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Mathematics

Mathematics rightly viewed possesses not only truth but supreme beauty.

[Bertrand Russell|

Mathematics is as much an aspect of culture as it is a collection of
algorithms.

[Carl Benjamin Boyer|

Mathematics is the art of giving the same name to different things.

[Henri Poincare]

If I feel unhappy, I do mathematics to become happy. If I am happy, I do
mathematics to keep happy."

[Alfred Renyi]

Mathematics is the queen of the sciences.

[Carl Friedrich Gauss|

If people do not believe that mathematics is simple, it is only because they do
not realize how complicated life is.

[John von Neumgspn]
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Abstract

he aim of this work is to develop recent methods for the solvability of some classes of
T initial values problems involving fractional operators and optimal controls. In particular,
during the project of this doctorate thesis we present the theory of fractional calculus and
control theory to prove the questions of existence results, controllability, stability and others
properties for new kinds of problems which can be applicable with more accurate and better

useful

k eywords: Fractional integrals and derivatives; Optimal control; semi groupe theory; fixed
point techniques; controllability.



Résumé

L ‘objectif de ce travail est de développer des méthodes récentes de résolution de certaines
classes de problemes aux valeurs initiales impliquant des opérateurs fractionnaires et des con-

troles optimaux.
En particulier, au cours du projet de cette thése de doctorat, nous présentons la théorie du

calcul fractionnaire et la théorie du controle pour prouver les questions de résultats d’existence,
de controlabilité, de stabilité et d’autres propriétés pour de nouveaux types de problemes qui
peuvent étre appliqués avec plus de précision et de meilleure utilité.

ots clés: Intégrales et dérivées fractionnaires; Controle optimal; théorie des semi-groupes;
techniques du point fixe; controlabilité.
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Notations

1. For abbreviations and expressions

The abbreviation

H

The meaning

s.t. such that

iff if and only if

RHS right hand side

LHS left hand side

ONB orthogonormal basis

"ii.d” independent identically distributed
UMD unconditional for martingale difference
PDEs partial differential equations

SDEs stochastic differential equations
SPDEs stochastic partial differential equations
FSPDEs fractional stochastic partial differential equations

The expression

The meaning

Ti=yory:==xa

x is equal to y by definition

aANb min(a, b)

aVb max(a, b)

arg z argument of the complex number z

Eq.(n.m) an equation of number m exists in chapter n

Prb.(n.m) a problem of number m exists in chapter n

IV P.(n.m) an initial value problem of number m exists in chapter n
Est.(n.m) an estimate of number m exists in chapter n
Cond.(n.m) a condition of number m exists in chapter n

2. For sets and functions

’ The symbol H The meaning
R, the interval [0, +00)
R% the interval (0, 4+00)
R? {t =(t1, -~ ,t4 €R,s.t.,t; >0, Vi}
Ny N - {0}
A* the adjoint of the operator A
1g the identity operator defined on some space E
D(A) domain of definition of the operator A
r gamma function
15 the indecator function of the set B
supp(f) support of the function f
(a,b),Fora < b an open interval
Domain D a non empty open set

’ oD H the boundary of the domain D

12
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3. For Stochastic analysis

’ The symbol H The meaning
(Q, F,P) Probability space
N The normal law
F = (F)repo,n Normal filtration
(Q, F,F,P) Filtered probability space
(Bt)teio,n] Brownian motion
W= (Wi)epo,n Wiener process
(Q,F,F P, W) Stochastic basis

E(X) = /Q X (w)dP(w)

Expectation of the random variable X

LP(Q, E),for a Banach space E

Space of all p- th integrable F-valued random variables on {2

M

Space of all continuous square integrable E-valued martingales

4. For functional spaces

] The symbol H The meaning ‘
B(E) Borel o- algebra generated by all open sets of the topological space
E
(E,|"|k) Banach space with its norm |- |g
E' The dual space of E
(-, )ErxE the pairing of £/ and £’
(H,{,)n) Hilbert space with its inner product (-, )y
L? Lebesgue space, for the special case p = 2

C and C™, for m € Ny

space of continuous functions and space of all functions of class m
respectively

Cy', for m e Ny

space of functions of class m with compact support

W meN, 1<p<oo

Sobolev space

fractional Sobolev space

H3S and Hf, for a > 0

fractional Sobolev space for p = 2 and the closure of Cj° in HY'
respectively

B Besov space
C?, for 6 € (0,1) Holder space
L(Ey, E») Banach space of linear bounded operators from E; to Es with its

norm || - || z(ey,m). For By = Ey we simply write £(E4)

(HS(Hy, Hy), || - | s, i)

space of Hilbert-Schmidt operators from H; to H,

HS

space of Hilbert-Schmidt operators from L*(0,1)

L (Hy, Hs) space of nuclear operators from H; to H,

) Schwartz space

D%p Riemann-Liouville fractional derivative of order «a.
n! Factorial function.

Pz, w)

Beta function.
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Introduction

Early in 1695, Leibniz and L’Hopital exchanged letters in which they discussed the rele-
vance of the derivative of order 1. Since numerous eminent mathematicians worked on this and
similar issues in the years that followed, including Euler (1738), Laplace (1820), Fourier (1822),
and Lagrange (1849), establishing the subject that is now known as fractional calculus.

The theory of derivatives and integrals of any order is known as such calculus (fractions, rational,

irrational, complex, etc.). Since L’Hopital specifically requested the order n = —, it generalizes

the ideas of integer-order differentiation and n-fold integration, where the term 'fractional
can be deceptive (i.e., a fraction), actually gave rise to the name of this field of mathematics.
(Classical analysis is well-known for its use of the integral and integer-order derivative. The
fractional derivative and fractional integral are not similarly determined, however. There are
numerous definitions that, in general, do not agree with one another. This is because various
writers have tried to preserve certain characteristics of the conventional integer-order derivative
and integral. One difficulty in this area of mathematics is that there are plainly multiple ways
to define such concepts in the fractional calculus.

Fractional Brownian motion (fBm for short) is a family of Gaussian random processes that
are indexed by the Hurst parameter H e (0,1). It is a self-similar stochastic process with
long-range dependence ans stationary increment properties when H o> 1 /2. For more recent
works on fractional Brownian motion, see [20, 37, 5, , 07, 12] and the references therein.

One of the most significant ideas in mathematical control theory is controllability. In both
deterministic and stochastic control systems, controllability is critical. Control theory is an
area of mathematics that studies how far the state of a system can be changed based on the
systemes fundamental qualities and how we can act on it. For example, one might question if
a solides temperature can be brought to a constant in a finite amount of time by heating and
cooling only a portion of the solid. Since 1995, this problem, known as the null-controllability
of the heat equation, has been solved. Controllability roughly translates to the ability to direct
a dynamical control system from an arbitrary initial state to an arbitrary final state using
the admissible controls. Many mathematical concepts and methods from differential geometry,
functional analysis, topology, matrix analysis, theory of ordinary and partial differential equa-
tions, and theory of difference equations are used to solve controllability problems for various
types of dynamical systems. The controllability of diverse classes of systems can be studied
using state-space models of dynamical systems, which give a reliable and general method. On
the other hand, optimal control is concerned with the problem of determining a control law for
a given system that meets a predetermined optimality condition.

The optimal control theory’s goals are as follows: Obtaining necessary (or possibly necessary
and sufficient) conditions for the control to be an extreme (or minimum), studying the struc-
ture and properties of the equations expressing these conditions, and obtaining constructive
algorithms amenable to numerical computations of the admissible controls that determine the
inf (such a control is referred to as an "optimal control").Optimal control can be used to a va-
riety of sectors, including biology, economics, ecology, engineering, finance, management, and
medicine. See also [36]-[37] and the references therein.

Controllability theory for various systems with fractional derivatives and fractional has ad-
vanced significantly since the publication of research publications such as [08]-[77] and mono-
graph [87]. This theory has formed the basis of a very active research topic since it provides
a natural framework for mathematical modelling of many physical phenomena and validation
of existing ones. Fractional differential equations have recently proved to be strong tools in
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the modelling of many phenomena in various fields of engineering, physics, and economics.
As a con-sequence, there was an intensive development of the theory of fractional differential
equations. Due to this fact, the fractional order models are capable of describing more realistic
situations than the integer order models. Many articles have been devoted to the existence of
solutions for fractional differential equations. Existence, uniqueness, stability, controllabil-ity,
and other quantitative and qualitative features of evolutionary equation solutions have re-cently
gotten a lot of attention. For more information see [102, 10, 68, , , 96, 75]. Fractional
differential equations are applied in a variety of fields, including fractals, chaos, electrical engi-
neering, and medicine. In recent years, there has been a lot of progress in the field of fractional
differential equations. For instance, we refer to the monographs of Abbas et al. [1], Kilbas et
al. [75], Miller and Ross [99], Podlubny [123], and other documents.

This thesis is divided into four chapters.

In the first one, we collect some concepts and results for linear distances that are frequently
used in this thesis, which are Sobolev fractional distances and Holder distances, and we intro-
duce some of them. Definitions and basic results of linear factors such as the Hilbert-Schmidt
factor are discussed, as is a short review of the partial half-group theory. Calculus and frac-
tional integration and must contain some results in a classical case in a certain way and some
definitions and known results about random operations. The random integrals are summed in
Hilbert spaces, that is, the Wiener processes and random integrals. Mentioned here for com-
pleteness. Approximate controllability and optimal control.

In the second one, we will present Fractional Brownian motion (fBm for short) is a family
of Gaussian random processes that are indexed by the Hurst parameter. It is a self-similar
stochastic process with long-range dependence and stationary increment properties. For more
recent works on fractional Brownian motion, see [20, 12] and the references therein. In order
to describe various real-world problems in physical and engineering sciences subject to abrupt
changes at certain instants during the evolution process, impulsive frac-tional differential equa-
tions have become important in recent years as mathematical models of many phenomena in
both physical and social sciences. Impulsive effects begin at any arbitrary fixed point and
continue with a finite time interval. The concept of controllability plays a major role in finite
dimensional control theory. However, its generalization to infinite dimensions is too strong
and has lim-ited applicability, while approximate controllability is a weaker concept completely
adequate in applications [155].

The results of this chapter are represented in part by Manuscript entitled:

* Hakkar N. Dhayal, R. Debbouche, A. Torres, D.F.M., Approximate Controllability of De-
layed Fractional Stochastic Differential Systems with Mixed Noise and Impulsive Effects.
Fractal Fract. 2023, 7, 104. https://doi.org/10.3390/fractalfract7020104

The third chapter, this work demonstrates nonlinear randomness of neutral order Differential
system integrated with Rosenblatt process, controllability is dead The most accessible resource
for studies. Our major contributions are highlighted as follows: We have developed a solution
for the controllability problem of non-linear fractional order neutral type stochastic integro-
differential system with Rosenblatt process.

e We take the terms in the system as a bounded linear operators instead of a matrix, which
produces the same results as a matrix.


https://doi.org/ 10.3390/fractalfract7020104

e The illustration the results on stochastic systems bounded linear opera-tors are more
competent.

e We take the stochastic term as driven by the Rosenblatt process which is non-Gaussian
and has the properties like self-similarity, stationarity of the increments and has long
range dependence.

e We intend to bring new lights to the Rosenblatt process, since many real-life phenomena
are modeled by fractional Brownian motion a only Gaussian Hermite process, when the
property of Gaussianity is failed one can use Rosenblatt process.

e We define the controllability Grammian operator, which is defined by the Mittag-Leffler
function to prove the controllability results.

e By employing Banach contraction principle to prove the controllability criteria instead of
semigroup theory which does not applicable to obtain the results on controllability.

e We have provided a numerical example to illustrate the theory.

e Generally speaking, both the Riemann-Liouville and the Caputo frac-tional operators do
not possess neither semigroup nor commutative prop-erties, which are inherent to the
derivatives on integer order.

The results of this chapter are represented in part by Manuscript entitled:

* N. HAKKAR, M. LAVANYA, A. DEBBOUCHE, AND B.S. VADIVOO., Nonlinear Frac-
tional Order Neutral-type Stochastic Integro-Differential System with Rosenblatt Process-
A Controllability Exploration.

Volume48, Speciallssue, 2022,Pages68-83.10.30546/2409-4994.48.2022.6883

The fourth chapter, in this work, we want to prove the existence of the theory of exis-
tence for light solutions using semi-operated set theory and fixed-point theories for multivalued
mapping. Then, by constructing the sequence of minimizations twice, the theory of existence
is in the optimal position. Also, pairs are obtained from the state control. It is worth empha-
sizing that we omit the unique feature of light solutions, which is a basic assumption for this.
Our work improves some of the existing literature. If the Riemann-Leuvel fractions Evolution
contents involve time delays, it is difficult to prove mild solutions as well as optimal control
because the partial Riemann-Liouville derivative The singular is at t = 0. It is a valuable topic
that we will study in the future.

Finally, we conclude the thesis with a conclusion and views section that summarizes the
main findings and offers suggestions for future research studies on the subject.

16
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Chapter

Preliminary Background

his chapter’s goal is to compile ideas and findings related to many facets of functional
T analysis. We gather some ideas and findings on linear spaces in Section 1.1, focusing on
some of the more significant ones, like Banach spaces, Hilbert spaces, and some functional
spaces that are frequently utilized in this thesis. Specifically, Holder spaces and fractional
Sobolev spaces. Definitions and the fundamental findings of linear operators like the Hilbert-
Schmidt operator are introduced. The generalizations of the semigroup theory are the topic of
Section 1.3. We specify this in the references: [121, , , , 153].

1.1 On some functional aspects

The mathematician’s concept of a Hilbert space generalizes the concept of Euclidean space.
It is a standard space on which the internal product function is defined, in addition to that
it must be a complete standard space or what is called a Banach space. This means that any
Hilbert-Space ist a Banach-Space, but the reverse is not true. For example, the Q space is a
regular subnormal space but not a Banach space.

Hilbert spaces enable us to generalize the methods of linear algebra and calculus used in two-
dimensional and three-dimensional Euclidean spaces to spaces that may be infinite in dimension.
A Hilbert space is a vector space with an inner product, and thus allows the definition of a
distance and orthogonality function. In addition, the Hilbert space is a complete metric space
with the distance function defined in it (in this case, the standard function), which means the
availability of limits that allow the use of calculus.

Hilbert spaces appear naturally a lot in mathematics and physics, usually as an infinite-

dimensional functional space. The oldest Hilbert spaces were studied by David Hilbert,
Erhard Schmidt and Frigyes Riesz in the first decade of the twentieth century. It is an
important tool in partial differential equations, quantum mechanics, Fourier analysis (which
includes applications to signal processing and heat transfer) and ergodic theory (which forms
the mathematical basis of thermodynamics).
John von Neumann coined the term Hilbert space for the abstract concept used in many
of these diverse applications. The success of Hilbert’s space methods led to the flourishing of
functional analysis. Apart from classical Euclidean spaces, examples of Hilbert spaces are L
space, sequence space, Sobolev space of generalized functions, and Hardy space of fully formed
functions.

17
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Definition 1.1.1

For a metric space is an ordered pair (E, d) where E is a set and d is a function of distance,
i.e. it is a function
d:ExE—R"'

where the following properties are combined for any three elements x,y, and z of £

The set E is provided with a space called a space Metric and denoted by binary (E,d).

Definition 1.1.2 (series by Cauchy.)

A sequence x1,x9,x3,- In a metric space (X,d) is said to be Cauchy if the following is
present in it: Whatever r is a definitively positive real number (that is, r > 0), there is
a natural number N where whenever two natural numbers are greater than this number
m,n > N it provides the following

d(Tp, xy) <71

Definition 1.1.3 (full space.)

A metric space (X,d) is said to be complete if one of these equivalent conditions is met
with the others:

1. For every Cauchy sequence made up of points belonging to set X, there is a limit
which also belongs to the same set X.

2. Every Cauchy sequence defined by X is a set that converges to X (that is, it converges
to some point in X ).

Definition 1.1.4 (Lebesgue space.)

Let Q C R™ be a bounded domain and f : 0 — R".
A measurable function f is called a p-integrable function if |f|P is integrable.
These factors specify the LP-Lebesgue space:

P .= {fmeasurable st. |fl5, = / |f(z)[Pdx < oo},
R
for 0 < p < oo and by

L>® = {f measurable s.t. |f|r~ :=esssup|f(z)] < OO},
R

where "ess sﬁ,p means the essential supremum, i.e.
esssup f = inf{e. p(f~ (¢, +00)) = 0},
C

with p the Lebesgue measure.
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Definition 1.1.5 (Sobolev space.)
We define the Sobolev space for 1 < p < oo and m € N,:

wr(@) = {f €I, st ([l = 5 DT < oo},
k=0

where D¥ f is the derivative of f of order k in the distributional sense, that is, for all p € C{;,
(D" f - ) = (1) (f, d"),

with d"¢ means the classical derivative of order k of .

Definition 1.1.6 (Spaces of continuous functions.)

The space of continuous function is defined by:

C := {f bounded and continuous, s.t. |f|c := sup | f(x)| < co}.
R

Definition 1.1.7 (spaces for differentiable functions of order m.)

Let m € N. The definition of the order m spaces of differentiable functions is:
C":={feCst.d*feC, forall « <m},

endowed with the norm

| flem == > [d*fle,

am

where d® means the classical derivative of order o, with the convention C° = C. The notation
Cy" is reserved for the space of all functions in C™ with compact support.

Definition 1.1.8 (Holder spaces.)
For ¢ € (0,1), we define the Holder space by

C‘S::{fGCs.t.|f|c5:|f|c—l— sup |f(x)_f(y)|<oo}.

syeRazy T — Y[
Definition 1.1.9 (fized point theory.)

If (X,d) is complete metric space, T : X — X with d(f(x), f(y)) < kd(z,y) and k < 1
then 3o € X such that T'(z) = .
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1.1.1 Basic notions and some useful results

Definition 1.1.10 (Bounded operator.)

Let A: D(A) C X — Y be a linear operator.
Then, we say that A is bounded if there exists C' > 0 s.t.

|A(2)ly < Clalx, ¥ € D(A).
Definition 1.1.11

We denote by L(X,)) for the Banach space of all linear bounded operators defined from
X to Y endowed by the norm

I A lleeyy=sup{lz[3'[A(z)ly, € X, x # 0}.

If X =Y, we write L(X,Y) = L(X). Moreover, if Y = R we call A a linear bounded
functional on X. We denote the collection of all such functionals by X', which is the
dual space of X. The symbols || - ||+ and (-, ")y x denote the norm in X" and the duality
(pairing) of X' and X respectively.

Definition 1.1.12 (Compact operatorr.)

An operator A € L(X,)) is said to be compact if for all bounded subset B C X , the
closure of A(B) is compact.

Definition 1.1.13 (Closed operator.)

We say that, a linear operator A: D(A) C X — Y is closed if its graph is a closed subspace
of X x ).

Theorem 1.1.1
Every linear bounded operator A on X satisties D(A) = X. Moreover, A is closed.

Definition 1.1.14 (Symmetric operator.)

A densely defined linear operator A : D(A) CU — U is said to be symmetric if
(Au,v)y = (u, Av)y, Yu,v € D(A).

where (-, -y, denotes the inner product in U.

Lemma 1.1.1 ([//])

Let A: D(A) CU — H s.t. D(A) is dense in U. Then, A admits a closed operator A*
called the adjoint, which is defined on D(A") into U where

D(A") :=={veH, st.ue D(A),u — (Au,v)yis continuous}
such that for all w € D(A) and all v € D(A") it holds

(u, A*v)y = (Au, v)y.
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Definition 1.1.15 (Self-adjoint operator.)

Let A: D(A) CU — U be a densely defined linear operator. Then, we say that A is
self-adjoint if D(A) = D(A*) and A = A”.

Corollaire 1.1 ([169])

Let (A, D(A)) be a symmetric operator on the Hilbert space U. If D(A) = U, then A is
self-adjoint.

Next, we present a valuable finding pertaining to the spectrum of a linear, self-adjoint, non-
negative operator. The explanation is that defining such a spectrum first is necessary.

Definition 1.1.16 (Resolvent set of an operator.)
Let the operator A € L(U). The resolvent set of A denoted by p(A) is defined by

p(A) :={\ € Cs.t.(A — \ly) is inversible}
Definition 1.1.17 (Spectrum of an operator.)

Let the operator A € L(U). The spectrum of A, denoted by p(A) is the complement of the
resolvent set in C. The spectrum of A is subdivided as follows

Definition 1.1.18
Let the operator A € L(U).

1. The discrete spectrum of A consists of all A € p(A) s.t. (A—\Iy) is not one-to-one.
In this case \ is called an eigenvalue of A.

2. The continuous spectrum of A consists of all A € p(A) s.t. (A—\Iy) is one-to-one
but not onto and range (A — \y) is dense in U.

3. The residual spectrum of A consists of all A € p(A) s.t. (A — \ly) is one-to-one
but not onto and range (A — \ly) is not dense in U.

Lemma 1.1.2 ([150])

Let A be a linear (not necessarily bounded), self-adjoint and nonnegative operator defined
on D(U) C U, which has eigenvalues {uj}jyzl, for 1 < N < oo corresponding to a basis

of orthogonormal eigenfunctions {; }jvzl . Then, for an arbitrary function G defined on the

spectrum o(A) = {,uj}j.vzl of A, it holds

N

G(A)v = Z g(ﬂj)(”ﬁ ¢j>u¢j7 Yvel.

=1

and
| G(A) [lLen=sup [G(k;)]-
1<j<N
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Definition 1.1.19 (Hilbert-Schmidt operator.)

Let (€,)nen,, be an ONB of U. An operator A € L(U,H) is said to be Hilbert-Schmidt
if

> A6, 5, < +oc.

n€eNy

We denote by HS(U, H) the set of all Hilbert-Schmidt operators from U to H. In the special
case U = H we shortly write HS(U,H) = HS(U). The definition of a Hilbert-Schmidt
operator and the induced Hilbert-Schmidt norm in HS (U, H)

1
I A llsw, = (Z \Aen\?{) :

n€Ng

are independent of the choice of the basis (€)nen, -

Proposition 1.1.1 ([127])

Let Q@ € L(U) be a symmetric and nonnegative operator. Then, there exists a unique

symmetric and nonnegative operator Q% € L(U) satisfies Q% o Q% = Q. Moreover, if Q
with finite trace, then Q2 € HSU), s.t. | Q2 15,5= trQ and for all » € LU, H) it holds
o Qr € HS(U,H).

Corollaire 1.2

Let Q € L(U) be a symmetric and nonnegative operator and {¢,, n € N} be an ONB of
U, consisting of eigenvectors of Q with corresponding eigenvalues {\,, n € N}. Then, the

1
operator Q2 admits the family {(€n, A\2), n € N} as an eigenpairs.

Proof: Let {¢,, n € N} be an ONB of U, consisting of eigenvectors of Q with corresponding eigenval-
1

ues {\n, n € N}. Let A € L(U) defined by Ae,, := A\2e,, for any n € N. The operator A is symmetric.
Indeed, for all u,v € U we have

<Au, ’U>u = <A Z (u, 6n>u6n, Z <’U, 6m>u6m>u

neN meN

= Z (U, €n)1s (v, €m )i (Aen, €m)u-

n,meN

= Z <u, €n>u<v, Em>u<>\é €n, €m>u

n,meN

= Z )\% (u, €n)1s (v, €m)us-

neN

By the same manner it holds that

In Addition, A is nonnegative since we can get easily for all u € U,

1
(Au,u)y = Z A2 (u, €n)3 > 0.
neN
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Moreover, for any n € N we have
1 1
(A o A)en = A()\%en) = )\%A(en) = A\pen = Qe

Consequently, for all u € Y it holds (A o A), = Qu. Thus, by virtue of Proposition 1.44 we obtian
that A = Q2. u

Tlrlle following proposition introduces a significant linear subspace of I, namely the image of
Q2. which, when fitted with a properly selected inneres Produkt, is also a separable Hilbert
space.

