in [0,7].
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We want to prove that i = 0. In fact, since the function 1 is continuous, if
P doesn’t vanish at some points ¢ that is (¢) > 0 on ]0,#], then there exists
a maximum m > 0 reached when t is equal to some t;: 0 < t; <7 <1such
that ¢(s) < m = ¢(t1), for s €]0,t1). But, from condition we get for

either cases
m=1p(tr) = ;"¢ (t1) < min(T(q), 1)mt] D <

or

m =1p(t) = £750(t1) < min(T(q),1)me2 ) <

which is a contradiction. Thus, the uniqueness of the solution is established
in the sense of RL[(i) — g]-differentiability. The second part of the proof is
almost completely similar to the RE[(i) — g]-differentiability, thus we omit
it. O

Remark4.5.2. For the case 1 < g < 2, of the deterministic case, Theorem 4.5.1|

is reduced to [100, Theorem 3.1] and for the crisp case, Theorem 4.5.1 is

reduced to the results proven in Chapter

Theorem 4.5.3 (Kooi’s type uniqueness theorem)
Let f satisfy the following conditions:

0D A4y, f(62) < minfCe), 1} 0D l40,3) 1 ay ),
t#£0and 0 <a < 1.

2 Pd(f(t,x,y), f(E5) < ¢ |d(x3) + 0~ Dd(y, )7,

where ¢ and k are positive constants and k(1 —a) <1+ a(q — [q]) — B, for
(t,x,y),(t,%,§) € Ry, then in the sense of RL[(i) — q|-differentiability, the solu-
tion x is unique and in the sense of RL[(i) — q|-differentiability, the solution % is

unique.

Proof. It’s similar to that of [Theorem 4.5.1, thus we omit it. O
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Lemma 4.5.4
Let ¢ and 6 be two nonnegative continuous functions in the interval [0,7] for a

real number a > 0. Let (t) = Eg(s)+s710(s)

= Jo Tz ds. Assume the following:

(D) p(t) <197 lly(r),
(i) O(t) < (t),
(iii) ¢p(t) = o(t1~lAle=1/1),
(iv) 0(t) = o(e”1/1).
Then ¢ =6 = 0.

Proof. Let y(t) = Ot @;ﬁq—xf(s)ds. After differentiating 1 and using ii),
we obtain, for t > 0, ¢/(t) < tlztp(t), so that e/*y(t) is decreasing. Now,

from and [iv), if € > 0 then for a small ¢, we have
t

1
1/t 1/t Y
ef(t) <e /o —252266 Sds = e.

Hence, lim;_,ge'/*y(t) = 0 which implies that ¢(¢) < 0. Finally, ¢ is non-
negative due to (i), and thus ¢ = 0. O

Theorem 4.5.5 (Rogers’ type uniqueness theorem)
Let the function f verify the following conditions:

-1/t
(K1) d(f(t,x,y),0) < min{I'(g),1}0 (e . ), uniformly for positive and

bounded x and y on E

min{T'(g),1}

(K2) d(f(txy), f(6%7)) < =l

[d(x,f) + t(q*[q])d(y,y)} _
Then the problem has at most one solution.

The proof of this theorem is essentially based on [Lemma 4.5.4.
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Proof. Suppose x and y are any two solutions of (ft.1) in RL[(i) — g]-differen-
tiability, and let ¢(t) = d(x(t),y(t)) and 8(t) = d(D71x(t), DT~ 1y (t)), we
get for t € [0,7] C [0,1]

1 f _
PO <y ) (95,2 r(59)

q
S/;M[(p(s) +s1116(s)ds

2g59—1q]+2

t 1
<t [ = S9(s) +s7716(s))ds

<tq / )+ 517 19(s)1d
25‘7 ’ (5)]ds
q—

<t

and

8(s) S/Otd(r(s ),1(5,))

< [ g(s) s s
S/Otm[gb(s) + 59719 (s)]ds
<yp(t),

where ¢ is defined as in [Lemma 4.5.4.

Also, if € > 0, then from condition for small ¢, we have

#7-1

#0) <y ) 406 r(59)

1 tel/s 1,-1
<t~ 26/ 2 ds < t1-1g71/t7¢
0

<et1~lalg=1/tp

and

o) < [ d0r(s,),r(5)

te—l/s
<2€min{1,T(q)}/ —ds < 2ee” /",
0
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By applying Lemma 4.5.4, we obtain d(x(t),y(t)) = 0 for every t € [0,1],
and this proves the uniqueness of the solution of FFDE (1)) in RL[(i) — g]-
differentiability. The second part of the proof is almost completely similar,

thus we omit it. O

4.6 Existence result

Theorem 4.6.1
Let f € C(Eo,IE) satisfy the conditions of [Theorem 4.5.1. Then the successive
approximations
1 t 1
Xn(t) =yo + W/O (t—s)T " r(s,x,_1)ds (4.11)

in the sense of RL((i) — q|-differentiability, or

() =yo© % /Ot(t — )17 (s, x,_1)ds (4.12)

in the sense of RL[(ii) — q|-differentiability converge to the unique solution of

FFDE (1))

Proof. Without loss of generality, we prove Theorem 4.6.1 for the sequence

{x,} in the sens of RL[(i) — g]-differentiability using Arzela-Ascoli Theo-
rem. The convergence of the sequence {%,} in the sense of R[(ii) — q]-
differentiability is completely similar so we omit it.