Proposition 1.1.2 ([7126] and [127])

Let Q € L(U) be a symmetric, nonnegative and finite trace operator and let {€,,n € N} be
an ONB of U, consisting of eigenvectors of Q with corresponding eigenvalues {\,,n € N}.
We define S := {n € N, \, > 0} the index set of non-zero eigenvalues. Then, the space

Uy == Q7 (U) defined by

Moz{ueker % Z)\ (u, €n)1 <+oo},

nes
is a Hilbert space endowed with the following inner product

(u, v}y = (Q 2w, Q vy
= Z)\ U, €)1V, €n)ur, YU, v € Uy,

nes

Where Q_% is the pseudo-inverse of Q%. In addition, the space Uy admits the family
{/\nen,n € S} as an ONB.

Corollaire 1.3
For any A € HS(Uy, M), it holds

1
| A [swor=I Ao Q2 |luswom) -

Moreover, let the space Lo(U,H) = {Aw,, A € L(U,H)}. Then, we have Lo(U,H) C
HS (U, H).

Proof: Let A € HS(Uy, H). Then,

1 2

I Alls@or= D AN en)

nes

H

as {Qéen, n € S8} is on ONB of Uy and Q%en = Oy for all n not in S yields,

||A||H8(u0, Z’Ao en‘ + Z ‘Ao ’ :HAon

nes nnotinS

(Z/{OvH)'

Moreover, it holds
1
I Allnswo 0= A llzeall Q2 llusw)

The fact that || Q3 ||%{S(M):: Z [ Qze, |Z/=trQ < oo leads to A € HS(Uy, H). [ |
nesS
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1.1.2 Laplace operator

This part, we deal with the Laplace operator (or Laplacian). The Laplacian is a differential
operator represents the simplest elliptic operators occur in differential equations that describe
many physical phenomena, such as the diffusion equation for heat and fluid flow. It is denoted
by A and is given in the d-dimensional case by

d 52
Au(z) == 882;(21‘)7 r€DCRY
i=1 i

Proposition 1.1.3 (/21])

The Laplacian A : D(A) — L£*(D), is unbounded, nonnegative and self adjoint operator.

Proposition 1.1.4 ([749])

The Laplacian A : D(A) — L*(D), is an isomorphism, its inverse A" is self-adjoint and
compact on L*(D).

1.1.3 Fractional Laplacian

The presence of the long range interactions appear in various applications like nonlocal heat
conduction allows the nonlocal diffusion operators to arise to replace the standard Laplace
operator. The new operators act by a global integration with respect to a singular kernel
instead of acting by pointwise differentiation, in that way the nonlocal character of the process
is preserved. The fractional Laplacian denoted here by A, := (—A)2, for @ > 0 is one of
the famous nonlocal diffusion operators. We can find in the literature many definitions of A,
which reflects its extensive use in applications. Throughout this section we let a € (0, 2].

Fractional Laplacian on R

The fractional Laplacian can be defined in several equivalent ways in the whole space R, see for
example [?]. However, when these definitions are restricted to bounded domains, the associated
boundary conditions lead to different operators. Here, we introduce two equivalent definitions of
the fractional Laplacian, the first is represented via Fourier trans-form and its inverse, whereas
the second is based on the singular integral representation.

Definition 1.1.20 (Pseudo-differential representation.)

The fractional Laplacian A, is defined as a pseudo-differential operator,
Aqu(w) == FH[E[*F(u(z), €), v), (1.1)

where u € LP(R), for p > 1.

Definition 1.1.21 (Singular integral representation.)

We define the fractional Laplacian A, as a singular integral operator

Ayu(x) :=C, lim ko(z,y)(u(x) — u(y))dy. (1.2)

r—0t JR B(z,r)

for any u € S, where K, (x,y) := |z — y|~ Y for any x € R and any y € R\B(x,r) with
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. . 2070 (&) .
B(x,r) is the open ball of center x and radius r, and C,, := W is a constant whith
w2 -2
2
I' is the gamma function.
Theorem 1.1
The two defintions Identity. 1.1 and Identity. 1.2 of the fractional Laplacian A, are
equivalent.

1.2 Fractional calculus

Fractional calculus is a theory of integrals and derivatives of arbitrary real or even complex
orders. It is a generalization of the classical calculus and therefore preserves many of its basic
properties. Fractional calculus was first mentioned in a letter from L’Hospital to Leibniz in
1695. In this letter, L’Hospital inquires about Leibniz’s essay from 1646, in which he defines
the derivative of order n of a function f with n € N. When L’Hospital asks what happens if

1
n = 2 Leibniz says, "This leads to a conundrum from which we shall one day extract valuable

conclusions ”. Many mathematicians have studied the issue since its discovery, with the goal of
generalizing the findings established for integer-order derivatives to the case of arbitrary-order
derivatives. Fractional calculus is the name given to the theory of arbitrary order integrals and
deriva-tives, which unifies and generalizes integer-order differentiation and n-fond integration.
In other words, fractional derivatives and integrals can be considered as an interpolation of the
infinite sequence,[123]

t 7 t d d2
// F(r)dmadm, / Fn)dm, f(b), J;Sf), d{fgt)?...

of the classical n fold integrals and n fold derivatives. Let’s review some fundamental fractional
calculus definitions and results. We’ll go through the definitions and desired outcomes that will

help us introduce integral and fractional derivatives, as well as solve our diffusion and fractional
wave equations. For more information, look up the references [75, 99, 123].

1.2.1 Special functions

This section is about the collection of functions we’ll use in fractional theory. To begin, the
Gamma function will be defined as follows:

Gamma function

Definition 1.2.1

The Gamma function, denoted by I'(z) is a generalization of the factorial function n!, i.e.,

I'(n)=(n—-1)! VYneN.
For complex arguments with positive real part it is defined as

[(z) = /OO t*te7ldt,  Re(z) > 0.
0

This function has the following essential results:
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Proposition 1.2.1

result:

Some of the most important values are

Beta function

Definition 1.2.2
The Beta function is defined by the integral

['(z+41) =zI'(2).

1
B(z,w) = / 11— ) ldt, Re(z) >0, Re(w) > 0.
0

For a complex argument z with positive real part Re(z) > 0. So we have the following

The Beta function is used sometimes for convenience to replace a combination of Gamma

function. This relation between the Gamma function and Beta function is given by (see [52])
P(z)I(w)
B = W)

It should also be mentioned that the Beta function is symmetric, i.e.

B(z,w) = B(w, z).

The complementary error function (erfc)

Definition 1.2.3

The complementary error function is an entire function, defined as [

2 o0 2
erfe(z) = —/ e "dt.
NZP

Special values of the complementary error function are

erfc(—o0) = 2,
erfc(0) =1,
erfc(4-00) = 0.
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The following relations are interesting to be mentioned
erfc(—x) = 2 — erfe(x),

/Oo erfc(z)dr = —
0

/Oo erfc?(z)dr =
0

The Mittag-Leffler function

While the Gamma function is a generalization of the factorial function, the Mittag-Leffler
function is a generalization of the exponential function
oo .k o0 k
x x
exp(z) =) —=) ——.
= k! kz:% I'(k+1)

First introduced as a one parameter function by the series [123]

00 Zk
Ea(Z) = kgom7 Z,0 € C, Re(a) > 0.

Later, the two parameter generalization is introduced by Agarwal

00 k
E.p(z) = ,;)F(alj—i—ﬁ)’ z,a, 3 € C, Re(a) >0, Re(f) >0,

which is of great importance for the fractional calculus. It is called two parameter function of
Mittag-Leffler type. Some of its interesting values are [123]

El,l(z) = ez,

Ey1(2%) = cosh(z),
sinh(z

EQ 2(22) — Z( )7

En2(z) = Eu(2),

E%J(z) = ¢ erfe(—2)

This function has the following essential results:

Proposition 1.2.2

For a complex argument z with Re(z) > 0 ,we have the following result:

1
Eaﬂ(Z) = ZEa,a+B(Z) + m;
d 1
L Pas(2) = —1Bap-1(2) + (B — 1) Eap(2)|.

We'll need to build estimates in order to illustrate the uniqueness of each solution in the
subsequent sections. We’ll use the following two outcomes to do so:
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Lemma 1.2.1

For positive integers m, A and «, we have

d’rL
@Ea,l(—)\za) = —A2"""Eya-nt1(—A2%), z>0,

C (2Bun(-A2") = Ban(-1), 2> 0,

As well as
Theorem 1.2.1

Let 0 < o < 2, 8 is an arbitrary real , and we assume that p is such that

T ,
o5 <p< min{m, Ta}.

Then there exists a constant C = C(«, 3, 1) > 0 such that

Ba(2)] < i < larg(2)| < 7.

1+ 2|’

The definition of the generalized Mittag-Leffler function is now given.
Definition 1.2.4

Let a, 8, p € C such as Re(a) > 0 and Re(3) > 0. The generalized Mittag-Leffler function
is thus defined as follows:

P . = (p)nzn v
- O € Cv
@il = 2 Tan g 7
where
(P)n=plp+1)...(p+n—1).
Remark 1.2.1

Note that when p =1 we have
Sa6(2) = Eap(2).

We’ll need the following Lemma in the sequel:

Lemma 1.2.2
Let o, B, p € C such as Re(«) > 0 and Re(3) > 0. Then, we have

d" n
@ ap,ﬁ(z) = (Io)n 5;+an(2)7 EAS C? nc N)

apst i (z) = (14 ap— B)sL 5(2) + <8 5_1(2), z€C.

We utilize the Laplace transform to solve our fractional differential equations, just as we did
with integer differential equations. As a result, we provide the following definition:
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Definition 1.2.5
Let f:R" — R. The Laplace transform of function is defined by:

(L)) = L O)(s) = fls) i= [ exp(=st)f(B)at, s> 0.

On occasion, we will run across transforms of the form,

that can’t be dealt with easily using partial fractions. We would like a way to take the inverse
transform of such a transform. We can use a convolution integral to do this.

Definition 1.2.6

If f(t) and g(t) are piecewise continuous function on [0, +oc] then the convolution integral
of f(t) and g(t) is,

(Fxo)(0)= [ 1t = s)g(s)ds.
A nice property of convolution integrals is
(f > 9)(t) = (g+f)(1).

Or,
/Otf(t — 5)g(s)ds = /Otf(s)g(t — s)ds.

The following fact will allow us to take the inverse transforms of a product of transforms.

L{f*g}(t) = F(s)G(s), L7F(s)G(s)={f*g}1).

Lemma 1.2.3
Let a, B, p € C such as Re(a) >0, Re(p) > 0 and Re() > 0. Then, we have

p—1 00
—1 § ) } _ sa—p k_k(a—B) k+1 o
2| =1 Z(_a> z Sa,ot-(a—B) k— +1(—bz ),
s + CLSﬂ + b = a,a+(a—p)k—p
as” . . .o
where ’sa n b‘ < 1. We also assume that the preceding equality’s series is convergent.

1.2.2 Riemann-Liouville fractional integral

Calculations of integrals and derivatives of arbitrary real or complex order are referred to
as 'fractional calculations." In this thesis, we are only concerned with Riemann-Liouville and

Caputo derivatives.a
Definition 1.2.7 (See [96])

Cauchy’s formula for repeated integration is given by

I"f(t) = /at/an---/;n_lf(T)dT---dngTl
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1 t
= (n_l)./a f(r)(t —7)""ldr, ¥n € Ny, a,t € Rt > 0.

If n is substituted by a positive real number o and (n — 1)! by its generalization I'(«) a
formula for fractional integration is obtained.

Definition 1.2.8

The fractional operator

1

I°f(t) ::F(a)/at(t—s)o‘_lf(s)ds, t>a, a>0.

is referred to as Riemann-Liouville fractional integral of order «.

Proposition 1.2.3

e By convention

I°f(t) := f(t), ie., I’ := I is the identity operator.

e The linearity

IO () + g(t)) = MOf(t) + I°g(t), a € Ry, A € C.

e If f(t) is continuous for t > 0 the following equalities hold

lima o I* f(£) = f(2),
I°(IPf(1)) = (I £()) = " f(t) @, B € Ry, A€ C.

Definition 1.2.9

The Laplace transform of Riemann-Liouville fractional integral is defined by:

L1 1) = Fr Ll /(@)
— L),

SCM
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1.2.3 Riemann-Liouville fractional derivative operator

Definition 1.2.10

Let f be a real function, the Riemann-Liouville fractional derivative or the Riemann-
Liouville fractional differential operator of order « is defined by
a»
Dif(0) = 5 (P (1)
1dn/t(t—s)”_a_1f(s) ds, t>0, a€e(n—1n), neN.
['(n—a)dtm Jo ’ ’ e

In the following lemma, we give some relations between the Riemann-Liouville fractional deriva-
tive and the Riemann-Liouville fractional integral.

Lemma 1.2.4

Let u € C"([0,T]), a € (n—1,n), n € N and v € C*([0, 7).

e The Riemann-Liouville fractional differential operator D%, is the left inverse operator
of the fractional integral 1%, i.e.,

DS 1% =1

By convention it is defined

D% v(t) :=v(t), ie, D%, = I is the identity operator.

« d —Q
Dypo(t) = EII o(t), n=1,
d2 22—«
D% o(t) = —dtQI v(t), n=2,
a—1
Je DY — - [afl )
fu(t) = u(t) = gy 1 )(0)

Remark 1.2.2

As we can see from the previous definition, the Riemann-Liouville fractional derivative of
a constant is non-zero, unlike the integer order derivative of a constant C'. To be more
specific, the Riemann-Liouville fractional derivative of order 0 < a < 1 of a constant C' is
given by

ct@

D IC = —
RL I'l—a)
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Definition 1.2.11

The Laplace transform of the Riemann-Liouville fractional derivative is defined by:

c[hs0) = 2| = so)

= S L(f(1)) Z D15 (0)

n—1
Remark 1.2.3 = SaF<S) - Z SkDaikilf(())‘
k=0

e The Laplace transform of f™ is defined as follows:

n—1

LIF™W )] = smL[f1)] =D 57 0).

k=0

Di (1) = S f(0) = S (D f(0).

As a result, we've arrived at the following two theorems:
Theorem 1.2.2 (See [10/, 65])

Let 0 < a < 1. The derivative Riemann-Liouville fractional equation of order « is then
transformed by the Laplace transform:

L[D5, f(t)] = s*F(s) = lim I'~ £ (¢).

t—0

Theorem 1.2.3 (See [10/, 65])

Assume that 1 < o < 2. The derivative Riemann-Liouville fractional equation of order «
is then transformed by the Laplace transform:

L[ D3 ()] = 5" F(s) — slim I £(2) — lim < 12 (1),

t—0 t—0 dt

In the formulation of the Laplace transforms, we can see the terms %ir% '~ f(t), Pn% I~ f(t)
— —

d

and lir% &] 272 £(t). Contrary, in integer order derivatives, where we can see the initial values
—

of the functions f and f’.

1.2.4 Fractional Green’s formula

Let 2 be a bounded open subset of R", with a smooth boundary I' of class C% Forall T > 0,
we denote by Q = Q x (0,7),% =002 x (0,T). Let y,¢ € C*([0,T] x ), T'> 0. We have the

two following results:
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Lemma 1.2.5
We set n = 1. Then, for all 0 < o < 1, and, for any y, ¢ € C*([0,T] x Q), we have

[
_/qijllo‘(achx—/¢:UOIlaa:de+// 02 dodt

8
//aQ (o, t) == 0td0dt+//

— Doz, t) Aqb(:p,t)]y(x,t)dxdt,
where D¢, is the right fractional Caputo derivative of order 0 < o < 1.

D% y(x,t) — Ay(:c,t)}gb(x,t)dxdt

Lemma 1.2.6
We set n = 2. Then, for all 1 < o < 2, and, for any y, ¢ € C*([0,T] x Q), we have

T
/ / [D%Ly(m)—Ay(:c,t)}qﬁ(x,t)dxdt
_/gbeaa]Qa(dex—/gbeg]Qam0+ /IanT % 1

+/I2O‘ xO :L‘Odac+// at atdadt // at Ut)dadt
o0

+/0 /Q [Dgﬁb(l’a t) — Ag(z, t)}y(x, t)dadt,

where D¢, is the right fractional Caputo derivative of order 1 < av < 2.

1.2.5 The left and right Caputo fractional derivatives
The concepts of left and right Caputo fractional derivatives will be discussed here.
Definition 1.2.12

If f(t) is defined in C"[a,o0), then the left Caputo fractional derivative or left Caputo
fractional differential operator of order « is defined as

Daf(0) = = §121)

1 t
- — (n) _ n—a—1 o 1
T — o /0 U (s)(t —s) ds, t>0, a€(n—1,n), neN.

A constant’s Caputo derivative is equal to zero.
Definition 1.2.13

The right Caputo fractional derivative or the right Caputo fractional differential operator
of order « is defined by

Def(t) = Fn—a / f™s)(s—t)" s, 0<t<T, ac(n—1,n), neN.
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The adjoint operator of the right fractional derivative is represented by the left fractional
derivative. In the following lemma, we give some relations between the Riemann-Liouville
fractional derivative and the Caputo fractional integral:

Lemma 1.2.7
Let u € C*([0,7T]), a« € (n—1,n), n € N and v € C'([0,T]).

DI (t) = v(t);

n—1 4k
IDEult) = u(t) - 3 Z!u(k)(());
I“Dgu(t) = u(t) — ;?a) (I'*"u)(0), n=1;

I°Dgu(t) = u(t) —u(0), n=1.

Lemma 1.2.8
Let (n—1)<a<n, n €N, a€R and f(t) be such that D¢ f(t) exists. Then

DEf(t) = D" [(t) = I T f(0).

This implies that the Caputo fractional differential operator is equivalent to an (n — «)-fold
integration following an n-th order differentiation.

Proposition 1.2.4

In general, the two operators, Riemann-Liouville and Caputo, do not coincide, i.e.,a

D f(t) # D f(t).

Lemma 1.2.9

Let (n—1) <a <n, n €N, a €R and f(t) be such that D*f(t) exists. Then the
following properties for the Caputo operator hold:

lim DEF(2) = 7).
im Def(e) = £ () - £ o).

Proof: We refer the reader to[123].

For the Riemann-Liouville fractional differential operator, the corresponding interpolation prop-
erty readsa

lim D, (1) = f(0),
lim Dy () = S (1),

a—n—1
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Lemma 1.2.10

o Let (n—1) < a<n, nym € N, a € R and the functions f(t) and g(t) be such
that both D¢ f(t) and Dgg(t) exist. Then the Caputo fractional derivative is a linear
operator, i.e.,

DE((M() + 9(t) = ADEF(t) + Dig(t), @ € Ry, A€ C.

e The Riemann-Liouville fractional differential operator satisfies

D (Af(t) +g(t)) = ADgLf(t) + Dipg(t), « € Ry, A e C.

o Let (n—1) <a<mn, n,méeN, a €R and the functions f(t) is such that Dgf(t)
exists. Then in general

DED™f(t) = D™ f(t) # DD f(1).

e Suppose that (n—1) <a<n, 0<f=a—(n—1) <1, neN, a,5 € R and the
functionf(t) is such that both D¢ f(t) exists. Then

Def(t) =DeD" ' f(1).

Proof: We refer the reader to[90].

Definition 1.2.14

The Laplace transform of Caputo’s fractional derivative is defined by:

LIDESO)] = L[ (G f0)]
— song Li;f(t)]

= L) - 5 0)

n—1

=s"F(s)— > se~h=1 k) (),

k=0

1.3 (Generalities on the semigroup theory

1.3.1 Semigroups of linear operators

In this section we present the basic notions of the theory of semi-groups which will be used
throughout this work. Let H be a real or complex Hilbert space endowed with a norm denoted
| - || and the dot product (-,-). L(H) is the space of bounded linear operators of H in it even
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whose standard is

U
24 [ = sup 1]

w0 || ||

for all i € L(H), L(H) is a Banach space.
Definition 1.3.1 (Semigroup.)

A collection (S(t))ier, in L(X) is called a semigroup if
1. S(0) = Iy, where Iy is the identity operator on x.
2. S(t+s)=S5(t)S(s), for all t,s € R,.

3. zltl—{% | S(t)r —x ||=0, for all x in H

If in replaces (3) by
iy I 500~ 1 1=0, 20

it is a uniformly continuous semigroup.

Theorem 1.3.1
For (S(t))>0 a Co-semigroup on H , then we have the properties following:

(i) t — |S(t)|z(n) is bounded on any compact interval [0;t;]
(ii) For all = in H, the function t — S(t)x is continuous on R

(iii) There are constants w € R and M > 1 such that

1S(#)| e < Me*', Wt € R,.

Definition 1.3.2

t —
The operator A defined by D(A) ={z € H : %g% S(t)e exists for everything t > 0}
and S(t) p
, r—x
Ax = lim — = %S(t)x\tzo, Forz € D(A).

is said to be the infinitesimal generator of the Cy-semigroup

The space D(A) is endowed with the norm of the graph || « ||pay=|| = || + || Az ||, z € D(A).
Remark 1.3.1

(S(t))t>0 is a Cy-semigroup of bounded linear operators of infinitesimal generator A, then it
is unique..

Example 1.3.1 (Example of a Cy-semigroup.)
In LP(R)(1 < p < +00), the family (S(t))i>o is defined by:

[S(t)x](s) = x(t+s), Vt >0, s € Randz € LP(R).
We then define the operator A on LP(R) by
D(A) = {z € LP(R) : zis locally absolutely continuous, andx’ € LP(R}
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Az = 2’ for everything x € D.

Proposition 1.3.1

Properties of a Cy-semigroup

(i) Ifz € D(A), S(t)x € D(A), 0<t< oo.

(ii) A is a dense domain closed linear operator in H (D(A) = 7-[) :

(iii) For all x € H :t > 0 we have
t t
/ S(s)xds € D(A) andA(/ S(s)xds) =S(t)x — x.
0 0

(iv) If x € D(A), then the function t — S(t)x is continuously differentiable from R, — H,
and we have p
ES(t)x = AS(t)x = S(t)Ax.

(v) For A € C with Re()\) > w and x € H, the resolver operator is defined by

RO\, A)z = / T NS () adt
0

where R(\, A) = (A — A)~!(this is the transform of the place of the semi-group).

Theorem 1.3.2

Let A be a linear operator on X. Then, A is an infinitesimal generator of uniformly
continuous semigroup (S(t))er, iff A is bounded, (see [122]). Moreover, any A € L(X) is
a generator of unique uniformly continuous semigroup, (see [122]).

1.3.2 Hille-Yosida theorem

We present the Hille-Yosida theorem which constitutes a characterization of a generator of a
Co-semigroup.
Theorem 1.3.3 (Hille-Yosid.)

The necessary and sufficient condition for closed operator A dense domain in H (D(A) = 7-[)
be infinitesimal generator of a Cy- semigroup {S(t)}+>o is that there constants w € R and
M > 1 such that

(i) {A: A€ C,Re(\) >w} C p(A) (the solver set of A)

M
—, VRe(\) >w, n=1,2,--- where p(A) is the resolvent

(i) |R(A, A)"| 2y < (Re(\) —w)"

set defined by

p(A)={\eC/ (M — A) ' exists and bounded inH}.
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Proof: See [122].

Given a linear operator A satisfying the conditions of Theorem (1.3.3), it is convenient to
introduce a sequence of linear operators (called the Yosida approximations of A). They are
defined by

A, =nAR(n,A) =n’R(n,A) —n

Lemma 1.3.1

lim nR(n,A)x =x for everythingz € H,

n—oo

and
lim A,x = Az for everythingx € D(A),

n—oo

Proposition 1.3.2 ([1/9])

Let (A, D(A)) be a nonnegative and self-adjoint operator. Then, (—A) is an infinitesimal
generator of semigroup of contraction (S(t) := e ")cr, .

We mention some basics. Concepts and facts about stochastic processes in Hilbert-spaces. We
give Stochastic Itd definitions are included in the Hilbert spaces, which allow us to introduce
them The concept of random differential equations. Key references For the materials presented
here are [7].

Remark 1.3.2

Let (92, F,P) be a probability space, (E, |.|g) be a separable Banach space and B(E) be the
o-field of its Borel subsets. We fix T' > 0.

Definition 1.3.3 (Normal filtration.)

Let IF := (F;)icpo,m be a filtration (i.e., an in-creasing family of o-fields defined on(2, F,P).
We say that (F;)ico,r) Is @ normal filtration or say that, it satisfies the usual conditions
if

e forall Be F s.t. P(B)=0, then B € Fy.
o forallt € [0,T], Fr := Fp = NgstFs.

The space (92, F,F,P) is also known as a filtered probability space.
Definition 1.3.4 (E-valued random variable.)

Let the mapping X : (2, F) — (E,B(F)). We say that X is an E-valued random
variable if it is measurable, i.e. for any B € B(FE) it holds X *(B) € F.

1.3.3 A (-semigroup’s dualities

Definition 1.3.5

The adjoint of A denoted A* generates the semigroup {S*(t)h>0 C L(H), where, for
everything t > 0, S*(t) is the deputy of S(t) and which powerfully continues on H.
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Lemma 1.3.2
LetU € L(H) soU™ € L(H) and we have

U [lceo=I U [ cw -
Lemma 1.3.3

Let A: D(A) CH — H a dense-domain closed linear operator in H. whether A € p(A), so
A € p(A"), and we have

R(X\, A%) = R(\, A)".

1.3.4 Semi-compact operator group

Definition 1.3.6

In infinite dimension, a Cy-semigroup, S(t) is said to be compact for t > tq if for all t > t,
S(t) is a compact operator. S(t) is said to be compact if it is compact for t > 0

Remark 1.3.3

If S(t) is compact for t > 0, then the identity is compact and H is of finite dimension.
Moreover, if there exists to > 0 such that S(to) is compact then S(t) is also for all t > t
because S(t) = S(t—ty) and S(t —ty) is bounded. We recall an interesting result concerning
compact semigroups.

Theorem 1.2

Let S(t) be a Cy-semigroup. If S(t) is compact for t > ty, then S(t) is continuous by
relation to the uniform topology of operators for t > t.

Corollaire 1.4

Let §(t) be a semigroup Cy and let A be its infinitesimal generator. If R(\, A) is compact
for some A € p(A) and S(t) is continuous with respect to the uniform topology of operators
for t > tgy, then S(t) is compact for t > to. We conclude this section by introducing the
concept of a "mild” solution.

1.3.5 Solution mild (Solution in the sense of semigroups)

Consider the following deterministic problem:

du(t
l;g) = Au(t), 0<t<T,

u(0) ==z, x€H.

(1.3)

where H is a separable real Hilbert space and A is an unbounded operator which generates a
Co-semi-group S(t)
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Definition 1.3.7

The function w : [0,T] — H is a (classical) solution of problem (1.3) on [0,T] if u is
continuous on [0, T[, continuously differentiable on |0, T[ and u(t) € D(A) for t €]0,T]. If
A is an infinitesimal generator of a Cy-semigroup {S(t)}>o, so for everything x € D(A),
the function u”(t) = S(t)x, t > 0 is a solution of (1.3). On the other hand, for x ¢ D(A),
is not a classic solution, but it can be considered as a “generalized solution” which will be
called a ”"mild solution”. In fact, the concept of mild solution can be introduced to study
the problem at an inhomogeneous initial value next

du(t)
— = Au)+ @), 0<t<T (1.4)
uw0) =z, xz€H.

Or f:[0,T[—>H

We now define the concept of a mild solution
Definition 1.3.8
Let A be an infinitesimal generator of a Cy-semigroup {S(t)}+>0, on H, © € H, and [ €

L*([0,T),H) the space of Bochner functions-integrable on [0,7T] with values in H. The
function u € C([0,T],H) given by

u(t) = S(t)z + /Otsu Cf(s)ds, 0>t>T

is the mild solution of the initial-valued problem (1.4) on [0, T].

1.4 Wiener processes and stochastic integrals in a Hilbert
space

In this section, we define the Wiener processes and develop the integral stochastic in a Hilbert
space.

1.4.1 Wiener processes on Hilbert spaces

There are many types of stochastic processes, among them; Wiener process, Markov process
and Poisson Process. However, Wiener process without any doubt is one of the most important
processes both in the theory and in the applications. Originally it was introduced by the
mathematician Norbert Wiener in 1920 as a mathematical model of the Brownian motion'
The current section gives a short review on such process which is a generalization of Brownian
motion taking values in a general functional space. To do so, we need first to fix some tools; let
T >0, (U, )u,| |u) be aseparable real Hilbert space and (€2, F,P) be a complete probability
space. As a starting point of this section, let us introduce the notion of Wiener process in a
linear topological space (E, B(E)) by following [120]

!The Brownian motion is named after the biologist Robert Brown who observed in 1827 the irregular motion
of pollen particles floating in water.
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Definition 1.4.1 (E-valued Wiener process.)

Let W := (Wy)tepo,r) be an E-valued stochastic process. We say that W is an E-valued
Wiener process if the following holds

1. POW(0) = 0) = 1,
2. The trajectories of VW are continuous,

3. For any finite increasing sequence (t;)5_, C [0,T] the increments (W,,,, — W, )iy are
independent,

4. For any t € [0,T] and any h € (0,T), it holds P"=+1="t = P

5. For any t € [0,T)] it is true that P = P~

1.4.2 ()-Wiener processes

Fix @ € L(U) be a symmetric, nonnegative and finite trace operator.
Definition 1.4.2 (Standard Q- Wiener processes)

Let W := W)iepo,r) be an U-valued stochastic process on (€2, F,P). Then, W is said to be
a standard Q-Wiener process if the conditions of Definition 1.4.1 are true, such that
the law of the increments (W, — W), for all 0 < s < t < T, is Gaussian with zero mean
and covariance operator (t — s)Q.

Proposition 1.4.1

An U-valued Q-Wiener process, W = (W, )cjo,r) is a Gaussian process with mean zero and
covariance operator tQ, vVt > 0.

Proposition 1.4.2

For any symmetric, nonnegative and finite trace operator Q € L(U), there exists a Q-
Wiener process on U.
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Theorem 1.4.1

Let (€,)nen be an ONB of U consisting of eigenvectors of () corresponding to the nonnegative
eigenvalues (A, )nen, and let S := {n € N, \,, > 0} be the index set of non-zero eigenvalues.
Then, an U-valued stochastic process W, is a (Q-Wiener process iff it can be written for any
t €10,7T] as

W(t) = 3 ABul)en, (1.5)

nes

where (3, )nes is a sequence of independent R-valued Brownian motions on (2, F,P) s.t.
Bult) = ——(
n - An

The series in (1.5) converges in L*(Q2, C([0,T],U)), where C([0, T],U) is equipped with the
supremum norm.

W(t), €n)u, for anyn € S.

Proof: see [127]

In the case of filtered probability space (2, F,F,P), we need to know how the ()-Wiener process
behaves in connection with the filtration . This is leads to the next definition.
Definition 1.4.3 (Stochastic basis.)

Let (U, (-, )u, |- |u) be a separable Hilbert space. We call (2, F,F,IP, W) a stochastic basis

if, (2, F,F,P) be a filtered complete probability space with respect to the normal filtration
F := (F)tepo,r) and (Wy)iejo,r) be a U-valued Wiener process on it.

1.4.3 Cylindrical Wiener processes

Cylindrical Wiener process appears in many models in infinite dimensional spaces as a source
of random noise or random perturbation. In this subsection, we introduce by following [127]
a result which ensures the existence of such type of processes. To do so, let (U, (-, )y) be a
separable Hilbert space, @ € L(U) be a symmetric and non-negative operator, possibly with
tr@) = +oo and let (€,)nen be an ONB of U that consists of eigenvectors of () with corresponding
eigenvalues (A, )nen. Additionally, let (U, (-, )iy, | - [r,) be an arbitrary separable Hilbert space
with U C U, continuously and let J : (Uy, (-)u,) — (Uo, (-)usy) be a Hilbert-Schmidt embedding,
besides we define the operator @ := JJ* : U; — U,.

Proposition 1.4.3 (See [127])

Let @ := JJ*. Then, @) is a linear, bounded, nonnegative, symmetric and finite trace
1

operator on Uy, and the operator J : Uy — QIU, is an isometry, i.e.

_1
Il o M= 11Q1 * I (o) leny = J (uo) 7 for alluo € Uy

| 3
Qf (U
Moreover, let €, := Q%en, where (€,)nen be an ONB of U and let (B,)nen be a sequence of
independent, real-valued Brownian motions. Then

W(t) = i B,(t)J(&,), Vt € [0,T], (1.6)

is a QQ1-Wiener process on Uy with tr@); < +oo, where the series in (1.6) is convergent in

M (Uh)
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1.4.4 Some notions in the one dimensional case

In this subsection we recall two usefull notions of real-valued processes.
Definition 1.4.4 ( White noise.)

Let (g,B(¢), ) be a o-finite measurable space and let the random set function W defined
on {B € B(¢g),s.t.,;u(B) < oo}. Then, we call W a white noise” if it satisfies

1. for any B € ((e), W(B) is a Gaussian (or normal) random variable with mean 0 and
variance ji(B).

2. for any two disjoint sets By, By € [(¢), the random variables W(B;) and W(By) are
independent and W(B;) N W(By) = W(By) + W(Bs)

Definition 1.4.5 (Brownian sheet.)

Let d € Ny, ¢ = ]Ri ={t=(t1, - ,tq), s.t., t; >0, Vi € {1,--- ,d} and u be a Lebesgue
measure on RY. The process (5t)teRi is said to be Brownian sheet if it is defined by

B = W(ITL,]0, t:])

where W is a white noise. This means that, it is a zero-mean Gaussian process with
covariance function defined for t = (t1,--- ,ty) and s = (s1,-+- ,84) by

E(ﬁtﬁs) = H?:lti A\ Si.

Remark 1.4.1

There is another way to define white noise. In the special case; ¢ = R and p is Lebesgue
measure, it is informally described as the weak derivative of Brownian motion, since such
motion is nowhere-differentiable in the classical sense. Such description is also possible in
higher dimensions, but it involves the Brownian sheet instead of Brownian motion.

Definition 1.4.6 (Stochastic process.)

A family X := (X;)sep0,1) of E-valued random variables X;, t € [0,T] defined on § is called
a stochastic process.

The stochastic process X depends on two variables, the temporal variable t € [0,T| and the
probabilistic variable w € ).
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Definition 1.4.7 (Adaptation, continuity and measurability of stochastic process.)

Let F := (Fi)ejo,r) be a normal filtration and X = (X;)co,r) be a stochastic process.

1. X is F-adapted (or simply adapted) if each X, is measurable with respect to JF; for
every t € (0,77,

2. X is continuous with probability one if its trajectories are continuous almost surely,
ie.
P{w € Q, t € X(w) is continuous on [0,T]} = 1,

3. X is measurable if the mapping X (-,-) : ([0,T] x ,8([0,7]) ® F) — (E,5(E))
is measurable with respect to 3([0,7]) ® F (which is o-algebra generated by the
product).

Definition 1.4.8 (Gaussian process.)

Let (U,(-,-)u) be a separable Hilbert space. An U-valued stochastic process X on )
is called Gaussian if for any k € Ny and any ty,--- ,t;, € [0,T] the U*-valued random
variable (X, -+, Ay,) is Gaussian.

Definition 1.4.9 (Predictable o-field.)

Let Qp :=1[0,T] x Q endowed with the o-field 5([0,T]) ® F. The §-field Pr generated by
the sets of the form

((s,t] x Fs: 0<s<t<T,Fs € Fs)and ({0} x Fy). Fy € Fy

is known as a predictable o-field, and its constituent parts are referred to as predictable
sets.

Definition 1.4.10 (p-integrable process)

An E-valued stochastic process X = (X;).cjo,1) is called p-integrable, for p > 1 if the random
variable X (t), for all t € [0, T is p-thintegrable.

Proposition 1.4.4

The space of all continuous square integrable E-valued martingales denoted by M3(E) is
a Banach space endowed with the norm

| M (| pz = sup || M) |12, -
te[0,7]

Definition 1.4.11 (Gaussian random variable)

Let (U, (-, -)u) be a separable Hilbert space. AnU-valued random variable X on § is said to
be Gaussian if the R-valued random variable (X, u)), for any u € U is Gaussian. Hence,
dm € U called the mean and a nonnegative and symmetric operator () : U — U called the
covariance operator s.t. the law P¥ := Po X' : B(U) — [0, 1] of X is denoted by N'(m, Q).




1.4.5 Stochastic integrals in Hilbert spaces 45

1.4.5 Stochastic integrals in Hilbert spaces

In this part, we discuss the Q-Wiener process with respect to stochastic integration in Hilbert
spaces. We study these ideas in detail by adopting this methodology

Stochastic integral with respect to Q-Wiener process

Throughout this subsection, we fix T'> 0 and a filtered probability space (2, F,F,P). Further,
we consider two separable Hilbert spaces (U, (-, )i, | - ) and (H, (-, )3, |- |%). Let @ € L(U)
be a symmetric, nonnegative and finite trace operator and let W = (W(t)icpo,17) be a U-valued
Q-Wiener process with respect to the normal filtration F. In order to shed a light on the notion
of stochastic integral with respect to W , we give first the meaning of an elementary process.

Definition 1.4.12 (Elementary process.)

Let ¢ = (¢(t))icjo,r) be a LU, H)-valued process defined on (2, F,FF,P). We say that ¢ is

an elementary process if there exists a partition 0 = tg < t; < --- < t, =T, m € N
and a sequence ()5, of L(U,H)-valued random variables that are taking only a finite
number of values in LU, H) s.t. i is Fy, -measurable for any k € {0,--- ,m — 1} and
o(t) = g, for t €ty tr1] with the convention p(0) = 0. Mathematically, we write

m—1

Qp(t) = Z SOk[]tk,tkH](t)v fort € [O’T]
k=0

We denote the class of such processes by E.

Now, we are ready to give the meaning of the stochastic integral on E.
Definition 1.4.13 (stochastic integral on E.)

Let ¢ € E. Then, the stochastic integral Z(y) := ((Z(y)(t))ico,m of ¢ with respect to W
is an ‘H-valued stochastic process defined for all t € [0,T] by

TN = [ ANWL) = 3 eW(tas A1) = Wit )

such that ¢y, is acting on (W (t41 At) — W(tx At)) as an operator in L(U, H).

Definition 1.4.14 (stochastic integral on Pj,.)

Let ¢ € Py,. Then, the stochastic integral of p with repect to W is defined for every
t €[0,T] by

TN = [ els)W(s) = Jim [ ou(s)AW(s),

n—oo

where the limit is taken with respect to the norm || - || vz (i)

Theorem 1.4.2
Let o € Py, Then, I(p) € M3(H).

Definition 1.4.15 (Stochastically integrable process.)

Let @ € Pyy. Then, the stochastic integral of ¢ with respect to VW is defined for every
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t €10,7] by
t t
| W) = [ o, 0) ()W (s),
on the set {©,, > t}, for every n € N, and we say that ¢ is stochastically integrable.

The consistency of definition (1.4.8) is ensured. Indeed, let m € N s.t. m > n. If ©,, > ¢, then

t
0

[ Upos@) )W (s), = [ (e (o) (s)IW(s)

we have

t OnAt
| oea)(s)aw(s). = [ (e, ¢) (s)W(s)

and since ©,, >t we get

t

[ o)W (s), = [ (Tpe,0)(s)W(s).

for every n,m € N s.t. m > n.

1.4.6 Stochastic differential equations in infinite dimension

In this part, we deal with stochastic differential equations in the infinite dimension.

Abstract parabolic stochastic partial differential equations.

We give by following [130], a short review about the theory of solvability for a class of
SPDEs with globally Lipschitz nonlinearities. let (H, (-, ), |-|%) and (U, (-, )u, |-|u) be two real
separable Hilbert spaces, and let (2, F,F,IP, W) be a stochastic basis, where W = (W})sc[0,1] be
a U-valued cylindrical Wiener process. We consider the following stochastic partial differential
equation, perturbed by a multiplicative noise,

dW(t)
dt -’

t € (0,7,

dt (1.7)

{mw = Au(t) + F(u(t)) + G(u(1))
u(0) = wup,

where

e A: D(A) C H — H, is in general an unbounded Linear operator (not necessary the
Laplacian),

o FF:H — H, is B(H)\B(H)-measurable operator,
e G:H — L(U,H),be an operator,

e 1y be an H-valued, Fy-measurable random variable.

There are different concepts of the solutions, namely strong, weak and mild.
Definition 1.4.16 (Strong solution.)

Let u := (u(t))co,r] be an D(A)-valued predictable process. We say that u is a strong
solution of Prb. (1.7) if
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e forallt € [0,T], (0,t) 3 s— (Au(s) + F(u(s))) € H is P-a.s. Bochner integrable,

o G(u):Qp — HSU,H) is continuous predictable s.t.
4 2
P{ [ GO0 B ds < o0 =1

e the following equality holds P-a.s. in ‘H

u(t)—uo—l—/ (Au(s) + F(u ds+/ W(s), for every ,t € [0,T]

Definition 1.4.17 ( Weak solution.)

Let u := (u(t)):co,r] be an H-valued predictable process. We say that u is a weak solution

of Prb.(1.7) if

e forallt € [0,T], and all £ € D(A"), (0,t) 5 s — ((u(s), A"E)gy + (F(u(s)),&)n) € R

is P-a.s. Lebesgue integrable,

e the following equality holds P-a.s.in R,

(u(0) Ehn = (a0 b+ [ (u(s), A€+ (F(u(s), ©)e)ds
+/0 (G (u(s))AW(s), €

for every t € [0,T], and every £ € D(A)
Definition 1.4.18 (Mild solution.)

Let u := (u(t))sejo,r) be an H-valued predictable process. We say that u is a mild solution
of Prb.(1.7) if

for all t € [0,T], (0,t) s — S(t — s)F(u(s)) € H is P-a.s. Béchner integrable,

for all t € [0,T], Ijoy(-)S(t — )G(u(-)) : Qp — HS(U,H) is continuous predictable
s.t.

P{[ﬂhwwwu—@GW@nﬁmmwb<w}=1

the following equality holds in H, P-a.s.,

—S(t)uo—l—/otS(t—s) ds+/ (t — $)G(u(s))dW(s),

for every t € [0,T], where (S(t))tcjo,r is the semigroup generated by the operator A.

It is worth noticing here to introduce the notion of the mild solution in a general sense framework
as .
Definition 1.4.19 (Stochastic convolution.)

" Let ¢ = (©(t))icjo,r) be an LU, H)-valued predictable process and let (S(t))icp,r] be the
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strongly continuous semigroup generated by the operator A s.t. the following integral

wet) = [ " S(t — $)(s)AW(s), for everyt € [0,T],

is well defined. Then, the process W? := (W (t)):c(o,1) Is called stochastic convolution.

1.5 Finite Dimensional Linear Control Dynamical Sys-
tems

This Part are mainly concerned with the quadratic cost optimal control problem for distributed
parameter systems and systems with time delay, both over a finite and an infinite time interval.

For problems over a finite time interval, the main tool used is Dynamic Programming, which
leads to a Hamilton-Jacobi-Problem equation for the value function.

1.5.1 Ordering system

The object of automatic control is the study of systems on which one can act by means of a
command. It results in an input-and-output relationship.

(1) Commandability: Is it possible to find a command u that brings the system initially
in state xg, in any state v at time ¢t = 7

(2) Observability: Does knowing y(t) and u(t) for all ¢ € [0, 7] allow us to determine the
state x(t) for all t € [0, 7] (or, equivalently, the initial state x(0)).

(3) Stabilization: Is it possible to construct a command u(-) that asymptotically stabilizes
e system around an equilibrium xz.

1.5.2 Linear systems
We study the following system

dx
(1) = Au(t) + Bu(t) t€[0,T],

y(t) = Cx(t) + Du(t)

(%)

We will limit ourselves to the case where the quantities are of finite dimensions: x € R", u € R™,
y € RP. It follows than A € M,,(R), B € M, »,(R), C €€ M, ,(R), et D €€ M, ,,(R). The
command will be assumed to be continuous by parts.

Proposition 1.5.1 (Formula for the variation of the constant.)

d
Let u(-) be a command and xy € R". The unique solution Of£<t) = Ax(t) + Bu(t) equal
toxgatt=0
t
z(t) = ey +/ =4 Bu(s)ds
0
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Controllability

We consider the system (¥). We are only interested here in the input state law, i.e.

dx
a(t) = Ax(t) + Bu(t). (1.8)

Definition 1.5.1

Given xg € R", we say that a state v € R" is reachable in time 7 from xq if it exists a
control law u : [0,7] — R” such that z(7) = v(x(-)) being the solution of (1.8) satisfying
x(0) = xo. We note A(T, o) the set of states reachable from zy in time 7, that is to say :

Alr20) = { (7)) x(zfgiulez of (%), }

From the formula of the variation of the constant, it follows that A(r,0) is a vector-space,
and that
A(T, 20)is the affine spacee™ xy + A(T,0)

Definition 1.5.2
On dit que le systéme (X)) est commandable en temps T si A(1,0) = A, = R"

Theorem 1.5.1

A, space is equal to the image of the matrix (n x nm)

C =[BAB--- A" ' B]

called the controllability matrix.

Proposition 1.5.2 (Kalman controllability criterion.)

The system (X)) is controllable if and only if the controllability matrix has rank n

Observability

The problem: knowing y and u for all ¢ € [0, 7], is it possible to determine the initial condition
z(0).
Remark 1.5.1

1. the knowledge of xq is equivalent to that of xz(t) for all t € [0,7] by virtue of the
formulation variation of the constant.

2. since u(+) is known, we can restrict ourselves to studying :

dx
a(t) = Ax(t)t € [0,T],

y(t) = Cx(t).

Definition 1.5.3

Let us call space of unobservability P, of the system () the set of initial conditions
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x(0) € R For which the solution y(-) is identically zero on [0, 7] :

withz(0) = xocheck therey

P — { zo(T)/ (+)solution of - (%0), }
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Definition 1.5.4
The system is said to be observable if the unobservability space of (%) is reduced to {0}

Proposition 1.5.3

If the system (X) is observable, the knowledge of y(-) on [0, 7] unequivocally determines
(0)

Proposition 1.5.4 (Kalman observability criterion.)

The space of unobservability of the system (3) is the kernel of the matrix (np x n).

C
CA

cA!

1.5.3 Optimal control

Consider thelinear control system

dz
E(t) = Ax(t) + Bu(t), x(s) = x,

y(t) = Cx(t)
on the time interval [s,T], 0 < s < T, where z is an arbitrary initial state in R". The
notation and terminology are the same as the ones defined in the section on controllability and

observability. We shall be primarily concerned with the following optimal control problem:to
choxse a control (-) € L*(s, T, R™) that minimizes the cost functional

T (u, ;) 2/ (m(t),Qx(t))]dt+;(x(T),Sx(T)),

where R=R" >0, Q=Q"=C"C >0,and S = 5" > 0. A control u() minimizing J (u, x)
will be called an optimal control. We shall not be concerned with the question of existence
and uniqueness of solutions but with the characterization of the optimal control () and the
corresponding optimal trajectory Z(-).

(1.9)

Even though we are interested in solving the optimal control problem over afixed interval [0, T']
and for the fixed initial condition xg, it will turn out to be conceptually important to solve the
problem for all initial points (s,z), 0 < s < T.

We shall also be interested in the infinite time problem: Find a control (-) € L*(s, 0o, R™) that
minimizes :

T (u, 5;7) 2/ (1) + (x(t), Qu(t))]dt. (1.10)

1.6 Infinite dimension controllability

Controllability is one of the most important qualitative aspects of a system dynamic. The
problem of controllability is to prove the existence of a function control, which drives the
solution of the system from its initial state to a state final, where the initial and final states
can vary throughout space.
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Definition 1.6.1
Let H and U be two Hilbert spaces and consider the following dynamical system:

dz(t)
{ S = A(t) + Bult), t € (0,7) L11)
z(0) = xo, x9 € H,

where T > 0 fixed, u € L*(0,T,U), A is an infinitesimal generator of a Cy-semigroup S(-)
in U and B is a bounded operator from U to H. Here ‘H represents the state space and U
the control space of the system. We know that problem (1.11) has a unique mild solution
x = x(t,zo,u) € C([0,T], H) stated by

w(t, 20, u) = S(t)zo + /OtS(t — §)Bu(s)ds, ¢ € [0,T].