Step 1: The sequence {x;};> and {D7 1x;};>( are well defined and con-

tinuous and uniformly bounded on [0, 7]; in fact

1 t .
(15, 0) < £y | (=) d(r(s,x7), 0)ds,

and ;
d(qulx]'H(t),yo) g/o d(r(s,x]-),())ds.
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Forj=0and t € [0,%], we have

a(x1(8),y0) < 28

< q-1 < <d.
_F(q—i—l)_b and d(D7  xq(t),y0) < Mt <d

Moreover, for every i € {0,...,n — 1} we have

d(x\"(£),0) =d(D'I9f(t,x0(£), DI xo (1)), 0)

=d(I"7" £ (t,x0(t), DT 'x(t)),0)
:ﬁ /Ot(t — )T 1d(f(s,x0(s), DT x0(s)),0)ds
Mt L
Sty o
M-t
=0T
M~
TT(g—it1)

By induction, the sequences {x;1(t)} and {D7 'x;,;(t)} are well-defined
and uniformly bounded on [0, 7].

Step 2: We prove that the functions y and z are continuous in [0, %], where

y and z are defined by
y(t) =limsup g1 (¢),
j—00
z(t) =limsupg;(t),
j—oo
such that

Let us note

where



For 0 <t; <ty and foreveryi € {0,...,n — 1}, we obtain
i(t) = gite)| = () (1), 2 (1)) = (2 (1), 2 (1))

gﬁ { /Ol(tl — s)qflfid(r(s,xj),r(s,x]-,l))ds

[t =9 a0 ), )|
<o || [ e st
- /tltz(tz—s)q_l_idsl
N 5?/(107 SR B Ca
=T i]\li 1) (b2 = 0)"™,

The right-hand side in the above inequalities is at most To— 4M =y (b —t)T "+

€ for large n if € > 0 provided that

4M ;
thh—t| <n< ——F——(tr— 1),
|t 1|—17—1"(q—z+1)(2 1)
foreveryi <n —1. And since € is arbitrary and ¢;, f; can be interchangeable,
we get
i 4M(n —1)
m(tz)| < {— flql}ﬁ—tz—hq

The same goes for z(t), and we obtain
|z(t1) — z(t2)| < 2M|ty — t1]-

These imply that y(t) and z(t) are continuous on [0,7].
Step 3: We verify that the family { D771}, 1(t)} is equicontinuous in C¥ ([0,7],E)
and that the family {x;1(t)} is equicontinuous in C (n=1F(0,7],E).

We may prove that by using condition and the definition of successive
approximations (%.11)) we obtain

900 <€ /(0= 511 Q26+ 540 51 s
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and
() C [[ (=97 [20s)" + 0 5)) s
As a consequence, we obtain the following estimates

D (xjs1,%) < Y c/‘ §)17 1 |x;(s) — xj_1(s)|?

i<n-—1

+ ga(g—la] )|D‘7_1x]~(s) — D77 xj_q(s)|* | ds.

By Arzela-Ascoli Theorem, there exists a subsequence of integers {ji }, such
that

d(x;, (1), xj,_, (t)) = y(t) as jx — oo,
d(DTx;, (), DT Lx;, () — y(t) as j — oo

Let us note

m*(t) =limsupd(x; (t) — xj,_, (),
k—ro0

z*(t) :limsupd(qulxjk(t) - qulxjk_l(t)).
k—o0

Further, if {d(x;,xj_1)} — 0and {d(D7 'x;, D7 'x;_1)} = 0as j — oo, then

the limit of any successive approximation of x; is the solution x of (@),

which was proved to be unique in [Theorem 4.5.1l. It follows that a selec-

tion of subsequences is unnecessary and that the entire sequence {x;} con-
verges uniformly to x(¢). For that, it’s sufficient to show that y = 0 and

z = 0 which will lead to m™ and z* being null.

/ [q})z(s)tx] ds,

and by defining ¢*(¢) = t *max{y(t),z(t) }, we show that lim;_,o+ p*(t) =
0.