Definition 1.6.2

We will say that the control u transfers a state a to a state b at time T > 0 if

x(T,a,u) =b.

We also say that state b is reachable from a at time T

Definition 1.6.3

We will say that the system (1.11) is controllable at time T > 0, if for all « € H and all
b € H, there is a control function u € L*(0,T,U) such that:

x(T,a,u) =b.

We also say that the pair (A, B) is controllable at time T > 0.
Consider on (0,T) the following dynamical system

dt
z(0) = 0.

da(t
{ 2(t) = Az(t) + Bu(t),
For all t € [0,T] the solution can be written.
z(t,u) = Lyu,

where L, is the bounded linear operator defined by:
L*0,t,U) — H,
t
u — / S(t — s)Bu(s)ds .
0

Proposition 1.6.1

The system (1.11) is controllable at time T' > 0 if and only if the Ly operator is surjective.

Proof: Let a,b € H any two states. The equation in u:

z(T,a,u) =b. (1.12)
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has a solution in L?(0,T,U) if and only if the equation
Lyuw =b—8(T)a, (1.13)

has a solution in L*(0,T,U). The equivalence of equations (1.12) and (1.13) leads to the proposition. B

1.6.1 The Controllability Gramian

The assistant operator of Ly

The Ly operator is defined from the Hilbert space L*([0,T],U) in Hilbert space H. It is a
bounded operator. We have

o H = L*(0,T,U),
™l z — Lix=9,

where ¢ is defined by:
(Lyx,u) = (x, Ly), Yu € L*(0,T,U), Vx € H.

where (-, -) denotes the scalar product in L*(0,7,U) and (-,-) denotes the scalar product in H.

(2, L) = (x /O Ysu - s)Bu(s)ds)

=/, (,S(t — s)Bu(s))ds

T
— / (B*S*(T — ), u(s))ds
0
= (B*S*(T — )z, u).
where B* (resp. S*(t — s)) is the adjoint operator of B (resp. S(t — s)). So
Ly = B*S*(T — ).
Definition 1.6.4
We define, Ry (a), the set of states reachable at time T' from To. We have :
Rr(a) =S(T)a+ R(Lr).

The study of controllability at time T comes down to the study of Usey Rr(a) = Ry(a).
From fact of infinite dimension, we can have

Rr(H) # Re(H) et S(TVH + H.

We now introduce the controllability operator called "Gramian of controllability”. Controllability
Gramian Let’s pose

T
Qr = Lyl = / S(T — s)BB*S*(T — s)ds, T > 0.
0
The Q1 operator is in L(H) and

T
(Qra, z) :/ IB*S*(T — s)a|*ds =|| Lia |22 0, V€ H.
0
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Definition 1.6.5
Qr = Ly L%} is called Controllability Gramian.

Proposition 1.6.2

R(Lr) = R(Q?)

1.6.2 Approximate controllability

Definition 1.6.6
The pair (A; B) is approximately controllable at time T > 0 if




Chapter

Approximate Controllability of
Delayed Fractional Stochastic

Differential Systems with Mixed Noise
and Impulsive Effects

The work presented in this Chapter (2) is report a new class of impulsive fractional stochas-
tic differential systems driven by mixed fractional Brownian motions with infinite delay and

Hurst parameter A € (5, 1) Using fixed point techniques, a g-resolvent family, and fractional

calculus, we discuss the existence of a piecewise continuous mild solution for the proposed sys-
tem. Moreover, under appropriate conditions, we investigate the approximate controllability of
the considered system, This work is attributed to the [53]

2.1 Introduction

For a long time, the subject of fractional calculus and its applications has gained a lot of im-
portance,mainly because fractional calculus has become a powerful tool with more accurate
and successful results in modeling several complex phenomena in numerous, seemingly diverse
and widespread fields of science and engineering. It was found that various, especially in-
terdisciplinary, applications can be elegantly modeled with the help of fractional derivatives
[59, 75, 123, 178].See also the recent works of [85, 37, 161, 71].

Fractional Brownian motion (fBm for short) is a family of Gaussian random processes that
are indexed by the Hurst parameter H € (0,1). Tt is a self-similar stochastic process with
long-range dependence ans stationary increment properties when H> 1 /2. For more recent
works on fractional Brownian motion, see [20, 37, 5, , 67, 42] and the references therein.
In order to describe various real-world problems in physical and engineering sciences subject to
abrupt changes at certain instants during the evolution process, impulsive fractional differential
equations have become important in recent years as mathematical models of many phenomena
in both physical and social sciences. Impulsive effects begin at any arbitrary fixed point and
continue with a finite time interval, known as non-instantaneous impulses. for more details, we
refer the reader to [58, , , , 91, 10, 38, 19, ].

The concept of controllability plays a major role in finite dimensional control theory. How-

95
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ever, its generalization to infinite dimensions is too strong and has limited applicability, while
approximate controllability is a weaker concept completely adequate in applications[155].
Recently, many authors have established approximate controllability results of (fractional) im-
pulsive systems[143, 11]. For example, Kumar [81] investigated the approximate controllabil-
ity for impulsive semilinear control systems with delay; Anukiruthika et al.[31] analyzed the
approximate controllability of semilinear stochastic systems with impulses. Elthough several
works exist in this area, the study of the approximate controllability of impulsive fractional
stochastic differential suystems driven by mixed noise with infinite delay and Hurst parameter
H e (1/2,1) is still an understudied topic in the literature, This fact provides the motivation
of our current work.

we consider an impulsive fractional stochastic delay differential equation with mixed fractiona
Brownian motion defined by

dBH(t)
dt

AW(t)
dt

,te J(sitial,
i=0

‘Diz(t) = Pz(t) + F(t,2) + G(t, z) +a(t)

2(t) = Ki(t,z), te Q(ti,si], (2.1)

2(t) = 6(t), 6(t) € Dy,

where P : D(P) C Z — Z is the generator of an g-resolvent family {S,(¢) : ¢ > 0} on the
separable Hilbert space

Z,“D{ is the Caputo fractional derivative of order 1/2 < ¢ < 1, and state z(-) takes values
in the space Z, and 0 =ty = sp < t;] < 81 <ty < -+- <ty < Sy < 1 =T < 00. The
functions K;(¢, z;) represent the non-instantaneous impulses during the intervals (¢;,s;], i =
1,2, ,m,W = {W(t) :t > 0} is a Q-Wiener process defined on a separable Hilbert space
Vi, and B* = {B™(t) : t > 0} is a Q-fBm with the Hurst parameter 7 € (1/2,1), defined
on a separable Hilbert space ). The history-valued function z; : (—00,0] — Z is defined
as z(0) = z(t + 60),v0 < 0, and belongs to an abstract phase space Dj. The initial data
¢ = {p(t),t € (c0,0]} are Fy-measurable, Dj-valued random variable independent of W and

B*. The functions F, G, o, and K, satisfy several suitable hypotheses, which will be specified
later

The work is arranged as follows. In Section 2.2, relevant preliminaries are given that will be
used later. we prove the existence os a piecewise continuous mild solution for the proposed
system (2.1). Then, we study the approximate controllability for problem (2.1). an example is
given to show the application of the obtained results. We end with Section, in which we present
the conclusion of our results and also suggest directions of possible future research.

2.2 Preliminaries

Let L(Y;, Z) denote the space of all linear and bounded operators from ); to Z,5 = 1,2.

The notation || - || represents the norms of Z,Y;, L(V;, Z). Let (Q, F,{Fi}t>0, P) be a filtered

complete probability space, where F; is the o-algebra generated by

{B"(e),W(e) : e € [0,t]} and P-null sets. Let Q; € L();,);) be the operators defined by

Qjez — Mel with finite trace Tr(Q;) = Z M < oo, where {)‘Z}izl are non-negative real num-
i=1

bers and {e]};>; is a complete orthonormal basis in );. Then, there exists a real independent
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sequence Z;(t) of the standard Wiener process such that

W =3 /ALB(t)e!
i=1
The infinite dimensional Y,-valued fBm B (t) is defined as
=Y gl
=1

where BH( ) are real, independent fBms. Let 8 = {5(¢),t € J},J = [0,T] be a Wiener process
and B = {B7(t),t € J} be the one-dimensional fBm with Hurst index # € (1/2,1). The
fBm B*(t) has the following integral representation:

_ /Otxﬂa,e)dﬁ(ex

where the kernel J#(t, ) is defined as

N t N N
Hy(te) = f{ﬂel/Q_H/ (T — e)"=32TH=L2GT for t > e.

We apply J#;(t,e) = 0 if ¢ < e, Note that %(t,e) = %ﬁ(t/e)ﬁ’lﬂ(t — e)ﬂ’?’/?. Here,

ot
Xy = [(H(2H — 1)/€(2 — 2H,H —1/2)]"/? and £(., ) is the Beta function. for A € L*([0,T)), is
follows from [105] that the Wiener-type integral of the function A w.r.t. fBm %is defined by
T
/ e)dBH (e / KN (e)dB(e),
0

where J7A(e) = / A(t)a;i/ (t,e)dt.

Let ¢; € L(Y;, Z) and define

00 1/2
o o= [Z |y ||2]
=1

if || ¢, ) < 00 then ¢; are called Q;-Hilbert-Schmidt operators, and the spaces £3();, Z) are
real ansd separable Hilbert spaces with inner product (@', ¢?) o= (prel p2el). The stochastic
integral of function ¥ : J — £3()s, Z) w.r.t fBm B™ is defined by

/Ot e)dB™ (e Z/ VAR (e)e2dB (e Z/ VA () dBi(e).  (22)

Lemma 2.2.1

T
if U T — L5, 2) satisﬁes/ I \Il(e)ﬁg |? de < oo, then Equation (2.2) is a well-defined
0
Z-valued random variable such that
E

T X 2 o T
/ W(e)dB (e)| < 2m? / | T(e) |12 de.
0 0 2
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Lemma 2.2.2 (See[/2])

For any a > 1 and for an arbitrary L3-valued predictable process Y (.),

2
sup E
e€[0,t]

< (aa— 1) ([ (® 1 v 1) ae) e lo.1]

| Y maw ()

For a« = 1 we obtain

sup E
e€[0,t]

2 t
< [ENY(e) |2 de.

/0 YA (T)

0
Assume that h : (—o0,0] — (0,00) with w = / h(t)dt < oo is a continuous function.

We define Dy, by o

Dy, = {qﬁ : (—00,0) = Z, for any a > 0, (E |¢(0)\2)1/2 is a measurable and bounded function on
0
[—a, 0] with ¢(0) =0, and / h(e) sup (E|o(6)*)2de < oo}
—co e<0<0

if Dy, is endowed with the norm

16 ln,= [ _h(e) sup (]| 6(6) ) de,6 € Dy,

sup
e<6<0

then (Dh, H.HDh) is a Banach space [113].
Define the space Dy = {z:(—00,T| — Z,2|7 € C(J;, Z),i =0,1,--- ,m, and there exist
z(t;) and z(t]) with a(t;) = z(t;), and 2o = ¢ € Dy}, with the norm

Iz llor=Il ¢ llp, + sup (B =(t) )",
te[0,T]
where J; = (t;,ti41],i =0,1,--- ,m.

Lemma 2.2.3
if for all t € [0,T), z; € Dy, 20 € Dy, then

I 2 o, < w sup (E || 2(t) )2+ | 20 |Io, -
t€[0,T]

Definition 2.2.1 (see [56])
Let M > 0,60 € [7/2,7], and w € R. A closed and linear operator P is called a sectorial
operator if

1. o(P)C > ={AeC: A#w,|arg(\ —w)| < 6},
(0,w)

2 [RAP) I M/IA—wl, A€

(0.w)
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Lemma 2.2.4 (see [27])

Let P be a sectorial operator. Then, the unique solution of the linear fractional system

‘Diz(t) =Pz(t)+ F(t), t>t1 >0, 0<qg<l1
2(t) = (t), t <t

is given by
t
2(t) = Ty(t —to)z(to) + t S,(t — e)F(e)de,
0
where ) =
_ At
1) = 5. /B i p™
1 e)\t
Sall) =55 |y = p™

Here, B, denotes the Bromwich path.

2.3 Solvability Results

We assume the following hypotheses.
Hypothesis 1 (H1)

if g € (0,1) and P € P4 (fy,wy), then , for any z € Z and t > 0, we have || T,(t) ||< Cre**
and || S,(t) ||< Coe® (1 + ¢ 1), w > wy. Thus, we have

I 75(t) [I< My and || S(t) |< Mat*,

where M, = sup Cie*" and My = sup Coe“'(1+t771),
0<t<T 0<t<T

Hypothesis 2 (H2)

There exists a constant Nr > 0 such that

E || F(t,¢1) = F(t,v2) 'S Ne |1 =42 p,, V€T, 1,02 €Dy

Hypothesis 3 (H3)

t
function o : J — L£5()s, Z) satisfies / | o(e) H%g de < oo, for every t € J, and there
0

exists a constant A, > 0 such that || o(e) H%gg A,, uniformly in J.

Hypothesis 4 (H4)
There exists a constant Ng > 0 such that

E || G(t,91) — G(t — ) |, < No,

U= [p,, VEET, 1,1 €Dy

Hypothesis 5 (H5)

There are constants Lx, > 0,1 =1,2,--- ,m, such that
E || Ki(t, 1) — Ki(t,2) 1IP< Lic, || 1y — 02 [15,, VE€ T, 41,45 € Dh.
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Definition 2.3.1
An Fi-adapted random process z : (—oo,T| — Z is called the mild solution of ( 1) if, for
every t € J, z(t) satisfies zg = ¢ € Dy, 2(t) = K;(t, z) for allt € (t;,s;],i =1,2,--- ,m, and
t
z(t) :/ S,(t —e)F(e, z.)de
0
t R t .
+/ S,(t — )Gle, z)DA(e) +/ S,(t — e)a(e)dB (e),.
0 0
for all t € [0,t,], and
t
2() = Tolt = s)Kilsi, 20) + [ Syt = €)Fle, z0)de
% (2.3)

+ [ 8= gl 200V + [, (B e),

for all't € (s;,tiq],i=1,2,---,m

Theorem 2.3.1

solution on (—oo, T, provid that

Lp = @ag)ﬁz {no,sz,Ci,ni} < 1,

where

—9 2, 2
o = 2Maw < ¢ 2q -1

Nzt Ngt?4*!
n = 3./\/@[/;@002 + 3M%w2 Flit+1 + Glit+1
q> 2q — 1

Nxzt3d N Ngt29~ 1)

Proof: We definde the operator = from Dy to Dy as follows:

¢(tt)’ te (_0070]
; Sq(t —e)F(e, zc)de

_ + /0lt S,(t —e)G (e, z.)dV(e) + /Ot Syt — e)a(e)db’ﬁ(e), t € [0,t]
B0 =1 kit 20, te (t,si]
To(t — i) ICi(si, 2s;) —i—/ Syt —e)F(e, zc)de

For ¢ € Dy, define

_ o) te(—o0,0]
9t) = {0, teJg '
Then, gy = ¢. Next we define
o) = {0, t € (—00,0]
T, teg

+/ S,(t —e)G — e, z.)dNV(e —I—/ Sy(t —e)o (e)dBﬁ(e), t € (siytit1]-

Assume that conditions (H1)-(Hb5) are satisfies. then, problem (2.1) has a unique mild
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for each y € C(J, R) with z(0) = 0. if z(-) satisfies (2.3), then z(t) = g(t) + y(t) for t € J, which
implies that z; = g, + 7, for t € J, and the unction y(-) satisfies

[ 84t = OF o0+ T+ [ 8,01 - G(ege +TIDVE)
! 7
o1 /0 S,(t — e)o(e)dB™ (e), te0,t]
’Ci(t, gt + @t), . tt € (SZ', tz’_:,_l]
To(t — 50)Ka(si g5, + ) DV (e) + / Syt —)o(e)dBe) € (siti).

Set DY = {y € Dy such that yo = 0}. For any y € D%, we obtain
B N\ 1/2
9l = lIllo, +sup (Elly’)
Thus, (D%, H-||D(% ) is a Banach space. define the operator 1 from D% to D% as follows:

/S (t—e)F(e,ge+7.) de+/3 (t —e)G(e, ge +7.)dW(e)
+/s (t — e)o(e)dB (e), t€0,t1]

() (t) = ¢ Ki(t, gt +Tp), t € (t,si]
Tt — 50)Ki(si, 9s; +Us,) +/ Sy(t —e)F(e, ge +7,)de

+/ Syt — )G (e, go +7.) V(e +/ Sy(t — e)o(e)dBR(e)  t € (sitis]

Set DY = {y € Dr such that yo = 0}. For any y € D, we obtain

1/2 1/2
= ||y + sup (E|y(t 2 = sup (Elly
Iyl pg. = lIlwollp, tem( ly(®)II?) o ]( ly@®1%) "

Thus, (D%, ||H) is a Banach space.

Define the operator 1) from D% to D% as followsM

/S (t—e)F(e,ge + 7, de+/8 (t —e)G(e, ge+ye)dW()
+/S(t—e) (e)dB™(e) te0,t]
0

(Yy) (t) = S Ki(t, 9t +7), t € (t, si]
Tolt — $:)KCi(5i, G + Ti) +/ Syt — €)F (e, go +7,)de

+/ S,(t — €)G (e, ge + 7o)V (e +/ S,(t — e)o(e)dB ()t € (si,tis)-

in order to prove the existence result, we need to show that 1) has a unique fixed point. Let y, y* € D%.
then, for all t € [0,¢1], we have

2

B )0 — ()OI < 28 | [ 8,0 - Fles g+ 5) = Flevge +70))de

2
+2E

/Ot S,(t —e)(Gle,ge +7.) — Gle, ge +72))dW(e)
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2M2tq t
< é/ (t— )" 'Nr |7, — 7; |3, de
q 0
t
203 [ (¢ = 0P NG g, — gl de
2M2tq t
< M [y oy N sup E y(e) — ()] de
q 0 6€j

t
oM / (t — €)1 2 Ngw? sup E [[y(e) — y* (e)||? de
0 eeJ

Npt2  Ngt?a™! o2
S2M§w2< 2L D -yl

Hence,
N]:t2q Ngt2q_1 N
E[(@,)(t) = () (D)]* < 2M30? ( s+ 5 L )y =y [ (24)
q q T
For t € (s;,tiy1],4 =1,2,--- ,m, we have
E||(4hy)(t) = () OI° < E|Ki(t, 90 +T2) — Kile, ge +T0)II°
< Lk, | - 7115,
< Lic,w? sup E ||y (t) — y* (1)1
teJ
< LKw® [ly = y* || Bo -
Hence,
E || () () = %y )OI” < Licw® ly =y I .- (2.5)
Similarly, for ¢ € (s;,tiy1],i = 1,2,--- ,m, we have
2
E|(1,)(8) = ()OI < 3B |[ Tyt — ) (Ci(sis g, +T,) = Kilsir 95, + 7))
t 2
38| [ 8- ) (Flerge +5) — Flesge +0))de
; R
+ 3E ‘ / Sq(t - 6)(g(€, e + ge) - g(ea e + Qz))dW(e)

< 3M2Lw? ly — v g
* Witq“ /sj(t — )T 'NF 7. — 7ill5, de
+3M3 [ (6= PN 7~ i, de

< 3M2Lw? ly — v
+3M [ (¢ - 0 N supE y(e) —u"(e) | de

Nzt}?,  Ngt;i'
< <3M%LI€M2 +3M§w2{ fq;“ + 23 fll ly — v*13, -

t
/ (t— e)T ' Nrw? supE [[y(e) — y* (e)||* de
S; eeJ
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Hence

Nrti, | Ngtydy! :
IEH(%)@)—(%*)U)HQS<3M%L/Ciw2{ ot o () vyl (2.6)

From Equation (2.4)-(2.6), we obtain that

2 2
EH\I’y - \Py*HDOT < Lg Hy_y*HDg.,a

which implies that ¥ is a contraction. Hence, ¥ has a unique fixed point y € D%, which is a mild
solution of problem (2.1) on (—o0,T]. [

Next, using krasnoselskii’s fixed point theorem, we establish the second existence result. At
this stage we make the folloing assumptions.

Hypothesis 6 (H6)

The map F : J x Dy, — Z is a continuous function, and there exists a continuous function
& :J — (0,00) such that

E|F(t)I° < &) [19llp,

for all t € J, and &£ = sup & (t).
teg

Hypothesis 7 (H7)

The map G : J x Dy, — L5(1, Z) is a continuous function, and there exists a continuous
function & : J — (0, 00) such that

E (Gt )z < &) 1915, -

for all t € J and & = sup &(t).
teg

Hypothesis 8 (HS8)
The inequality

N a N,T?%a-1
LHR:QMgoJ?( IT + oT” )<1

29 —1
holds and
11%11,3551{50,%)\3, Ki} <,
where . R
M As 2HN 272
=3M3t | 5 o
o = 3Mah (q2+t1(2q—1)+ 2¢—1 )’
M Ao 2N 22
s = AMPodg +AME [ S ol .
K 1ViA3 + 2lit1 q2+ti+1(2q—1)+ 21

Hypothesis 9 (H9)

The maps K; : (t;, 8] X D, = Z,i=1,2,--- ,m , are continuous functions and

i there exist costants v > 0,7 = 1,2,--- ,m, such that E||IC;(t,)|]> < v, ||¢||%h for all
te J;
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if. the set {b; : b; € V(m,K;)} is an equicontinuous subset of C((t;, s;], Z),i = 1,2,--- ,m.
where V (m, IC;) = {t — K;(t,v:) : y € D, }.

The set D, = {y € D} ||y||%% <rr> O} is clearly a convex closed bounded set in Dj. for
each uy € D,. by lemma (2.2.3), we obtain

12 2 — 112
lze + Tl < 2 (Il + 1703, )
2 2 _ 2 — 12
4(w2 sup E 20} + uxouph) +4(w2 sup E 7o) + Hyoth>
vel0,t] ve(0,t]

<8 (lgll3, +w'r)-

IN

Let
M =867 (611, +w?r). o =86 (I6]5, +wr), As =8 (I8l +wr).)
Theorem 2.3.2

Assume conditions (H1)-(H9) are satisfied. Then, problem (2.1) has at least one mild
solution on (—oo, 1.

Proof: Let & : D, — D, and & : D, — D, be defined as

0 te [O,tl]
E(y)(t) = Ki(t, 9¢ + 7)), t € (ti, si]
Tq(t = si)Ki(si, g5, +Ts,) € (835 tig]

and

/S (t —e)F(e,ge +7,)de
+/ Syt — )G(e, go +7.) AV (e +/ Syt — e)o(e)dBH(e), te [0,t]
Ey)(t) =10, t € (ts, si]
/S (t—e)F(e,ge+7,.)de

+/ Syt — )G (e, go + 7. )V (e +/ Syt — )o(e)dBR(e)  t e (sitin]

For convenience, we divide the proof into various steps.

Step 1. We show that &1y + &y € D,.. For y,y* € D, and for t € [0,¢;], we obtain

t 2
E|(£19)(t) + &29") ()| < 3E H [ sutt = 0F e, +g2)de

¢ R 2
3R H /0 Sy(t — )G (e, e +T)DV(e)
2

3B H/Ot S,(t — e)o(e)dB(e)
<angg ([0 erde) ([ - e o+l o)

t
+30M3 [ (= 0P26(e) g + 521, de
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) . t
+ 6H A, MEH / (t —e)?T2de
0

A A2 O A, 12H2
< 3M t + .
(q t1(2¢ — 1) 2q—1
Hence,
/\ Ao IHA 272
* < . 2.
For t € (si,tit1],1=1,2,--- ,m, we have
E|[(E1y) (1) + (E25") ()] < B Ki(t, g + 7)1
<illgt "‘?t“%h
< Ui)\g.
Hence,
E [[(E1)(t) + (E2y*) (1)1 % vids. (2.8)
Similarly, for ¢ € (s;,ti11], ¢ =1,2,--- ,m, we have

E [(E10)(t) + )OI < 4E||To(t — si)Ki(si, 06, + 7|

t 2
1 4E / Syt — ) F(e, g +77)de

2
+ 4R /S (t —e)G(e, ge + Fo)dW(e)

2

+ 4E /S (t —e)o(e)dB™ (e)

<3 ([~ e)qlde) ([ e-orae I+ 513, de)

Si Si

t
+AM3 [ (= 26 (e) lg. + 721, de

Si

+ 8HA, MQtffl 1/ (t —e)?72de

A Ao QHA 122
< AM3uidg + AME | S+ + L )
Lo 1 (q2 tiy1(2¢ — 1) 2q —1
Therefore,
i} A DA A2
E|[(£19)(t) + (&) ®)]° < AMFvids + AM3BE, (t-+1(2q ) + % _+11 : (2.9)

Equations (2.7)-(2.9) imply that
€1y + E2y" (Do, <

Thus, &1y + Ey* € D,

Step 2. We show that the operator & is continuous on D,. Let {y"} 7, be a sequence such that
y" — yin D,. For all t € (s;,t;41],4=1,2,--- ,m, we have

E[[(Ey™)(t) — (Ew) O < EIKi(t, g0 +77) — Kilt.ge + 7)1
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since the maps IC;,7 = 1,2,--- ,m, are continuous functions, one has
. 2
Tim [[€15" — E1ylby =0 (2.10)
For all ¢t € (s;,ti11],i =1,2,--- ,m, we have

E[[(E1")(6) — (Eyu)D)]P < B[ To(t — ) (Kilsi. g, +77,,) — Kisi 90, +7.))|| -

Therefore,
. n 2
lim [[&y" = Eylpy =0 (2.11)

Equations (2.10) and (2.11) imply that the operator &; is continuous on D,.

Step 3. The operator £ maps bounded sets into bounded sets in D,. Let us show that for r > 0
there exists a 7 > 0 such that, for each y € D,, we obtain E || (y)(t)||> < r. for all t € (s;, tit1],
1=1,2,--- ,m. we have

2
E||(E) (I < E||To(t = s)Kilsi g6, + 75| < Mivids.
For all t € (s;,ti41], 1 =1,2,--- ,m, we have
E[[(END* < E[Ki(t g: +T)|* < vids.
From the above equations, we obtain
2
€yl <.
where r = max {M%Ui)\g, Ui)\g}. Hence, the operator £ maps bounded sets into bounded sets

in D,..
Step 4. The operator &; is equicontinuous. For all Ay, Ag € (¢, 8;], A1 < Ag, and y € D,, we obtain

E[|(£19)(A1) — (E)(AD|* < B||Ki(A2, 9a, +Ta,) — Ki(A1, g8, +7a,)|*- (2.12)
For all A1, Ag € (s4,ti+1], A1 < Ag. and y € D,, we obtain

E |(E)(82) — (E)(ADI? < B[[(To(A — ) = Ty = s:))Kilsir 95, + 7|

Since 7y is strongly continuous, it allows us to conclude that
. 2
lim [ To(Ag — 5) — To(Ay — 57)[* =0 (2.13)

Equations (2.12) and (2.13) with (9) (ii) imply that the operator & is equicontinuous on D,.
Finally, combining steps 1-4 together with Ascoli’s theorem, we coclude that the operator & is
completely continuous.

step 5. The operator & is a contraction map. For y,y* € D, and for ¢t € (s;,t;41], 1 =1,2,--- ,m,
we have
* 2
E[|(E29)() — (E2y7)()[|” = 0. (2.14)
Similarly, for y,y* € D, and for t € (s;,t;41], i = 1,2,--- ,m, we have

2
E [[(Ea)(t) — (1) (®)]° < QE‘

[ 84t = ) Fes 0 +7) — Flesge +70))de

2

+2E‘

/St Syt —e)(G(e,ge +T.) — Gle,ge +72)) DV (e)
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NFT?2  NgT?-! )
< 2M32w? — %o .
< 2Miw ( " 20— 1 ly —v* e

Hence,

NzT?1  NgT?11 2
ly — y* I, - (2.15)

o * 2 < 2 2
E ()0 - 1) O < 2M5u? (T + ST
From above, we obtain
€2y — Eay g

Thus, & is a contraction map. By Krasnoselskii’s fixed point theorem, we obtain that problem
(2.1) has at least one solution on (—o0, 7.

2.4 Approximate Controllability
We consider the folloing control system:
. 7 .
‘Diz(t) = Pz(t) + Au(t) + F(t, z) + G(t, Zt)cﬂ/:l/p +o(t) dBdt(t), t € J(sitival,
i=0
Z(t) :’Cz(t, Zt>, t - Q(ti,si],
Z(t) = ¢(t)7 ¢(t) € Dy.
(2.16)

The control 4(-) € L*(J,U), where L*(J,U) is the Hilbert space of all admissible control
functions. The operator A is linear and bounded from the separable Hilbert space U into Z.
We consider the linear system

{Dﬂo Pa(t) + Aa(t), t<[0,T), (2.17)

(t) = ¢(t), (L) € Dp.

Define the operator t?’i“ associated with system of (2.17) as
tterl / S H—l AA* *( i+1 — e)de.

here, A* and S;(t) are the adjoint of Aand S,(t), respectively. The operator t{*! is a bounded
and linear operator.

Definition 2.4.1

System (2.16) is approximately controllable on [0,T] if R(t,¢,4) = L*(Fp,Z), where
R(T, p,0) = { (¢,0)(T) : z is the solution of problem (2.16) and 4 € L2(J,U)}.

The following assumption is needed.

AC : System (2.17) is approximate controllability on 7.
Note that system (2.17) is approximately controllable on Jonly if

A(A ) = (AT + )™ - 0as A — 0. (2.18)
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Definition 2.4.2

An Fi-adapted random process z : (—oo,T| — Z is called the mild solution of (2.16) if for
every t € J,z(t) satisfies zo = ¢ € Dy, 2(t) = K;(t, z;) for all t € (s;,ti41], 1 =1,2,-+- ,m,
and

A(t) = /0 "8, (t = &) [Fles 20) + Ai(e)]de
+ /Ot Syt — €)G(e, ) A (e) + /Ot S,(t — e)a(e)dBH(e),
for all t € [0,1], and
A(t) = /0 ", (t = e)Ki(si, 20,) + / t S,(t — €)[F(e, 22) + Aa(e)]de
+ /t S,(t — )G (e, 2 )dW(e) + /t S,(t — e)o(e)dB (e), (2.19)

for all't € (s;,tiy1], 1 =1,2,-+- m.

Lemma 2.4.1

For any z,,, € L*(Fr, Z), there exist ¢1 € L*([s;, tir1], L5(D1, Z)) and ¢y € L*([si, tis1], L2(Vs, Z))
such that

tit1 n ti+1 N
2t = By, + / + o1(e)dW(e) + / gbg(e)dBH(e).

Next, we choose the control @ (t) as follows:
BA(1) = AP (tiar — AN, 5 )p(2(), (2.20)
where
tit1
P((0)) = 2 = Tyltivs = 50) = [ 8,(tisa = )F (e, 20)de
tit1 ' ~ tir1 ’}:[
_ / TS, (s — )G (e, z)d(e) / TS, (i — e)ole)dB™ ),
\V/tE(Si,tH_l], 221,27 ,m,

and ]C()(O, ) = 0, Z(tm—I—l) = Zymyr = AT
Theorem 2.1

Assume the hypotheses (H1)-(H9) are satisfied. Then, the problem (2.16) has at least one
solution on (—o0, T.

Proof: The proof is a consequence of Theorem 2.3.2 |

Theorem 2.2

Assume the hypotheses (H1)-(H9) and [AC] are satisfied. Then functions F and Gare uni-
formly bounded on their respective domains. Moreover, the system (2.16) is approximately
controllable on [0, T.
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Proof: Let 2" be a fixed point of & + &. Using Fubini’s theorem, we get
Mtir1) = 215, — AAA L)1), (2.21)

where
A s A
PR = 2t = Taltin = saton ) = [ Syt = )7 e 2)de

tir1 i+1 ,;_At
— [ it = ), 2D e) - / Siltis — €)o(e)dB (e),
vVt € (Si,ti_;,_l],i =1,2,---,m.

The functlons .Fand Gare uniformly bounded. Hence, there exists a subsequence, still represented by
F(e,z) and G(e, z2), that weakly converge to, say, F(e) and G(e) in Zand L£1()1, Z), respectively.
Let us define

tit1

N =zt — Ta(tiv1 — si)Ki(si, z5;) — Sq(tiv1 — €)F(e)de
tit1 N Zti+1 7
= [ Syt - 9G@dE) - [ S, (ki - eole)dBe),
vVt € (Si,ti+1],i =1,2,---,m.
For t € (si,tiy1],i=1,2,--- ,m, we have
A 2 A 2
E||p(=") = | <3E||Tq(tirs — s (Ki(si 25) — Kilsiy 2,) |
tit1 2
+ 3E Sy(tiv1 — e)(F(e, 22) — F(e))de
tit1 A R 2
+3E Sq(tiv1 —e)(G(e, z;) — G(e))dW(e)
By the infinite dimensional version of the Arzela-Ascoli theorem, we obtain that
() — /sq(. — e)(e)de
is a compact operator. For all ¢ € [0, T,
2
E Hp(zA) — nH —~0as A — 0" (2.22)

By Equation (2.21), we get

C<E[Aan dm)| +E[an@ )| E o) ]

E HZA(ti+1) — Rt
By (2.18) and (2.22), we get

2
—0as A =0T,

E HZA<ti+1) — Rtip1

Thus, the system (2.16) is approximate controllable on the interval [0, T].
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Example 2.4.1

The functions F, G and IC; are continuous functions.
We consider the following fractional stochastic control system:

t
‘Diy(t,z) = 0 (t,2) +O(t, 2) —|—/ 2Dy (1, 2)dr

2

927

b dW(t) dBM(t)
6(r—t)

—I—/_Ooe y(r, z)dr o + P(t) pra

y € (0,m),t€(2,2i+1],i=1,2,--- ;m, (2.23)
¢
y(t, 2) :/ Gi(r —t)y(r,z)dr,t € [2i — 1,2i],1 =1,2,--- ;m,
y(t,0) = 0= y(t, ),
y(t,Z) = ¢(t, Z)vt € (_0070]7

where °D{ is the Caputo derivative of order 1/2 < q < 1,0 = 89 = tg < t; < §1 < tg <
cee <ty < Sy < typyr =T < 00 with s; = 24, t; = 21 — 1.
Let Z = L*([0,7]) and the operator P be defined by

Pw = w",D(P) = H*(0,7) N Hy(0, 7).

Clearly, Pis the generator of an analytic semigroup {S(t) : t > 0}. The soectral represen-
tation of S(t) is given by

where

wp(y) =/2/msin(ny),n € N,
is the prthogonal set of eigenvectors corresponding to the eigenvalue A\, = —n* of P. The
semigroup {S(t) : t > 0} is compact and uniformly bounded, so that R(\, P) = (A\[ —P)*
is a compact operator for all A € p(P), i.e., P € P¥(fy,wp). Let h(e) = €*, e < 0. Then

0
w= / h(e)de = 1/2 and we define

0
6llp, = [ hle) sup (Bl6(6)*)/*de, ¢ €Dy

—o0 e<6<0
Hence, (t,$) € [0,T] x Dy,. The bounded linear operator A is defined by Au(t)(z) = O(t, 2).
Define the functions F : J X Dy = Z2,G: J X D, = Lo(V1, Z), and K; : (t;,8;] X Dy, = Z
as

G(t0)(z) = [ e(6(0)(=))av,
Kt o)) = [ GO)0(0)(=))o

Assume that .
2
/0 lo(e)|I% de < oo.

The system (2.23) can be written as an abstract formulation of (2.1), and thus previous
theorems can be applied to guarantee both existence and approximate controllability results.
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2.5 Conclusions

This Chapter (2) We have investigated impulsive fractional stochastic control systems defined
on separable Hilbert spaces. The proposed problem is driven by mixed noise, i.e., it involves
both a @)-Wiener process and a Q-fractional Brownian motion with the Hurst parameter e
(1/2,1). For our results, we have mainly applied fixed point techniques, a g-resolvent family,
and fractional calculus. The obtained results are supported by an illustrative example. As
further directions of investigation and continuation to this work, it would be interesting to
investigate the sensitivity on the noise range and develop numerical and computational methods
to approximate the solution. We also intend to extend our results via discrete fractional calculus.



Chapter

Nonlinear fractional order neutral-type
stochastic integro-differential system
with rosenblatt process a controllability
exploration

The work presented in this Chapter (3) is controllability analysis of nonlinear fractional
order neutral-type stochastic integro-differential system with non-Gaussian process. We stress
out the stochastic term of our system driven by the uncomplicated non-Gaussian Hermite
process known as the Rosenblatt process, which is named after by Murray Rosenblatt who
first devised this introduced concept. This process is self-similar with consistent accretion and
beside emerged as restriction in the non-central limit theorem, and it exists in the second wiener
chaos. The necessary and sufficient conditions for the controllability are verified by employ-ing
fixed point techniques. This work is attributed to the [51].

3.1 Introduction

We investigate the controllability analysis of nonlinear fractional Order neutral-type stochas-
tic integro-differential system with non-Gaussian process. We investigate the controllability
analysis of nonlinear fractional order neutral-type stochastic integro-differential system with
non-Gaussian process. We stress out the stochastic term of our system driven by the uncompli-
cated non-Gaussian Hermite process known as the Rosenblatt process, which is named after by
Murray Rosenblatt who first devised this introduced concept. This process is self-similar with
consistent accretion and beside emerged as restriction in the non-central limit theorem, and it
exists in the second wiener chaos. The necessary and sufficient conditions for the controllability
are verified by employing fixed point techniques. At end, we present illustrative examples to
clarify the abstract results.

For several centuries ago, the investigators and technologists are always enthusiastic to work on
a real-world problem to understand natural phenomenon. Many works are derived by modelling
real life problems and try to get solutions for them and then apply the obtained results to real-
life that used to live in a better way. Mathematical modelling is one of the best tools to solve
this type of situations to investigate the solutions with some accuracies; it is used in different
branches of sciences and engineering.

To model a more complex natural phenomenon with more accurate solutions, it is needed to

72
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employ modified approaches like a complex system instead of using integer-order derivative,
we can replace it by non-integer one. By using a fractional order derivative, we can study
the queries of any complex natural phenomenon, fractional differential equations far-reaching
applications towards physical phenomena such as fluid dynamics, etc. Recently, the subject
of fractional calculus theory and its applications have been arising a considerable interest due
to its ability to model many practical systems [19], [50], [74], [75], [151].By using fractional
derivatives, we can reveal the modifications in an interval. The fractional by-product is in non-
indigenous nature, it makes fractional derivatives appropriate to mimic extra bodily phenomena
along with earthquake vibrations, polymers,...., etc., see [123], [I75]. The applied science has
showed that many phenomena have been modelled with the aid of using fractional differential
equations coincide with a few uncertainties. There are many fluctuations in the environments
and also there are intrinsic and extrinsic noises available in the field. The necessity to clear up
veritable issues for greater unique answers, it is recommended the view of stochastic fractional
differential equations [15], [75].

Stochastic differential equations of fractional order play an emerging role rather than the
integer-order systems and subsequently. The stochastic process is a probability distribution
over a space of paths, the theory of stochastic processes was reconciled decades ago. Applica-
tions of stochastic processes as virtual identity can be found in numerous disciplines such as
control theory, traffic engineering and renewal theory. The mathematical theory of stochastic
analysis was developed by Ito. It is regulated via sense of means of boundary and preliminary
conditions, however, currently, no longer foreordained via way of means of them. Each time
the equation is solved beneath equal preliminary and boundary conditions, the answer takes
exclusive numerical values although a particular sample emerges as the answer technique is re-
peated many times. It has huge applications in various research areas, including environment,
finance, and medicine, etc. For important works of fractional stochastic systems and their ap-
plications, we may refer to [92], [143], [148], [166],[161]. Here the stochastic process is taken as
the uncomplicated non-Gaussian Hermite process known as the Rosenblatt process. The most
popular self-similar process is the fractional Brownian motion, which is also the only Hermite
Gaussian process. Rosenblatt’s process was introduced in 1961 by M. Rosenblatt in the work
Independence and dependence [25]. Although outlined throughout the past 60s associated with
the later 70s because of their look within the non-central limit theorem, the systematic anal-
ysis of Rosenblatt processes has solely been developed during the last 10 years, intended by
their specific properties (self-similarity, stationarity of the increments, long-range dependence)
since they are non-Gaussian and self-similar with stationary increments. A self-similar object
is strictly or about such a region of itself. Self-similar processes are invariant in distribution
beneath appropriate scaling. Among the applications of the Rosenblatt processes in statistics
or economics, corresponding to the Rosenblatt distribution conjointly seems to be the straight
line distribution of an estimation of the long range dependence parameter. More details about
this process can be found in [28, 156].

The Hermite process (Z7; (t)) is in a multiple Wiener-Ito stochastic integral with respect to
Brownian motion B(y),er is given as

K ~(3+%0)

iy =cur [ | (H<s - y) ) dz dB(y) - . dB(yk).
j=1

+

where x; = max(H,0), the constant C'(H, k) is positive, it is H-self similar for any C' > 0, and
it has stationary increments. In the above integral, when K = 1 the process is the fractional

1
Brownian motion with Hurst parameter H € (2, 1). For K > 2 the process is not Gaussian.
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In particulaire, when K = 2 the process is known as the Rosenblatt process. Because of
Gaussianity, numerous practical applications of fractional brownian motion process have been
widely studied. But in concrete situations when the Gaussianity is not plausible, one can
use a Hermite process living in a higher chaos. More precisely, the Rosenblatt process is not
Gaussian, but it has self-similar, stationary of increments and large range dependence property
like fractional Brownian motion.

Controllability is an important aspect of mathematical control theory which was introduced
by Kalman [69]. The concept of controllability denotes the ability to move the state of the
dynamical control system from an initial state to the desired final state by using a suitable
control function. In the last years, different aspects of controllability for ordinary as well as
fractional dynamic systems, for both deterministic and stochastic structures, have been studied
by many researchers [0, 13, 35, 51, 66, 81, 97, , .

This work is involved with nonlinear fractional-order neutral-type stochastic Integro-differential
system with Rosenblatt process, the controllability is deceased in the accessible source of studies.
Our main contributions are highlighted as follows:

e We have developed a solution for the controllability problem of non-linear fractional order
neutral type stochastic integro-differential system with Rosenblatt process.

e We take the terms in the system as a bounded linear operators instead of a matrix, which
produces the same results as a matrix.

e The illustration the results on stochastic systems bounded linear operators are more
competent.

e We take the stochastic term as driven by the Rosenblatt process which is non-Gaussian
and has the properties like self-similarity, stationarity of the increments and has long
range dependence.

e We intend to bring new lights to the Rosenblatt process, since many real-life phenomena
are modelled by fractional Brownian motion a only Gaussian Hermite process, when the
property of Gaussianity is failed one can use Rosenblatt process.

e We define the controllability Grammian operator, which is defined by the Mittag-LefHer
function to prove the controllability results.

e By employing Banach contraction principle to prove the controllability criteria instead of
semigroup theory which does not applicable to obtain the results on controllability.

e We have provided a numerical example to illustrate the theory.

e Generally speaking, both the Riemann-Liouville and the Caputo fractional operators do
not possess neither semigroup nor commutative properties, which are inherent to the
derivatives on integer order.

The paper is organized as follows. In Section 3.2, we review some essential facts from stochastic
analysis and fractional calculus that are used to obtain our main results. In Section 3.3, we
formulate a suitable solution representation and controllability criteria of Linear system. Then,
we will extend the investigation to nonlinear system to be controllable in Section 3.4. Finally,
in Section 3.5, we give appropriate examples to illustrate the given theory. We end with Section
3.6 of conclusions to our results of this research.
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3.2 Preface

In this section we give some basic definitions and properties which are useful to establish
our theoretical results.

Rosenblatt process.

Let (€2, F, {}"t} , P) be a filtered probability space consists of a probability space (€2, F, P)

>0
and a filtration {E}t>0 contained in F the filtered probability space is said to satisfy the usual

conditions namely
e The probability space (€2, F,P) is complete.
e F, contains all A € F such that P(A) = 0.

o F, = Fi+, Vt € J, where F;+ is the intersection of all F; where s > t, i.e. the filtration is
right continuous.

Suppose that {Z u(t),t €0, b]} is the one-dimensional Rosenblatt process with Hurst parameter

1
H e (2, 1) . That is Zg(t) is a Non-Gaussian process with covariance function

(|8|2H + |t|2H _ |S _ t|2H) ]

DN | —

E(Zu(t), Zu(s)) =

1
Moreover, the Rosenblatt process with Hurst parameter H > 5 has the representation as (see

[156]):

Yi1VYs

zuty=aten) [ [} O T ) ) aBi) aB(ra)

Where t < s, {B(t),t € [0, b]}is a Brownian motion, and K% (¢, s) is the kernel given by

t
K(t,5) = cnst ™ [ (w5 HuE du

s

for t > s, where

o H(2H — 1)
o\ T@2-2H,H-1y

and I'(.,.) denotes the Gamma function. We put Ky (t,s) = 0if t < s. Let {Zn(t)} . denote a
sequence of two-sided one dimensional Rosenblatt process mutually independent on (92, F, P).

Consider a K-valued stochastic process Zg(t) given by the series Zg(t) = Zn(t)Q%en,t >0
n=1

Moreover, if () is a non-negative self-adjoint trace class operator, then, this series converges
in the space K, that is, it holds that Zg(t) € L*(Q, K) Then, the above Zg(t) is a K-valued
(Q-Rosenblatt process with covariance operator ().

Definition 3.2.1 (See [1/8])
| Let L(K,Y) represents the space of all bounded linear operators from K to Y, and Q) €
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L(K,Y) represents a non-negative self-adjoint operator in separable Hilbert spaces K andY .
Let £ = EQ(Q%K’Y) be the space of all Hilbert-Schmidt operators from Q%K into Y, where
L} is a separable Hilbert space, equipped with the norm HwH%g = ||(,uQ%H2 = Tr(wQuw").

Definition 3.2.2 (See [1/8])
Let w: [0,b] — £5(Q2K, V) such that

2 | K (0QFen)| £2(10,8], H) < oc.

Then, for t > 1, its stochastic integral with respect to the Rosenblatt process Zg(t) is
defined as

/Ot 5) dZo(s) Z/ 5)Qen A
- z /0 /0 (K3(6Q%en))(y1,y2) dB(y)1 dB(y)s.

Let Y and U, be Separable Hilbert Spaces. We define,

o X :=Ly(v, F,,Y), Which is the Hilbert space of all L,- measurable square integrable
random variables with values in Y .

e [ is a closed subspace of H : J — Lo(F,Y) consisting of all F;- measurable processes
with values in Y and endowed with the norm

o113 = sup Ell¢|1?,
where E denotes expectation with respect to P.

e H := Ly(J,U,), which is a Hilbert space of all square integrable and F;_ measurable
processes with values in Us,.

Fractional calculus.

Definition 3.2.3 (See [123])

For n € N, the Euler gamma functionI" : C — {0, -1, -2, } — C, for complex arguments
with positive real part it is defined as

['(z) = /Oo e "1 dt, Rez > 0.
0

Definition 3.2.4 (See [123))

Let [a, b], be a finite interval on the real axis R. The Riemann - Liouville fractional
integral of order « > 0, n —1 < a <n and n € N is defined as

IS g(t) = F(la) /Ot(t —5)*1g(s) ds,
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where I['(.) is the Euler gamma function and ¢(t) a suitable function.