Setting

Now we shall prove that ¥* = 0. Suppose that ¢*(t) > 0 at any point
in [0,7]; then there exists t; such that 0 < 71 = ¢*(t;) = maxo<;<, P*(t).

Hence, from condition (H1), we obtain

=) =t Fy(t) < mln(F(q),1)mt‘i_1+“(‘1—[lﬂ) < T
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or
= p(t) = t7¥z(t) <min(T(q), a1 < m.

In both cases, we end up with a contradiction. So * = 0. Therefore, iter-
ation (f.11)) converges uniformly to the unique solution x of (1.1) on [0,7].
O

Remark 4.6.2. The presented results in this Chapter generalises and extends

the work of F. Yoruk et al. to arbitrary order to fuzzy sets.
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Conclusion and outlook

All things considered, we think that the results provided in this thesis
could be considered as a contribution to the field of fractional differential
equations and fuzzy fractional differential equations and even open doors
to further studies of uniqueness theorems either in the crisp or the fuzzy set
theory as proved by the publication of the works [94, 95]. We summarize

the contributions of our results in the following points:

* Existence of positive solution to IVP and BVP.

¢ Study of nonlinearities depending on the fractional derivative of the

solution,

¢ No assumption was made on the fractional derivative which it de-

pends on.

¢ Extension of previous results on the uniqueness criterion along exis-

tence of solutions.
¢ Extension of previous fuzzy and crisp results.

® Our results englobes also results for the integer order differential

equations.

The obtained results were either submitted [96] or published [94, 95], and
the others are to appear in the near future. We believe that the main re-

sults of this doctoral thesis contributed to the fractional calculus in several
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directions and will surely contribute to its further development. As a con-
tinuation to this research, we will study the stability and controllability of

such problems [92].

Apart from the apparent usage of our results in the existence and unique-
ness of solutions, the results can also be employed in several other aspects:
The numerical aspect, the investigation of quantitative aspect for fractional
coupled systems, dynamical systems, and the study of fractional Lotka-
Volterra equations are good starting problems. See for instance our paper

[97], where we treat some problems on time-scales.
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Matlab code

Main script

20

21

22

23

%clear all

%elf

%cle

t0=0;

t1=1;

h_vett=[1/10 1/20 1/50 1/100 1/200 1/400 1/500];
q=1.01;

alpha=1/2;
k=(1+alpha*(q-ceil(q)))/(1-alpha);
k=k+0.001

Jk=1.7

9% test with this function the algorithm

% f=5

% y=>b/gamma(5/2)*t. 7 (3/2)

% fdefun=Q(t,x) 5;

% plot (t,feval(inline (’5/gamma(5/2)*t. (3/2) 7,7t ")

%% test with this the step

%for i_h=1:length (h_vett);

% h=h_vett(i_h);

% [t,y]=fdel2(q, fdefun ,t0,t1,x0,h,q);
% hold on
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24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

% plot (t,y);
% %% err(i_h,i_q)=abs(x(end)-fgl deriv(q,x,h);

fdefun=0(t,x,q) (t#0).*(x<t/(l-alpha)).*((x>0)/((t%0).7q)+t.”
(q.*alpha/(1-alpha))).*min(1,gamma(q)).*(q*(k-1)+1);
x0=zeros (1,ceil(q));

n=101:

[t,y]=fdel2(q, fdefun ,t0,t1,x0,1/100,q);
fdeff=Q(s,x,t) (t-s) (q-1)*fdefun(s,x,q)/gamma(q);
%% test with x0=0

errr=0.01; %erreur de sortie

yO0=zeros (1,101); %x0 de iteration de picard
niter=1 %n iteration max

[ynl, nitl ,erorl]=suitess(fdeff ,y0,errr  niter);
[nitl ,erorl ,err(y,ynl,101)]

[yn2,nit2 ,eror2]=suitess (fdeff ,ynl,errr ,niter);
[nit2 ,eror2 ,err(y,yn2,101) ]

[yn3,nit3 ,eror3]=suitess (fdeff ,yn2,errr ,niter);
[nit3 ,eror3 ,err(y,yn3,101)]

niter=20;%n iteration max

errr=-1;

[ynn,nitl ,erorl]=suitess (fdeff ,y0,errr  niter);

[nitl ,erorl ,err(y,ynn,101)]

9% test with x0O=rand

yO=rand (1,101); %x0 de iteration de picard
niter=1 %n iteration max

[ynl,nitl ;erorl]=suitess (fdeff ,y0,errr ,niter);
[nitl ,erorl ,err(y,ynl,101)]

[yn2,nit2 ,eror2]=suitess (fdeff ,ynl,errr ,niter);
[nit2 ,eror2 ,err(y,yn2,101)]