Definition 3.2.5 (See [123])
The Caputo fractional derivative of order a > 0, n — 1 < o < m is defined as

C 1 t n—a—1_(n
(“Deg)(t) = ) ds,

I'(n—«

where the function g(t) has absolutely continuous derivatives up to order (n — 1).
If 0 < a< 1, then

(“Dgrg)(t) = F(ll_a) /Ot (tgl_(i))a ds.

Note: The Caputo fractional derivative is equivalent to the composition of the same oper-
ators ((n — a)-fold integration and n'* orfer differentiation) “D*g = I"~*D"g.
In particular, for 0 < a < 1, (I Dg.)g(t) = g(t) — g(0).

Definition 3.2.6 (See [75])
Let A be a bounded linear operator, the Mittag-Leffler function is given by,

o0 Ak
Bas(A) = ,;) T(ka + 5)
In particular, for § =1,
o0 Ak
Bar4) = Eald) = ,;] T(ka +1)

Lemma 3.2.1 (See [92])

Suppose that A is a bounded linear operator defined on a Banach space, and assume
that ||A|| < 1. Then (I — A)~' is linear and bounded.

Also .
Sk,
k=0

Definition 3.2.7 (See [13])

If X is a Banach space and T' : X — X is a contraction mapping then T has a unique
fixed point.

3.3 Main results

Consider the neutral linear stochastic fractional integro-differential equation as

“Dy(t) — g(t,y(t))] = Ay(t) + h(t,y(t)), /0 t U(t,s,y(s)) ds + Bu(t)
+ f(t) dZy(t), te J:=]0,b)],
y(O) = o,

(3.1)



3.3 Main results 78

e Where, “D® represents the caputo derivatives of order 0 < a < 1,

e y(.) takes the value in a real separable Hilbert space Y with inner product < .,. > and
norm |.|y,

e A:Y — Y is a bounded linear operator,

e u(.) the control function belongs to the space L*(.J,U),

e B:U — H is a linear bounded operator,

e g:JxY —Y is continuous,

e h:JXxY xY —wYandl:JxY xY — Y arethe continuous functions,

e z4(t) is a Rosenblatt process with Hurst parameter H € <;, 1) and t € J =[0,b] on a
real separable space (K, ||.||x, < .,. >k),

e f(t) is a Hilbert-Schmidt operator for all ¢ € J, and vy is the initial function.

Assumption A; : [92]: For solution representation of the system 3.1, we consider this as-
sumption. The operator A € L(Y) commutes with the fractional integral operator I on Y
and

(20— 1)(T(@)*

A < =2

Lemma 3.3.1

For0 <a <1, and f:J — LY is continuous and bounded, then prove that the solution
of the system (3.1) can be represented as

y(t) = Eo(At")[¢0 + g(0, d0)] — g(t, y(t)) + /Ot(t — 8) By o (At — 5))
x [ Ag(s,y()) + s, (o), [ Usmy(r) dr) + Bu(s)] ds

4 [ 9 Bl At~ 5)7) x f(5) AZa(s)

Proof: Taking I” on both sides of (3.1) using assumption A; and lemma (3.3.1), we can get the
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solution of (3.1) as

y(t) = (Yo + 9(0,%0)) — g(t, y(t)) + I*Ay(t) + " Bu(t)
+Ih( / 1(t, 5, y(s) ds) + I°f(t) dZx (L).
YOI — 1A} = (Yo + g(0,%0)) — g(t,y(t)) + I*Bu(t)
+ I /u s,y(s) ds) + I° £(1) dZx (D).
y(t) =[1 IaA]{(¢o+g(0 ¥o)) — g(t,y(t)) + I Bu(?)
+ I /lt s,y(s) ds) + I°f () dZy (t)).

y(t) = Z[(I”Ak)]{(woJrg( »t0) — g(t,y(t)) + 1% Bu(t))

k=0
+ Ih(t, y(t)), /Ot I(t, s,y(s) ds) + I f(t) dZp ()}

o0 o0

y(t) = D [IAR){ (o + 9(0,%0)} — g(t, y(t Z [(T*AM)g(t, y(t))
k=0 -
+Z [(I*AF)|I®Bu(t —i—Z [(I*AR)) T / I(t,s,y(s
k=0 k=0

+ i[(IaAk)]faf(t) dZp(t).
k=0

y(8) = BalAt) g0 + 9(0,00)] — glt,y ()] + [ (6 = 97 Bua(At )
[Ag(sy( ) + h(s,y(s) /lsry()dT)—l—Bu() ds

+/ 1 B (At — $)*) f(s) dZn(s).

Definition 3.3.1
Define the operator K, : U =Y as

b
kyu = / (b—5)* ' Eqa(A(b— s)*)Bu(s) ds
0
Clearly, the adjoint operator k? of ky, k’:Y — U as

(K29)(6) = (b= ) B" Eua (A" (6 = ) E{/F}.

Definition 3.3.2
The controllability grammian operator My : Y — Y

My(y) = /0 b(b — 5)?* 2, a(A(b — $)*) BB Ea o A" (b — 5)*) E{x/F.}.

Here * represents adjoint operator.
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Lemma 3.3.2

1
The operator M, = K,K;, is well defined and bounded for any o € (2, 1] ,

Proof: The proof of this Lemma is obvious, It is clear that the grammian operator M} is linear and

1
bounded for all o € (=, 1].. [ |

2
Definition 3.3.3 (See [97])

The stochastic fractional system (3.1) is said to be completely controllable on the interval
J if for every y, € Y, there exists a control u € U such that the solution y(t) given in (3.2)
satisfies y(b) = y.

Theorem 3.3.1

Let us assume that A is satisfied, then the linear system (3.1) is completely controllable.

Proof: Using assumption A; we obtain the solution of (??7) as in (?7). Let y; be an arbitrary point
in Y. Since the linear operator M, is invertible, we define the control as.

u(t) = (0= )" VB Baa(A* (0 — ) E{M; (y1 — Ba(At") o + 9(0,40)] + g(t, y(t))
= [ =9 Al 9 [Aglspl) + hlsuts), [ U an] as
= /0 (t— )2 Eau(Alt — 5)°) f(s) dZi(s)/F)
Substituting (3.3) in  (3.2) we get
y(8) = Ba(AE) o + 900, )] ~ ot u(0) + [ (¢ = ) 7 Bua(A(t — )| BB
X Boa(A"(t = 8)*) E{M; ' (y1 — Ea(At*)[to + 9(0,v0)] + g(t,y(1))
7/0 (t —5)* ' Eya(A(t —5)%) {Ag(s,y( ) + h(s,y(s / I(s,m,y(T dT)} ds
— [ =9 Bl Al = ) £(5) Zu()/ 7.}

+/ ) B o (At — 5)%) {Ag(s,y( ) + h(s,y(s / I(s,m,y(T dT)} ds

+/ ) Baa(A(t — 8)*) f(s) dZu(s)

Evaluating y(t) given in the above equation at ¢ = b we obtain
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y(b) = Eq(AV)[to + g(0,10)] — g(b,y(b))
+ MMy E{(y1 — Ea(Ab™)[Yho + 9(0,100)]

b
+(by8) ~ [ (b= 9 Eua(Alb - 5)°)
0
< [Ag(s.y(5) + h(s,y(s). [ Usimu(r) dr)| ds
[ B4~ 7 1(5) AZn () 7o)
b
+ [ 9" Baa(A - 9)%)
< [Ag(s.y(5) + h(s,y(s). [ Usimur) dr)| ds

b
B /0 (b= )2 Eaa(A(b — $)*)f(s) dZn(s)

=

Since y; is an arbitrary point in Y, we infer from the above that u(t) defined in (3.3) steers the system
to all points in Y. Thus the proof is completed. |

3.4 Controllability Criteria of Nonlinear System

Consider the corresponding non-linear system for (3.1), as

“D[y(t) + g(t. y(1)] = Ay(t) + h(t, x(t), /Ot I(t, s, z(s)) ds) + Buf(t)
+ f(ty) dZp(t)), te J:=[a,b], (3.4)
y(0) = ¢o,

e Where, “D* represents the caputo derivatives of order 0 < a < 1,

e y(.) takes the value in a real separable Hilbert space Y with inner product < .,. > and
norm |.|y,

e A:Y — Y is a bounded linear operator,

e u(.) the control function belongs to the space L*(J,U),

e B:U — H is a linear bounded operator,

e g:JxY —Y is continuous,

e h:JXY XY —wYandl:JxY xY — Y are the continuous functions,

e 2y(t) is a Rosenblatt process with Hurst parameter H € <;, 1) and t € J =[0,b] on a
real separable space (K, ||.|x,< .,. >k),

e y; € 5 (where (3 is the abstract phase space, for details see [113]),
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o f:JxpB— L3, where Lj = LQ(Q%K, Y@Q) Dbe the space of all Hilbert-Schmidt operators
from Q%K, into Y

® 1)y is the initial function.

The solution of (3.4) is given by,

y(t) = E*(AtY)[po + g(t, do)] — g(t. y(t)) + /Ot(t — 5)* " EqalA(t — 5))
x | Ag(s,y(s)) + h(s,y(s)),

Sl<
+/ )" Eaa(A(t = s)a) f(s,ys) dZn(s)

To prove the controllability results for the nonlinear system (3.4), we consider the following
assumptions.

Assumption A, : Assume that there exists constants V; >0 for ¢=1,2,...,8 and Wy, Ws
suche that

s,7,y(T) d7) + Bu(s)| ds

1B (t, g1, 1) — h(t, Yo, 22) 17 < Villlyr — vall® + [lar — 2]?)
1F(tyn) = F&y)1? < Valllyen — yell?)
1(t,5,51) — 1(t, s, 92)|1> < Vsllyr — vl
lg(t, 1) = g(t, y2)[1* < Villyr — w2l
Vs = sup|| f(¢,0)]
teJ
Ve = supl|h(t,0,0)],

teJ
t
Vi = sup| [ i(t,5,0) ds
teJ JO
Vs = supllg(t,O)H

Wi = sup [|Eq (At

0<t<

Wy = sup HEQO((Asz‘)H2

0<t<

82,y

m(vzb_l + Vo + Vi + V1 V3b) be such that 0 <6 < 1.

Assumption  Az: Let d =

Theorem 3.4.1

If the assumption Ay - A3 are satisfied and if the linear fractional dynamical system (3.3)
is controllable, then the non-linear fractional dynamical system (3.4) is controllable.

Proof: Let y; be an arbitrary point in Y. Define the operator ¢ on Y by

6u(t) = Ba(At)go + 9(0,60)] — 9(t,y(0) + [ (1= )* BaalAlt — 5)7)

X [Ag(s,y(s)) + h(s,y(s / l(s,7,y(1)) dT) + Bu(s)] ds
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Since the linear system (3.3) corresponding to the nonlinear system (3.4) is controllable. We
have, M, is invertible and so we can define the control variable u as

u(t) = (b= "7 B Eaa (A6~ 1) E{M; (91 = Eul Al + 9(0. o)
gt y(0) = [ (6= 5)" Bl At - 5)°)
Ag(s. () + hlssy(s), [ Usmy(r) dr)] ds

— [ = T Baa(Al = ) (5.01)) AZu(s)/F. )

Clearly, ¢(y(b)) = y1 To show ¢ has a fixed point, our claim is ¢ maps Y into itself. Provided
we can obtain a fixed point of the nonlinear operator ¢.

X

igyEIIU(t)II2 < 4| K311 1P [EIVAIP + WA E o + 9(0, o)

Zh (o — 1) ZW (o —1)
200 — 1 +W22(oz—1)—1

+Vi + Wy

=T <o

Where
Z = (ViVs + Vi/sup E|ly(t)||> + V5 + ViVs) < o0
teJ

Z' = (Vo + Va/sup Elly(t)||* + Vi + Vs) < o0.
teJ

Further from the assumptions, we have

an
200 — 1

Su§||¢y(t)\|2 < AWLE||¢o + g(0, ¢o)|* + V7 + 4WT1 || B|)*
te

2 2a—1

b
AWl ——— + AW 7"
taWady T ARdT

< Q.
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Now, for y1,ys € Y, we have

sup B[, (8) — 0, (0 = sup B [ (¢ = 5)° " Eua(Ab — 0)°) BE; M
{Lébw-9Y”45ha(A(b—fU“Hh09yﬂﬂ)‘Aeﬂ9xny1@0)d7)
— h(6, (), / 16,7, 5(r)) o) +/ ) By o (A(b — 0)°)
xmmaww»—Amamwmdm+1}b—m%wa4Aw—m%
16,3, (6)) = F(6.,(6) Az (@)} ds + [ (1 = )" Eua(AD — 5)°)
4 (= 9 A — 5 Ag(s,11(5) — Alg(s,1(5)] ds

4 [t = 5 Bl Al — ) 52 (5)) = Fls. (DI ds
862 W,

<

T 20—

< 6l[w —y2|| -

T (Vab™! + Vo o+ Vi ViVah) sup Ellya (1) - a(0)IP
€

3.5 Examples

Next, we provide an illustration to the above theoretical results.

Example

Consider the fractional order linear stochastic system with Rosenblatt Process,

cp} (y@) * ( o ) )) = Ayfe) + Bu(t) + (14 [ 2906) ds + £(6) AZ(1)),

e + 1)sintys(t)
Q/JO = Oa

(3.5)
where o = g, y(t) = ( n(t) > , for t € [0, 1],

a=(3 1 o= (3 )= (1) masen - (S )

Here y(t) is the state variable, and wu(t) is the control variable. We apply Theorem 3.3.1 to
prove that the system 3.5 is controllable on [0, 1]. In this example, the solution is given by

y(t) = B2 (At3) [y + g(0,%0)] — g(t, y(1))

[ =8 B (At 5)P)

% [ Agls,y(s)) + hls,y(s), [ Us,m(r)) dr) + Buts)| ds

+ ] - ) B2 (At —5)%) f(s) dZu(s).
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We have the control of the system 3.5 as
u(t) = (1=t B Bz 2 (A1 — 1)) E{M; " (y1 — B2 (Ab3) [ty + (0, vo)]

oty - [ (1= By (4

% [Ag(s,5()) + his.y(s). [ 16,7 y(r)) dr)] ds

= [ =98 4 (A6 = )R 1(s) AZu()/ 7).

w\
w\

_1E

wiN
1o
Wl

w W

By computation, we have the controllability grammian operator as

M (y) —/ )22 E:, (A(1 - s)iBB*E

2(A(1 = 5)s B{x/F.} ds

LO\I\D

E>
37

Miy) = 3494871 —99.9949
W)=\ _99.9949 29.8226

| My (y)| = 10422.6139 — 9998.9800
| My (y)| = 423.6339 > 0.

which is positive definite. Hence by Theorem (3.3.1), the system (3.5) given in this example is
completely controllable on [0, 1].

Example

Consider the fractional order non-linear stochastic system with Rosenblatt Process,

Yo =0,
(3.6)
where a = ¢, y(t) = ( z;gg ) for t € [0, 1],1
1
0 —= _t o
A= 1 02 ; B = < (1) ); fty) = el_s_l‘—nggg and g(t,y(t)) = < (@te+ %Zi%ltg?(t) ) '

141
Here y(t) is the state variable, and wu(t) is the control variable. We apply Theorem (3.4.1) to

prove that the system (3.6) is controllable on [0, 1]. In this example, the solution is given by
4
y(t) = Ea(At5)[vo + g(0, ¥0)] — g(t, y(t))

0

We have the control of the system (3.6) as
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u(t) = (1= )37 B a1 (A*(1 = £)5) B{ M, (3 — E1(Ab*)[tho + g(0, )]

4
5

Fglty(®) = [ (=) By s (Al = )?)

< [ Ag(s.y(s)) + his.y(s). [ s.my(r) dr)| ds
— [ =9 By (A= 9) 7 (,) A2 (9)/ ).

By computation, we have the controllability grammian operator as

» e

Mi(y) = /01(1 —$)* OBy J(A(1 — 8) BB Ea 1 (A"(1— 5)s E{a/F.} ds.

SIS
il
SIS
SIS

) )

0.4754 —0.5709
Ml(y) = ( )

—0.5709  1.3249
= 0.62985 — 0.32592
= 0.30393 > 0.

which is positive definite. We also obtain the value of ¢ in Assumption A3 to be 0 = 0.6295 < 1.
All the assumption of Theorem (3.4.1) are verified and hence the system (3.6) is completely
controllable on [0, 1].

3.6 Conclusions

This Chapter 3 We examined the controllability analysis for both linear and nonlinear frac-tional
order neutral-type stochastic integro-differential system with non-Gaussian process, named as
Rosenblatt process. We formulate a set of necessary and sufficient conditions for our introduced
systems to be controllable by employing standard techniques. The fractional Brownian motion
is the foremost studied method within the class of Hermite processes due to its vital importance
in mod-eling. Our main interest during this work, from the stochastic calculus purpose of
view, was to consider the non-Gaussian Rosenblatt process. Although it received a smaller
attention than the half Brownian motion, however this method remains of much interests in
sensible applications as results of its self-similarity, stationar-ity of increments and long vary
dependence. Truly the terribly giant utilization of the fractional Brownian motion in application
(hydrology, telecommunications)



Chapter

Optimal control for a class of
Sobolev-type fractional nonlocal
evolution system

In this Chapter, we show existence and uniqueness of mild solutions to Sobolev type fractional
nonlocal evolution equations in Banach spaces. For the main results, we use standard tools
such fractional calculus, semigroup theory, fractional power of operators, a singular version of
Gronwalls inequality and Leray-Schauder fixed point theorem. We also establish a Lagrange
optimal control problem for the considered system by using optimality properties.

4.1 Introduction

Fractional calculus is a very import subject and has confirmed its successful applicability in
many fields. More details about theory, methods, and applications can be found in the books
[15, 60,76, 117,84, 98, 101, 135, 133] and the papers [4, 139, 73, 113,94, 103, 140, 173]. Nonlocal
fractional differential equations and inclusions have considered in [17, 30, 31, 34, , ].
Fractional control systems and fractional optimal control problems were considered in several
different works, see for instance [32, 33, , , ]. Those control systems are most often
based on the principle of feedback, whereby the signal to be controlled is compared to a desired
reference signal and the discrepancy used to compute corrective control actions [17]. The
fractional optimal control of a distributed system is an optimal control problem for which the
system dynamics is defined by means of fractional differential equations [110]. In [34], the
authors introduced multi-delay controls and we investigated a nonlocal condition for fractional
semilinear control systems, see also[164, |. Here we are concerned with the study of fractional
evolution equations of Sobolev type with nonlocal conditions. Sobolev type fractional order
differential equations have been studied by many researchers, e.g., by Feckan et al. [18] and Li
et al. [90]. Based on above statements, we study here a class of semilinear fractional evolution
equations of Sobolev type with nonlocal conditions.

“DPLu(t)] = Mu(t) + v (t, u(t)) (4.1)

subject to nonlocal conditions
u(0) = uo + p(u(t)), (4.2)

87
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where © D¢ is the Caputo fractional derivative with 0 < a < land ¢ € J =[0,a]. Let X and Y’
be two Banach spaces such that Y is densely and continuously embedded in X, the unknown
function u(-) takes its values in X and ug € X. We consider the operators L : D(L) C X — Y
and M : D(M) C X — Y. Tt is also assumed that ¢ : J x X - Y and ¢ : C(J : X) = X
are given abstract functions satisfying some conditions to be specified later. In Section 4.2 we
present some essential notions and facts that will be used in the proof of our results, such as,
fractional operators, fractional powers of the generator of an analytic compact semigroup, and
the form of mild solutions of (4.1)—(4.2). In Section 4.3, we prove existence (Theorem 4.1) and
uniqueness (Theorem 4.2) of mild solutions to system (4.1)—(4.2). Then, in Section 4.4, we
prove existence of optimal pairs for the (L F) Lagrange optimal control problem (Theorem 4.3).
We end with Section 7?7, where an example illustrating the application of the abstract results
(Theorems 4.1, 4.2 and 4.3) is given.

4.2 Preliminaries

In this section we introduce some basic definitions, notations and lemmas, which will be used
throughout the work. In particular, we give main properties of fractional calculus [70, | and
well known facts in semigroup theory [63, , .

Definition 4.2.1

The fractional integral of order o > 0 of a function f € L'([a,b],RT) is given by

I2(0) = g [ =9 o)

where I' is the classical gamma function. If a = 0, we can write I¢f(t) = (g * f)(t), where

1
——t* >0,
ga(t) =% T(a)

0, t <0,

and, as usual, x denotes convolution of functions. Moreover, lin% Ga(t) = 0(t), with 6 the
oa—

delta Dirac function.

Definition 4.2.2

The Riemann—Liouville fractional derivative of order a« > 0, n—1 < a <n, n € N, is given

b
’ LDaf(t)_ 1 dn/t f(S)
CT(n—a)dtn Jo (t—s)otln

where function f has absolutely continuous derivatives up to order n — 1.

ds, t>0,

Definition 4.2.3
The Caputo fractional derivative of order a > 0, n — 1 < a <n, n € N, is given by

(0 = 40" (10 - £ %0, t>0
k=0 """

where function f has absolutely continuous derivatives up to order n — 1.
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Remark 4.2.1
Let n — 1 < a < n, n € N. The following properties hold:

(i) If f € C"([0,00)), then

D10 = iy | Y e A

I'n—a« t—s)oatl-n

(ii) The Caputo derivative of a constant function is equal to zero.

(iii) The Riemann-Liouville derivative of a constant function C' is given by

C

L Nna _
Dﬁc_r@—a>

(x —a)™“.

If f is an abstract function with values in X, then the integrals which appear in Defini-
tions 4.2.1-4.2.3 are taken in Bochner’s sense.

Let (X, ]| - ||) be a Banach space, C(J, X) denotes the Banach space of continuous functions
from J into X with the norm ||u||; = sup{||u(t)| : ¢ € J}, and let £(X) be the Banach space
of bounded linear operators from X to X with the norm ||G||zx) = sup{||G(w)]| : ||ul| = 1}.
We make the following assumptions:

(Hy) M : D(M) C X — Y is a linear closed operator and L : D(L) C X — Y is a linear
operator.

(Hs) L is bijective.
(H3) L™':Y — D(L) C X is linear, bounded, and compact operator.

Note that (Hsz) implies L to be closed. Indeed, if L™' is closed and injective, then its inverse

is also closed. From (H;)-(Hjs) and the closed graph theorem, we obtain the boundedness of

the linear operator ML™' : Y — Y. Consequently, ML~ ! generates a semigroup {Q(t),t >

0}, Q(t) == M. We suppose that My := sup||Q(t)|| < oo and, for short, we denote
>0

C= .
According to previous definitions, it is suitable to rewrite problem (4.1)—(4.2) as the equivalent
integral equation

]_ t
LM@:LM@+FWy/@—$aWMM@+¢@WQM$, (4.3)
0
provided the integral in (4.3) exists for a.e. t € J.
Remark 4.2.2
Note that:

(i) For the nonlocal condition, the function u(0) is dependent on t.

(ii) The explicit and implicit integrals given in (4.3) exist (taken in Bochner’s sense).

Throughout the paper, A = ML : D(A) C Y — Y will be the infinitesimal generator of
a compact analytic semigroup of uniformly bounded linear operators Q(-). Then, there exists
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a constant My > 1 such that ||Q(t)|| < My for ¢t > 0. Without loss of generality, we assume

that 0 € p(A), the resolvent set of A. Then it is possible to define the fractional power A?,

0 < ¢ <1, as a closed linear operator on its domain D(A?) with inverse A~?. Furthermore, the

subspace D(Aq) is dense in X and the expression ||ull, = ||A%u||,u € D(A?) defines a norm on
D(AY). Hereafter, we denote by X, the Banach space D(A?) normed with ||ul|,.

Lemma 4.2.1 (See [116])
Let A be the infinitesimal generator of an analytic semigroup Q(t). If 0 € p(A), then

(a) Q(t) : X — D(AY) for every t > 0 and ¢ > 0.
(b) For every u € D(A?), we have Q(t)A%u = AQ(t)u.
(c) For every t > 0, the operator AYQ(t) is bounded and ||AQ(t)|| < Mt % "

(d) If 0 < ¢ <1 and u € D(A?), then ||Q(t)u — u|| < Cyt?||A%u]|.

Remark 4.2.3
Note that:

(i) D(A?) is a Banach space with the norm |lul|, = [|[A%u|| for u € D(A?).
(ii) If 0 < p < ¢ < 1, then D(A?) — D(AP).

(iii) A~ is a bounded linear operator in X with D(A?) = Im(A™7).

Remark 4.2.4

Observe, as in [S8], that by Lemma 4.2.1 (a) and (b), the restriction Q,(t) of Q(t) to X, is

exactly the part of Q(t) in X,. Let u € X,. Since ||Q(t)ull, < [JAIQ(t)u| = ||Q(t)A%u|| <
Q[ A"ull = [|Q()[[[ully, and as t decreases to 07, [|Q(t)u — ully = [[A"Q(t)u — Aul| =
1Q(t)A%u — Afu|| — 0 for all u € X, it follows that {Q(t),t > 0} is a family of strongly
continuous semigroups on X, and ||Q,(t)|| < |Q®)|| < My for all t > 0.

In the sequel, we will also use [|@||e(sr+) to denote the LP(J,R") norm of ¢ whenever ¢ €
LP(J,R™) for some p with 1 < p < oco. We will set ¢ € (0,1) and denote by €, the Banach
space C(J, X,) endowed with supnorm given by |u|/c = sup |Ju||, for u € €.

teJ
Motivated by [34, 48, 176], we give the definition of mild solution to (4.1)—(4.2).
Definition 4.2.4

A function u € Q, is called a mild solution of system (4.1)—(4.2) if it satisfies the following
integral equation:

u(t) = Sa(t) Luo + ou(®)] + [ (¢ = )" Tl = ) (s, u(s))ds,

where

Sut) = [ LC(0)Q°0)ds, Tu(t) = a /0 T L0C.,(0)Q(t70)do,

0

ga(@) = leflféwa(efé) > 0’ wa(g) — l i(_l)nflefanflw

|
o} T n!

sin(nma), 6 € (0,00
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with (, the probability density function defined on (0,00), that is, (,(6) > 0,0 € (0, 00)
and/ Ca(B)df = 1.
0

Remark 4.2.5
For v € [0, 1], ones has

I'(1+v)

/0 6°C.(0)d6 = /O 0 O = o

(see [177]).

Lemma 4.2.2 (See [/8, , i)
The operators S,(t) and T,(t) have the following properties:

(a) For any fixed t > 0, the operators S,(t) and T,(t) are linear and bounded, i.e., for

C M,
any u € X, ||Sa(t)ul < CMollul| and ||T.(t)ul| < F(OZ;

[l

(b) {Sa(t),t >0} and {T,(t), t > 0} are strongly continuous, i.e., foru € X and 0 < t; <
ta < a, we have || S, (t2)u — Su(t)ul] = 0 and || Ta(t2)u — To(t)u|| — 0 as t; — to.

(c) For every t >0, S,(t) and T,(t) are compact operators.

(d) For any u € X, p € (0,1) and q € (0,1), we have AT, (t)u = A" PT,(t)APu, t € J,

aCM,I'(2—q)

d [[AYT, (1) < ‘ t t<a.
and [ AT, (0] < 555 A S B 0 <t <a
(e) For fixed t > 0 and any v € X,, we have ||S,(t)u|, < CMyllull, and ||T,(t)ull, <

Tl
Do) "

(f) Sa(t) and T,(t), t > 0, are uniformly continuous, that is, for each fixed t > 0 and
€ > 0 there exists g > 0 such that ||S,(t +€) — Sa(t)|l; < € fort + € > 0 and |¢| < g,
|Ta(t+€) —To(t)|, < €fort+e>0 and e < g.

Lemma 4.2.3 (See [172])
For each ¢ € LP(J,X) with 1 < p < o0,

lim [ (¢ + g) = o(t) 7dt =0,

where ¢(s) =0 for s ¢ J.

Lemma 4.2.4 (See [177])

A measurable function G : J — X is a Bochner integral if ||G|| is Lebesgue integrable.




4.3 Main results 92

4.3 Main results

Our first result provides existence of mild solutions to system (4.1)—(4.2). To prove that, we
make use of the following assumptions:

(F1) The linear closed operator A is defined on dense set from X, into Y.

(F,) The function ¢ : J x X, — Y satisfies: for each u € X, the function ¢ — (¢, u(t)) is
measurable.

(F3) For arbitrary u, u” € X, satistying ||u|,, [[u*||, < p, there exists a constant Ly (p) > 0 and
a function m € L*(J,R") such that

[t u) — Pt w)|| < Lyp(p)m(t)lu — |l
for almost all t € J.

(Fy) There exists a constant a,, > 0 such that

|t w)|| < ay(l+r|ul,) foral we X, and te J

(F5) The function ¢ : C(J : X,;) — X, is Lipschitz continuous and bounded in X, i.e., for all
u,v € C(J,X,) there exist constants ki, ko > 0 such that

le(u) = @)lly < Faflu =vlly and [[e(u)lly < k.

Theorem 4.1

1
Assume hypotheses (Fy)—(F5) are satisfied. If up € X, and aq < 1 for some 5 <ax< 1,

then system (4.1)—(4.2) has a mild solution on J.

The following lemmas are used in the proof of Theorem 4.1.
Lemma 4.3.1
Let operator P : Q), — Q, be given by

(Pu)(t) = Sa(t)Lluo + o(u(t))] + / VT (t — 8)i(s, u(s))ds. (4.4)

Then, the operator P satisfies Pu € (.

1
Proof: Let 0 <t; <ty <aand ag < ok We have

[(Pu)(t1) = (Pu)(t2)llq
= [[[Sa(t1) = Sa(t2)]L [uo + e (u)]ll,

+ "ty — ) Tty — 8)ib(s, uls)) — Tolts — )(s,u(s)) ods
n / Ut = 5)71 = (ta — )| Ta(ts — 5)ib(s, u(s)) s
+ / (b2 — 8)% | Ta(tz — 8 (s, u(s))|lods.
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We use Lemma 4.2.2, and fractional power of operators, to get

[(Pu)(t1) = (Pu)(t2)llg <Ll [k2 + [[uollg] [1Sa(ti) = Sa(t2)llq
- / (11— ) ATt — ) — Talts — )]s, u(s) | ds

* /t1 |(t1 = 5)71 = (t2 — 8)* M| ATTa(t2 — s)ll1¥(s, u(s))llds

*J, ® (b2 — )" AT (2 — )l 0(s, u(s)) s

<L T2 + [luollq] [[Sa(tr) — Salt2)llg
aCM,T'(2 t o . .
S il [ =5 e = ) = (- s) s
aCMI'(2 —q)
_l’_

1+ a(l—9q)
aCMI'(2 —q oo

S [ = sy (o, u(e) s
From Lemma 4.2.2 and Hoélder’s inequality, one can deduce the following inequality

/ (b1 — 8)°" = (82 — 5)* M (t2 — )" |p(s, u(s))[|ds

I(Pu)(t1) = (Pu)(t2)llq
<L k2 + [luollq) [[Sa(tr) = Salt2)llq

aCM, F(Q — Q) t1 o i 1
(1 —i—qoe(l —q) ||¢||C(J,X) [(/0 |(t1 — s) — (ty — ) |2ds>

([t = s)2eDgs (" It — $)° " — (ta — 5) ' 2ds :
0 0

)

<ILI k2 + l[uollq] [[Salts) — Sa(t2 ||q

1
aCM,I’ a—f _ga _ga 2
L2 ||1/1||CJX[ 5 1l (/0|t1—8)q —(t2—8)q|2d5)

I'l+a(l-

1
e Na=l e je 12 1-2g0 ;4 \1-2qa )
+ ( /0 (t; — s) ds) 1/ 2qa <t2 (ta — t1) )

(tg _ tl)a(l—CI)‘| ,

a(l—q)
which means that Pu € Q.

Lemma 4.3.2
The operator P given by (4.4) is continuous on €.
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Proof: Let u,u* € Q4 and ||u — u*||oo < 1. Then, ||u]loc < 1+ ||u*]|eo = p and
[(Pu)(®) — (Pu) )l = 1Sa ()L [p(0) — o],
[ = 9 Tl = )0, u(9) 06D
< 1Sa LI 14%[p(w) — o)
[ = 9 AT = ) s, u(s)) — " (6)) s

< Ok Mol u —
aCM,IT'(2—gq) [t
+Lolpmo S I e
< Ok Mol u — "
aCM,I'(2 —q) 1
T+ a(l-g)a(l-q)

)—qa—l-a—l HU o

s u*||gds

+ Ly (p)m(t) £l — o

Therefore,

[(Pu)(#) = (Pu”)()lloo < Ch1Mol|L[[|u — "] oo
aCM,I'(2 — q) 1
1+ a(l-q)a(l-q)

+ Ly (p)m(t) 0w —

and we conclude that P is continuous.

Lemma 4.3.3
The operator P given by (4.4) is compact.

Proof: Let ¥ be a bounded subset of ;. Then there exists a constant n such that ||u|. < n for
all u € ¥. By (Fy), there exists a constant 7 such that ||[¢(¢,u(t))|| < ap(1+rn) = 7. Then PY is a
bounded subset of ;. In fact, let © € X. Using Lemma 4.2.2 (a) and (d), we get

[(Pu)()llg < [1Sa(t)L uo + @(u)]ll,

+ /0 (= )0 Tt — s)i(s, u(s))gds
< CMp|L| [k2 + o]

- /Ot(t — 8) TH AT (t — )|l (s, u(s)) | ds
< CMy|| L[ [k2 + [Juoll4]
aCMI'(2—q) [ —qota—
F(1+a(1 q))T_/() (t—S) +a—1.¢
< CMy|| L[ [k2 + [Juoll4]
aCM'(2—¢) 1
L(1+a(l—q) a(l-q)

ro(1=9)

Then, we obtain

aCM,'(2 — q) 7a®(1~9
Il+a(l—gq))al-q)

We conclude that P¥ is bounded. Define IT = P¥ and II(¢
I1(0) = {(Pu)(0)|u € £} is compact. For each g € (0,1), ¢

1(Pu)(t)l|oo < CMol|L]| [k2 +n] +

) = {(Pu)(t)|u € £} for ¢t € J. Obviously,
€ (0,al], and arbitrary § > 0, let us define
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g5(t) = {(Pysu)(t)|u € 3}, where
(P,.5u)(1) = Q(g°0) / L7 (0)Q(t20 — g°8)L [ug + (u)] df
+Q(g" )/t_ (t—s)*! <a/5 L™ 1%(0)62((75—8)“9—gf‘f5)ci9) (s, u(s))ds
—/ L7 (0)Q(t*0) L [ug + ¢(u)] do
+a/0t 9/6 O(t — 5)* T L1 (0)Q((t — 5)*0)ab (s, u(s))dOds.

Then, since the operator Q(g*¢), g*é > 0, is compact in X, the sets {(Pysu)(t)|u € X} are relatively
compact in X,. This comes from the following inequalities:

[(Pu)(t) = (Pysu)(t)llq

H/ L7 (0)Q(t™0) L [ug + ¢(u)] do

q

H/ L1 (0)Q(°0) L [uo + o(u)] O

q

H/ L7 (0)Q(t )L [ug + ¢(u)] db

- [ IO ) L + pw] a8

q

/ / 0t — )" L (0)Q((E — 5)*0)(s, u(s))d0ds

+ «

q

ta /0 /5 B(t — )2 L7 1Ca()Q((t — 5)*0)0(s, u(s))dbds

- h / 0= )" LT G OQU( — )0 (s, uls)dods

q

Al fug + p(u)]||dO

< [[117w@eu)

AT ug + o(u)]||db

+ [T G

+O‘/O /0 Ot — ) L7 Ca(O)|A2Q((t — 5)*0)| |11 (s, u(s))||dbds
* a/t /oo 0(t — ) YL HICa(O) [ A1Q((t — 9)*0)[[|9 (s, u(s))||dbds
t—g Jo
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< MLl s + ol | Gal0)a0
+ ML (k2 + [uol / G
oM, m/ / — )71 (0)(t — 5)°90~9dbds
+ CM,ar /t_g /5 B(t — )% 1Ca(0)( — 5)~90~9d0ds
< MLl B + ol | Gal6)d0
+ OMy L] 2 + luoll]

+CM, aT/ / o1=9( —aara=le (0)dOds
+ CM,art / / 0179t — )71 (0)dds
t—g Jo

6
< CMOIIL| (k2 + fuoll] | Ca®)dt
+ ML (k2 + [fuol

+ CM,ar ( /0 . s)—aq+a—1ds) /0 " gi-ac, (00

+ CManF(ll——‘&—(i(_lq—) ) </ttg(t — s)_aq‘m_lds)

and

t 1 t
A (t - S)foqurafldS < a(lita(lfq)? (t o S)fanrafldS < 7ga(17q)7

—q) t—g a(l—q)
so that

0
[(Pu)(t) = (Pgsu)(t)llq <CMollL|| [k2 + HUOHq]/O Ca(0)df

+ CMo||L|| [k2 + [Juollq]
+CMO‘T a(1- 4/01 (0
a(l —q)
CM,atl'(2 — q) 1 a(l—q)
L(1+a(l—q)) (1—q)g

Therefore, I1(t) = {(Pu)(t)|u € ¥} is relatively compact in X, for all t € (0, a] and, since it is compact
at t = 0, we have relatively compactness in X, for all t € J.

Next, let us prove that I = PY is equicontinuous. For g € [0, a),

[(Pu)(g) = (Pu)(0)[lq <[|Salg)L = 1llq
+ CMo|| L[| [k2 + [[uoll]
aCM,I'(2 — q) T 200
F(1+a(l-q)a(l-q) ’

and for 0 < s < t; <ty <a, ||(Pu)(t1) — (Pu)(t2)|lq < I1 + I2 + I3 + 14, where

L= L] TRz + Jluollq] [|Sa(t1) = Sa(t2)llg,

_ aCMI'(2-q) 1 ol ( /a . gar2 )é
I = F(l +Oé(1 _q))”wHC(J,X) 20 — 1t1 0 ‘(tl S) (t2 S) ’ ds )
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aCM,I'(2—q) < a » o )é
I3 = q / b el _ (g
3 F(1+a(1_q))||¢||C(J,X) 0 |(t1 — s) (t2 — s) 2ds
1
1 v AN
8 1—2qoz<té M (2 - 1) 2q) )
_ aCMI(2—q) IR
Iy = F(1+a(1_q))”¢|’C(J,X)a(1_q)(t2 t1) _

Now, we have to verify that I;, j = 1,...,4, tend to 0 independently of v € ¥ when t3 — #1. Let
u € ¥. By Lemma 4.2.2 (c¢) and (f), we deduce that lim I} =0 and lim > = 0. Moreover, using the

to—t1 to—t1
fact that |(t; — s)* ! — (to — 5)* 71| = 0 as ty — t1, we obtain from Lemma 4.2.3 that

a
/ (81— )% 1 — (s — ) 1 2ds — 0 as ts — 1.
0

1
Thus, lim I3 = 0 since ga < =. Also, it is clear that tlim 14 = 0. In summary, we have proven that
2

to—t1 —t1
PY is relatively compact for ¢t € J and II(t) = {Pulu € £} is a family of equicontinuous functions.
Hence, by the Arzela—Ascoli theorem, P is compact. |

Proof of Theorem 4.1: We shall prove that the operator P has a fixed point in ;. According
to Leray—Schauder fixed point theory (and from Lemmas 4.3.1-4.3.3), it suffices to show that the set
A = {u € Q4lu= FPu,B €[0,1]} is a bounded subset of },. Let u € A. Then,

[u(®)]lq = 118(Pu)()llq
< [|Sa ()L [ug + h(u)]|l,
+A@—$”Wﬂﬁ—@¢®U@Wﬂs
< CMo||L|| [k2 + [Juollq]

+ [ AT = )t ) s
< OMol|L k2 + [uol

ajaCM,(2 —q) [ ~qa+a—
15(1+§<1(— q>>) /0 (¢ —8) "9 (L rfuflg)ds
< OMol| L] [k2 + [luoll4]
apaCMI(2 - q) a®(1-9 i ajarCMl'(2 ¢
FI+o(i—q) all—q)  T{I+al-q)

) ! —qa+a—1
= sy s,

Based on the well known singular version of Gronwall inequality, we can deduce that there exists a
constant R > 0 such that ||u||cc < R. Thus, A is a bounded subset of },. By Leray-Schauder fixed
point theory, P has a fixed point in €2,. Consequently, system (4.1)—(4.2) has at least one mild solution
uon J. n

Theorem 4.2
Mild solution u(-) of system (4.1)—(4.2) is unique.

Proof: Let u*(-) be another mild solution of system (4.1)—(4.2) with nonlocal initial condition [ug +
e(u™)]. It is not difficult to verify that there exists a constant p > 0 such that |Jul|q, [|u*||q < p. From

lu(t) — u*(t)llg < [1Sa(t)Llp(w) — o(u)],
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(= 9Tt = )15, u(s) = Lo, (5D,
we get
[u(t) = u’llq < ChkiMol|L||lu(s) — u*(s)llq

+ Ly (p)m(t)

CCMT@=0) [ vy
T(1+a(l—q)) /0 (t = 5)"1" T lu(s) = w*(s) lgds.

Again, by the singular version of Gronwall’s inequality, we arrive at the uniqueness of u. Thus, system
(4.1)—(4.2) has a unique mild solution on .J. [

4.4 Optimal controls

Let Z be another separable reflexive Banach space from which the control u take its values.
We denote by V¢(Z) a class of nonempty closed and convex subsets of Z. The multifunction
w:J — Vi(Z) is measurable, w(-) C A, where A is a bounded set of Z. The admissible control
set is Uyg = SP = {u € LP(A)|u(t) € w(t) a.e.}, j=1,k, 1 <p < oo. Then, Uyg # 0 [61].
Consider the following Sobolev type fractional nonlocal multi-integral-controlled system:

D [Lult)] = Mut) + w(t,u(t) + [ " Bu(s)ds, (4.5)

u(0) = uo + p(u(t)). (4.6)
Besides the sufficient conditions (F})—(F5) of the last section, we assume:
(Fs) B e L>*(J,L(Z,X,)), which implies that Bu € LP(J, X,) for all u € Uyq.
Corollaire 4.4.1

In addition to assumptions of Theorem 4.1, suppose (Fg) holds. For every u € U,y and
pa(l —q) > 1, system (4.5)—~(4.6) has a mild solution corresponding to u given by

W (1) = Sa(t)L [uo + p(u +/ )T (¢ — ) [w(s,u(s))—i-/os Bu(n)dn] ds.

Proof: Based on our existence result (Theorem 4.1), it is required to check the term containing
multi-integral controls. Let us consider

o(t) = /O = )Tt — ) [ /0 ’ Bu(n)dn} ds.

Using Lemma 4.2.2 (d) and Holder inequality, we have

loolle < | [ ¢=9" Tt -9 [ BuCaands|
< [ = AT = ) 1Bu(s) fads
e A s>—qa+a—1uu<s>uzds]
C sl (i) (o)
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< WML ) (L) T S
oo N 4 a - b
- Tl +al-9q) pa(l—q)—1 L(»2)

where || B/« is the norm of operators B in the Banach space L (J, L(Z, X,)). Thus,

(=571t ) [ Bty

q

is Lebesgue integrable with respect to s € [0,¢] for all ¢ € J. It follows from Lemma 4.2.4 that

S
(t=9)" " Toft =) | Buln)dy
0
is a Bochner integral with respect to s € [0,¢] for all ¢t € J. Hence, ¢(-) € Q4. The required result
follows from Theorem 4.1. [ |
Furthermore, let us now assume

(F7) The functional £ : J x X, x Z — RU {oo} is Borel measurable.
(F;

s) L(t,-,-) is sequentially lower semicontinuous on X, x Z for almost all ¢ € J.
(Fy) L(t,u,-) is convex on Z for each u € X, and almost all t € J.
)

(Fio) There exist constants d > 0, C' > 0, such that ¢ is nonnegative and ¢ € L*(J, R) satisfies

L(t uu) = () + dljullg + Cllullz.

We consider the following Lagrange optimal control problem:

Find (u°,u") € C(J, X,) x UE,
such that J(u’,u’) < J(u",u) for all u € U,g,

where

T u) = /0 "Lt u)dt

with «" denoting the mild solution of system (4.5)—(4.6) corresponding to the multi-integral
controls u € U,y. The following lemma is used to obtain existence of a fractional optimal
multi-integral control (Theorem 4.3).

Lemma 4.4.1
Operator Y : LP(J, Z) — Q, given by

_ /O /0 To(- — 5)Bu(n)dnds,

where pa(1 — ¢q) > 1 and j = 1, k, are strongly continuous.

Proof: Suppose that {u"} C LP(J,Z) are bounded. Define ©,,(t) = (Yu")(t), t € J. Similarly to
the proof of Corollary 4.4.1, we can conclude that for any fixed ¢t € J and pa(l —¢q) > 1, [|©,(t)||q is
bounded. By Lemma 4.2.2, it is easy to verify that ©,(t), is compact in X, and are also equicontinuous.
According to the Ascoli-Arzela theorem, {©,,(t)} are relatively compact in Q4. Clearly, T, is linear
and continuous. Hence, T is strongly continuous operators (see [61, p. 597]). [

Now we are in position to give the following result on existence of optimal multi-integral controls
for the Lagrange problem (LP).



4.4 Optimal controls 100

Theorem 4.3

If the assumptions (Fy)-(Fyo) hold, then the Lagrange problem (LP) admits at least one
optimal integral pair.

Proof: Assume that inf{7(u",u)|u" € Uyq} = € < +o00. Using assumptions (F7)-(Fyp), we have
€ > —o0. By definition of infimum, there exists a minimizing feasible pair {(u",u"™)} C U, sequence,
where U,q = {(u,u)|u is a mild solution of system (4.5)—(4.6) corresponding to u € U}, such that
J W™, u™) — € as m — +oo. Since {(u™)} C Uyq, m = 1,2,...,{(u"™)} is bounded in LP(J, Z) and
there exists a subsequence, still denoted by {(u™)}, u® € LP(J, Z), such that

(um) Y ()

in LP(J, Z). Since Uy is closed and convex, by Marzur lemma u’ € U,y Suppose u™(u®) is the mild
solution of system (4.5)(4.6) corresponding to u™(u’). Functions u™ and u° satisfy, respectively, the
following integral equations:

u™(t) = Sa(t)L [uo + (u™(s))]

4 [ =9 Tt =) [t ) + [ 1B Gl s

u(t) = Sa(t)L [uo + (u’(s))]

+/ )T ( t—s){ +/ [Bu’( dn}ds

It follows from the boundedness of {u™}, {u’} and Theorem 4.1 that there exists a positive number p
such that [|[u™||ee, |t°|lee < p. For t € J, we have

™ (®) = Ol < 1D Ol + 1D Oll + 165 @)
where
(0 = Sa®Llp(™ (=) — o(u(s))
t
D0 = [ =9 Talt = (5,07 (5)) — (s ()]s,

00 = [ =0Tl 9) [ B~ o)ldnds.

The assumption (F5) gives
€5 (0)llg < OMokr || LIl Jw™ —u°]lq-

Using Lemma 4.2.2 (d) and (F3),

aCM,I'(2 — q)

I'l1+a(l—q))

1€ D)l < Ly (p)m (1) /Ot(t = 5) 71w (s) — u®(s) ] ods.

From Lemma 4.4.1, we get
SRGRE
Thus,

lu™(8) = " (O)llg < IER (#)llq + C Mok | L[| —u°q

[ ) = ().
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By virtue of the singular version of Gronwall’s inequality, there exists M, > 0 such that

lu™(8) = (O)lg < Mall€R D),
which yields that
u™ — u’ in C(J, X,) as m — oo.