[yn3,nit3 ,eror3]=suitess (fdeff ,yn2,errr ,niter);
[nit3 ,eror3 ,err(y,yn3,101) ]

niter=20;%n iteration max

errr=-1;
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63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

[ynnl,nitl ,erorl]=suitess (fdeff ,y0,errr ,niter);

[nitl ,erorl ,err(y,ynnl,101)]

9% test with x0=xf

yO0=y; %x0 de iteration de picard

niter=1 %n iteration max

[ynl,nitl ,erorl]=suitess (fdeff ,y0,errr ,niter);
[nitl ,erorl ,err(y,ynl,101)]

[yn2,nit2 ,eror2]=suitess (fdeff ,ynl,errr ,niter);
[nit2 ,eror2 ,err(y,yn2,101)]

[yn3,nit3 ,eror3]=suitess (fdeff ,yn2,errr ,niter);
[nit3 ,eror3 ,err(y,yn3,101)]

niter =20;%n iteration max

errr=-1;

[ynn2,nitl ,erorl]=suitess (fdeff ,y0,errr ,niter);

[nitl ,erorl ,err(y,ynn2,101)]

%% test with x0=-xf

y0=-y;

niter=1 %n iteration max

[ynl, nitl ,erorl]=suitess(fdeff ,y0,errr niter);
[nitl ,erorl ,err(y,ynl,101)]

[yn2,nit2 ,eror2]=suitess (fdeff ,ynl,errr ,niter);
[nit2 ,eror2 ,err(y,yn2,101) ]

[yn3,nit3 ,eror3]=suitess (fdeff ,yn2,errr ,niter);
[nit3 ,eror3 ,err(y,yn3,101)]

niter=20;%n iteration max

errr=-1;

[ynn3  nitl jerorl]=suitess(fdeff ,y0,errr niter);

[nitl ,erorl ,err(y,ynn3,101)]

9% n iteration to get errr

errr=0.01; %erreur de sortie

yO=zeros (1,101); %x0 de iteration de picard
niter=100; %n iteration max

[ynl,nitl ,erorl]=suitess (fdeff ,y0,errr ,niter);
[nitl ,erorl]

%% n iteration to get errr
S
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100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

errr=0.01; %erreur de sortie

yO=rand (1,101); %x0 de iteration de picard
niter=100; %n iteration max

[ynl, nitl ,erorl]=suitess(fdeff ,y0,errr niter);

[nitl ,erorl]

9% n iteration to get errr

errr=0.01; %erreur de sortie

y0=y; %x0 de iteration de picard

niter=100; %n iteration max

[ynl,nitl ,erorl]=suitess (fdeff ,y0,errr ,niter);

[nitl ,erorl]

9% n iteration to get errr

errr=0.01; %erreur de sortie

y0=-y; %x0 de iteration de picard

niter=100; %n iteration max

[ynl,nitl ,erorl]=suitess (fdeff ,y0,errr ,niter);

[nitl ,erorl]

Error estimation

1

function e=err (xn,xm,n)
errora=0;
e=0;
for j=1:n
errora=abs (xn(j)-xm(j));
if errora>e
e=errora;
end
end

end
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Modified composite Simpson rule

1 function inte=simps(f,y,n)

2 %USG an n even number

4+ inte=zeros(1l,n);

5 for j =3:2:n

¢ h=1/(n-1);

7 t=0:h:1;

s inte (j)=0;

9 jl=floor ((j-1)/2);
10 for i = 1:j1

11 i1=2%i-1;

12 i2=2%i;

13 13=2%i+1;

14 fsum=[f(t(il),y(i1),t(j)) £(t(i2),y(i2),t(j)) ..
FCe(i3),y(i3),¢(3)) I

15 fsum (isnan (fsum))=0;

16 inte(j) = inte (j)+fsum (1)-+4*fsum (2)+fsum (3) ;

17 end

18 end

19 for j =4:2:n-1

20 inte(j) = (inte(j-1)+inte(j+1))/2;

21 end

» inte = h*inte /3;

23 end

1 function in=inte (ab,r,xn)

2 in=0;

3 inmid=0;

4 if abz1 then

5 for i=2:ab+l1

6 inmid=inmid4+kern (ab,i-1,r,xn);

7 end

8 in=(dt/2)*(0+2.*inmid - kern(ab,i-1,r,xn));
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10

end

end

Loop till one of the criteria attained

function [yn,nit,eror]=suitess(f,y0,e_rr,n_i)
ynl=y0+1;

yn=ynl-1;

ii=0;

while ii<n i & err(ynl,yn,length(ynl))>e rr
ynl=yn;

yn=simpss (f,ynl,length(y0));

fi=ii+1;

end

nit=ii;

eror=err (ynl,yn,length (ynl));

end
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