Because C(J, X,;) — L'(J, X,), using the assumptions (Fr)-(Fio) and Balder’s theorem, we obtain
that

a

€= Jlm [ Lt (0,0 (1))

m—r0o0

/‘Etu WO (1)) dt

= J(u°,u°)
> €.

This shows that J attains its minimum at u® € U,y.



Conclusion

The main purpose of this thesis was to Control is an important aspect of mathematical
control theory. It was introduced by [69]. The concept of controllability denotes the ability to
transfer the state of the dynamic control system from its initial state to the desired final state
using an appropriate control function. In recent years, various aspects of the controllability
of ordinary dynamic systems as well as partial dynamic systems, for both deterministic and
stochastic structures, have been studied by many researchers. We have developed a solution
for the controllability problem of a non-linear fractional order neutral type stochastic integro-
differential system with the Rosenblatt process. We take the terms in the system as bounded
linear operators instead of a matrix, which produces the same results as a matrix, and the
results on stochastic systems using bounded linear operators are more competent. We first
proved that the development of modern methods has been used to explore the possibility
of solving some classes of initial value problems involving fractional operators and optimal
controls. In particular, during this PhD thesis project, we introduced partial calculus theory
and control theory to substantiate questions of existence outcomes, controllability, stability,
and other properties of new types of problems that can be applied with more precision and
better usefulness.

102



Bibliography

1]

2]

[10]

[11]

[12]

S. Abbas, M. Bonchohra, G.M. NGuérékata, Topics in fractional differential equations.
Developments in Mathematics, Springer, New York (2012).

S.H. Abid, S.Q. Hasan, U.J. Quaez, Approximate controllability of fractional Sobolev type
stochastic differential equations driven by mixed fractional Brownian motion, J. Math.
Sci., 2015,3,3-11.

B. Ahmad, S.K. Ntouyas, Fractional differential inclusions with fractional separated
boundary conditions.Fract. Calc. Appl. Anal. 2012, 15, 362-382. [CrossRef]

B. Ahmad and J. J. Nieto, Existence of solutions for anti-periodic boundary value prob-
lems involving fractional differential equations via Leray-Schauder degree theory, Topol.
Methods Nonlinear Anal. 35 (2010), no. 2, 295-304.

H.M. Ahmed, J. Wang, Exact null controllability of Sobolev-type Hilfer fractional stochas-
tic differential equations with fractional Brownian motion and Poisson jumps. Bull. Iran.
Math. Soc. 2018,44,673-690.

A. Ahmadova, [.T. Huseynov, N.I. Mahmudov, Controllability of fractional stochastic delay
dynamical systems, Proc. Inst. Math. Mech. Natl. Acad. Sci. Azerb.46(2) (2020)294-320.

Tarantola. Albert, Inverse Problem Theory and Methods for Model Parameter Estimation.
Society for Industrial and Applied Mathematics, 2005.

N.A. Alsarori, K.P. Ghadle, On the mild solution for nonlocal impulsive fractional semilin-
ear differential inclusion in Banach spaces.J. Math. Model. 2018, 6,239-258. [CrossRef]

K. Anukiruthika, N. Durga, P. Muthukumar, Approximate controllability of semilinear
retarded stochastic differential system with non-instantaneous impulses: Fredholm theory
approach. IMA J. Math. Control. Inf. 2021, 38, 684-713.

R.Agarwal, S. Hristova, D. O’Regan, Non-instantaneous impulses in caputo fractional
differential equations. Fract. Calc. Appl. Anal. 2017,20,595-622.

S. Arora, M.T. Mohan, J. Dabas, Existence and approximate controllability of non-
autonomous functional impulsive evolution inclusions in Banach spaces. J. Differ. Equa-
tions 2022, 307,83-113.

E.J. Balder, Necessary and sufficient conditions forlL; -strong-weak lower semicontinuity
of integral functional. Nonlinear Anal. 1987,11,1399-1404. [CrossRef]

103


2015, 3, 3-11
2012, 15, 362-382
2018, 44, 673-690
46(2) (2020) 294-320
2005
2018, 6, 239-258
2021, 38, 684-713
2017, 20, 595-622
2022, 307, 83-113
1987, 11, 1399-1404

BIBLIOGRAPHY 104

[13]

[14]

[15]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

K. Balachandran, J. Kokila, On The Controllability of fractional dynamical system, Int.
J. Appl. Math. Comput. Sci., 23(2) (2012)523-531

H. Bao, J. Cao, Existence of solutions for fractional stochastic impulsive neutral functional
differential equations with infinite delay. Adv. Differ. Equ. 2017,66, 1-14.

D. Baleanu, K. Diethelm, E. Scalas and J. J. Trujillo, Fractional calculus, Series on Com-
plexity, Nonlinearity and Chaos, 3, World Scientific Publishing Co. Pte. Ltd., Hackensack,
NJ, 2012.

M. Benchohra, E.P. Gatsori, S.K. Ntouyas, Controllability results for semilinear evolution
inclusions with nonlocal conditions. J. Optim. The-ory Appl. 118, No 3 (2003), 493513.

M. Benchohra, E. P. Gatsori and S. K. Ntouyas, Controllability results for semilinear
evolution inclusions with nonlocal conditions, J. Optim. Theory Appl. 118 (2003), no. 3,
493-513.

H.F. Bohnenblust, S. Karlin, On a Theorem of Ville, in: Contributions to the Theory of
Games; Princeton University Press: Princeton, NJ, USA, 1950;pp.155-160.

A. Boudjerida, D. Seba, Controllability of nonlocal Hilfer fractional delay dynamic in-
clusions with non-instantaneous impulses and non-dense domain. Int. J. Dyn. Control.
2022,10,1613-1625.

B. Boufoussi, S. Hajji, Neutral stochastic functional differential equations driven by a
fractional Brownian motion in a Hilbert space. Stat. Probab. Lett. 2012,82, 1549-1558.

M. Brezis , Functional analysis, Sobolev spaces and partial differential equations. Uni-
versitext, Springer, New York, (2011).

J. CAO, Q. YANG, AND Z. HUANG, On almost periodic mild solutions for stochastic
functional differential equations, Nonlinear Analysis. RealWorld Applications, vol.13, no.1,
(2012), 275-286.

A. Cernea, On a fractional integro-differential inclusion.Electron. J. Qual. Theory Differ.
Equ.2014, 25, 1-11. [CrossRef]

R. Chaudhary, S. Reich, Extremal mild solutions to fractional delay integro-differential
equations with non-instantaneous impulses. Appl. Anal.2021. [CrossRef]

Y.K. Chang, Y.T. Pei, R. Ponce, Existence and optimal controls for fractional stochastic

evolution equations of Sobolev type via fractional resolvent operators. J. Optim. Theory
Appl.2019, 182, 558-572. [CrossRef]

Y.K. CHANG, Z.H. ZHAO, G. M. NGUEREKATA, AND R. MA, Stepanov-like almost
automorphy for stochastic processes and applications to differential equations, Nonlinear
Analysis. RealWorld Applications, vol.12,n0.2, (2011),1130-1139.

J. Dabas, A. Chauhan, M. Kumar, Existence of the mild solutions for impulsive fractional
equations with infinite delay. Int. J. Differ. Equ. 2011, 2011, 793023.

R.A. Davis, K.S. Lii, D.N. Politis, The rosenblatt process. In Selected Works of Murray
Rosenblatt (pp.29-45),Springer,NewYork,NY.2011.


23(2) (2012) 523-531
2017, 66, 1-14
1950; pp. 155-160
2022, 10, 1613-1625
2012, 82, 1549-1558
vol.12, no.2, (2011), 1130-1139
(pp. 29-45), Springer, New York, NY. 2011

BIBLIOGRAPHY 105

[29]

[30]

[35]

[36]
[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

A. Debbouche, D. Baleanu, R.P. Agarwal, Nonlocal nonlinear integrod-ifferential equations
of fractional orders. Bound. Value Probl. 2012, No 78 (2012), 10 pp.

A. Debbouche and D. Baleanu, Controllability of fractional evolution nonlocal impulsive
quasilinear delay integro-differential systems, Comput. Math. Appl. 62 (2011), no. 3, 1442
1450.

A. Debbouche, D. Baleanu and R. P. Agarwal, Nonlocal nonlinear integrodifferential equa-
tions of fractional orders, Bound. Value Probl. 2012 (2012), no. 78, 10 pp.

A. Debbouche, J.J. Nieto, Sobolev type fractional abstract evolution equations with non-
local conditions and optimal multi-controls, Applied Mathematics and Computation, 245
(2014) 74-85.

A. Debbouche and D.F.M. Torres, Sobolev type fractional dynamic equations and optimal
multi-integral controls with fractional nonlocal conditions, Fractional Calculus and Applied
Analysis, 18(2015), no. 1, 95-121

A. Debbouche and D. F. M. Torres, Approximate controllability of fractional nonlocal delay
semilinear systems in Hilbert spaces, Internat. J. Control 86 (2013), no. 9, 1577-1585.

A. Debbouche, D. F. M. Torres, Approximate controllability of fractional nonlocal delay
semilinear systems in Hilbert spaces, Internat. J. Control, 86(9) (2013) 1577-1585.

K. Deimling, Multivalued Differential Equations; De Gruyter: Berlin, Germany, 1992.

R. Dhayal, M. Malik, Approximate controllability of fractional stochastic differential equa-
tions driven by Rosenblatt process with non-instantaneous impulses. Chaos, Solitons Frac-
tals 2021, 151, 111292

R. Dhayal, M. Malik, S. Abbas, Approzimate controllability for a class of non-
instantaneous impulsive stochastic fractional differential equation driven by fractional
Brownian motion. Differ. Equations Dyn. Syst. 2021,29,175-191.

R. Dhayal, M. Malik, S. Abbas Approximate and trajectory controllability of fractional
stochastic differential equation with non-instantaneous impulses and Poisson jumps. Asian
J. Control. 2021, 23, 2669-2680

R. Dhayal, M. Malik, S. Abbas, A. Debbouche, Optimal controls for second-order stochastic
differential equations driven by mixed-fractional Brownian motion with impulses. Math.
Methods Appl. Sci. 2020, 43, 4107-4124.

M. Dieye, M.A. Diop, K. Ezzinbi, On exponential stability of mild solutions for some
stochastic partial integro-differential equations. Stat. Probab. Lett. 2017, 123, 61-76.

M. Dieye, E. Lakhel, M.A. Mckibben, Controllability of fractional neutral functional dif-
ferential equations with infinite delay driven by fractional Brownian motion. IMA J. Math.
Control. Inf. 2021, 38, 929-956.

M.L. Du, Z.H. Wang, Initialized fractional differential equations with Riemann-Liouville
fractional-order derivative. Eur. Phys. J. Spec. Top.2011,193,4960. [CrossRef]

M. Einsiedler, T. Ward, Functional analysis, Spectral theory, and Applications. Graduate
texts in mathematics, Springer. Vol 276, pp. XIV, 614 (2017).


86(9) (2013) 1577-1585
2021, 29, 175-191
Top.2011, 193, 4960

BIBLIOGRAPHY 106

[45]

[46]

[47]

[48]

[49]

[50]

A. Friedman, Stochastic differential equations and applications. In Stochastic differential
equations (pp. 75-148), Springer, Berlin, Heidelberg, 2010.

G.F. Franklin, J.D. Powell, A. Emami-Naeini, Feedback Control of Dy-namic Systems.
Prentice Hall, 6th Ed. (2010).

G. F. Franklin, J. D. Powell and A. Emami-Naeini, Feedback control of dynamic systems,
Prentice Hall, 6th edition, 2010.

M. Feckan, J. Wang and Y. Zhou, Controllability of fractional functional evolution equa-
tions of Sobolev type via characteristic solution operators, J. Optim. Theory Appl. 156
(2013), no. 1, 79-95.

R.M. Ganji, H. Jafari, D. Baleanu, A new approach for solving multi variable orders dif-
ferential equations with Mittag-Leffler kernel, Chaos Solitons Fractals, 130 (2020) 109405.

A. Giusti, I. Colombaro, R. Garra, R. Garrappa, F. Polito, M. Popolizio, F. Mainardi,
A practical guide to Prabhakar fractional calculus, Fract. Calc. Appl. Anal., 23(1) (2020)
9-54.

V. Govindaraj, R. K. George, Functional approach to observability and controllability of
linear fractional dynamical systems, J. Dyn. Syst. Geom. Theor., 15(2) (2017) 111-129.

[. S. Gradshteyn, I. M. Ryzhik, Alan Jeffrey, and Daniel Zwillinger, Table of Integrals,
Series, and Products. Seventh Edition by Elsevier Academic Press. ISBN 012-373637-4,
(2007).

N. Hakkar, R. Dhayal, A. Debbouche, D.F.M. Torres, Approximate Controllability of De-
layed Fractional Stochastic Differential Systems with Mixed Noise and Impulsive Effects.
FractalFract.2023,7,104.https://doi.org/10.3390/fractalfract7020104

N. HAKKAR, M. Lavanya, A. Debbouche, AND B.S. Vadivoo, Nonlinear Fractional Order
Neutral-type Stochastic Integro-Differential System with Rosenblatt Process - A Controlla-
bility Exploration.

Volume48, Speciallssue, 2022,Pages68-8310.30546/2409-4994.48.2022.6883

A. Harrat, A. Debbouche, Sobolev type fractional delay impulsive equations with Alpha-
Sobolev resolvent families and integral conditions. Nonlinear Stud. 20, No 4 (2013), 549558.

M. Hasse, The Functional Calculus for Sectorial Operators. Operator Theory: Advances
and Applications; Birkhauser-Verlag: Basel, Switzerland, 2006.

J. Henderson, A. Ouahab, Fractional functional differential inclusions with finite delay.
Nonlinear Anal.2009,70,2091-2105. [CrossRef]

E. Hernandez, D. O’'Regan, On a new class of abstract impulsive differential equations.
Proc. Am. Math. Soc. 2013, 141, 1641-1649.

R. Hilfer, Applications of Fractional Calculus in Physics; World Scientific Publishing: River
Edge, NJ, USA, 2000

R. Hilfer, Applications of fractional calculus in physics, World Sci. Publishing, River Edge,
NJ, 2000.


012-373637-4, (2007)
012-373637-4, (2007)
Fractal Fract. 2023, 7, 104. https://doi.org/ 10.3390/fractalfract7020104
Volume 48, Special Issue, 2022, Pages 68-83 10.30546/2409-4994.48.2022.6883
2006
2009, 70, 2091-2105
2013, 141, 1641-1649
2000

BIBLIOGRAPHY 107

[61]

[62]

[63]

[64]

[65]

[66]

[73]

[74]

[75]

[76]

S. Hu and N. S. Papageorgiou, Handbook of multivalued analysis. Vol. I, Mathematics and
its Applications, 419, Kluwer Acad. Publ., Dordrecht, 1997.

S. Hu, N.S. Papageorgiou, Handbook of Multivalued Analysis: Volume II: Applications;
Kluwer Academic Publishers: Dordrecht, The Netherlands, 2013.

E. Hille and R. S. Phillips, Functional analysis and semi-groups, American Mathematical
Society Colloquium Publications, vol. 31, Amer. Math. Soc., Providence, RI, 1957.

M. Jelassi, H. Mejjaoli, Fractional Sobolev type spaces associated with a singular differ-
ential operator and applications. Fract. Calc. Appl. Anal. 17, No 2 (2014), 401423; DOL:
10.2478/s13540-014-0177-1; http://link.springer.com/article/10.2478 /s13540-014-0177-1.

Claire. Joseph, Sur le controle optimal des équations de diffusion et onde fractionnaires en
temps a données incomplétes. Diss. Université des Antilles, (2017)

G. Jothilakshmi, B. S. Vadivoo, Y. Almalki, A. Debbouche, Controllability analysis of
multiple fractional order integro-differential damping systems with impulsive interpretation,
J. Comput. Appl. Math., 410(2022) 114204.

[.V. Kachan, Stability of linear stochastic differential equations of mixed type with fractional
Brownian motions. Differ. Equ. 2021, 57, 570-586.

T. Kaczorek, Reachability and controllability to zero of cone fractional linear systems,

Archives of Control Sciences., 17(3), 357-367, (2007).

R. E. Kalman, Contributions to the theory of optimal control, Bol. soc. mat. mexicana,
5(2) (1960) 102-119.

M. Kamenskii, V. Obukhovskii, P. Zecca, Condensing Multivalued Maps and Semilinear
Differential Inclusions in Banach Spaces. De Gruyter: Berlin, Germany, 2001.

K. Karthikeyan, A. Debbouche, D.F.M. Torres, Analysis of Hilfer Fractional Integro-
Differential Equations with Almost Sectorial Operators. Fractal Fract. 2021,5, 22.

M. Kerboua, A. Debbouche, D. Baleanu, Approzimate controllabil-ity of Sobolev type non-
local fractional stochastic dynamic systems in Hilbert spaces. Abstr. Appl. Anal. 2013, Art.
ID 262191 (2013), 10 pp.

M. Kirane, A. Kadem and A. Debbouche, Blowing-up solutions to two-times fractional
differential equations, Math. Nachr. 286 (2013) no. 17-18, 1797-1804.

A. Khalouta, A. Kadem, A new technique for finding exact solutions of nonlinear time-
fractional wave-like equations with variable coefficients, Proc. Inst. Math. Mech. Natl.
Acad. Sci. Azerb., 45(2) (2019) 167-180.

A.A. Kilbas, H. M. Srivastava, J. J. Trujillo, in Theory and Applications of Fractional Dif-
ferential Equations, North-Holland Mathematics Studies, vol. 204, Elsevier Science B.V.,
Amsterdam, 2006.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional dif-
ferential equations, North-Holland Mathematics Studies, 204, Elsevier, Amsterdam, 2006.


2013
(2017)
410 (2022) 114204
2021, 5, 22
45(2) (2019) 167-180
2006

BIBLIOGRAPHY 108

[77]

[78]

[79]

[30]

[81]

[82]

[33]

[88]

[89]

[90]

[91]

[92]

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differ-
ential Equations. Elsevier Science B.V, Amsterdam 2006.

F. C. Klebaner, Introduction to stochastic calculus with applications, World Scientific Pub-
lishing Company, 2012.

S. Kumar, Mild solution and fractional optimal control of semilinear system with fixed
delay.J. Optim. Theory Appl. 2017, 174,108-121. [CrossRef]

S. Kumar, S.M. Abdal, Approzimate controllability of non-instantaneous impulsive semi-
linear measure driven control system with infinite delay via fundamental solution. IMA J.
Math. Control. Inf. 2021, 38, 552-575.

V. Kumar, M. Malik, A. Debbouche, Stability and controllability analysis of frac-
tional damped differential system with non-instantaneous impulses, Appl. Math. Comput.,
391(2021)125633.

Kwanicki M., Ten equivalent definitions of the fractional Laplace operator. Fractional
Calculus and Applied Analysis, Vol: 20(1), pp. 7-51 (2017).

V. LAKSHMIKANTHAM, S. LEELA AND J. V ASUNDHARA, Theory of Fractional
Dynamic Systems, Cambridge Academic Publishers, Cambridge, 2009.

V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of fractional dynamic
systems, Cambridge Scientific Publishers, Cambridge, 2009.

M. Li, A. Debbouche, J. Wang Relative controllability in fractional differential equations
with pure delay. Math. Methods Appl. Sci. 2018,4,8906-8914.

Jacques-Louis Lions, Controle a moindres regrets des systémes distribues, C. R. Acad. Sci.
Paris Sér. I Math., 315(12) : 1253-1257,1992.

J.-L. Lions. Controle optimal de systémes gouvernés par des équations auz dérivées par-
tielles. Avant propos de P. Lelong. Dunod, Paris; Gauthier-Villars, Paris, 1968.

H. Liu and J.-C. Chang, Existence for a class of partial differential equations with nonlocal
conditions, Nonlinear Anal. 70 (2009), no. 9, 3076-3083.

T.T. Lian, Z.B. Fan, G. Li, time-optimal controls for fractional differential systems with
Riemann-Liouville derivatives.Fract. Calc. Appl. Anal.2018,21, 1524-1541. [CrossRef]

F. Li, J. Liang and H. K. Xu, Existence of mild solutions for fractional integrodifferential
equations of Sobolev type with nonlocal conditions, J. Math. Anal. Appl. 391 (2012),
no. 2, 510-525.

J. Liu, W. Wei, W. Xu, Approzimate Controllability of Non-Instantaneous Impulsive
Stochastic Fvolution Systems Driven by Fractional Brownian Motion with Hurst Parameter
H - (0, 1 2). Fractal Fract. 2022, 6, 440.

R. M. Lizzy, Controllability of nonlinear stochastic fractional integrodifferential systems in
Hilbert spaces, In Theory and Applications of Non-integer Order Systems (pp. 345-355),
Springer, Cham, 2017.


2006
2012
2017, 174, 108-121
2021, 38, 552-575
391 (2021) 125633
2009
2018, 4, 8906-8914
315(12):1253-1257, 1992
1968
2018, 21, 1524-1541
2022, 6, 440

BIBLIOGRAPHY 109

(93] N.I. Mahmudov, Finite-approzimate controllability of semilinear fractional stochastic
integro-differential equations. Chaos, Solitons Fractals 2020, 139, 110277.

[94] F. Mainardi, Fractional calculus: some basic problems in continuum and statistical me-
chanics, in Fractals and fractional calculus in continuum mechanics (Udine, 1996), 291
348, CISM Courses and Lectures, 378, Springer, Vienna, 1997.

[95] X. MAO, Stochastic differential equations and their applications, Horwood, Chichester,
1997.

[96] Kamenova Ishteva. Mariya, Properties and Applications of the Caputo Fractional Opera-
tor.Technical report, Department of Mathematics. Uppsala University, (2004).

[97] N.I. Mahmudov, Controllability of linear stochastic systems in Hilbert spaces, J. Math.
Anal. Appl., 259(1) (2001) 64-82.

[98] A. B. Malinowska and D. F. M. Torres, Introduction to the fractional calculus of variations,
Imp. Coll. Press, London, 2012.

[99] K.S. Miller, B. Ross, An Introduction to the Fractional Calculus and Differential Equations.
John Wiley, New York 1993.

[100] K.S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differen-
tial Equations, Wiley, New York, 1993.

[101] K. S. Miller and B. Ross, An introduction to the fractional calculus and fractional differ-
ential equations, A Wiley-Interscience Publication, Wiley, New York, 1993.

[102] M. Mophou Gisele. Optimal control of fractional diffusion equation. Computers and Math-
ematics with Applications, 61(1) :68-78, (2011).

[103] G. M. Mophou, Weighted pseudo almost automorphic mild solutions to semilinear frac-
tional differential equations, Appl. Math. Comput. 217 (2011), no. 19, 7579-7587.

[104] Gisele. Mophou, Optimal control for fractional diffusion equations with incomplete data.
Journal of Optimization Theory and Applications 174.1: 176-196, (2017).

[105] Gisele. Mophou, Optimal control for fractional diffusion equations with incomplete data.
Journal of Optimization Theory and Applications 174.1: 176-196, (2017).

[106] D. Mozyrska and D. F. M. Torres, Minimal modified energy control for fractional linear
control systems with the Caputo derivative, Carpathian J. Math. 26 (2010), no. 2, 210-221.

[107] D. Mozyrska and D. F. M. Torres, Modified optimal energy and initial memory of frac-
tional continuous-time linear systems, Signal Process. 91 (2011), no. 3, 379-385.

[108] Nualart, D. The Malliavin Calculus and Related Topics; Springer: New York, NY, USA,
1995.

[109] G. M. N'Guérékata, A Cauchy problem for some fractional abstract differential equation
with non local conditions, Nonlinear Anal. 70 (2009), no. 5, 1873-1876.

[110] N. Ozdemir, D. Karadeniz and B. B. Iskender, Fractional optimal control problem of a
distributed system in cylindrical coordinates, Phys. Lett. A 373 (2009), no. 2, 221-226.


1993
61(1) :68 - 78, (2011)

BIBLIOGRAPHY 110

[111] F. Oliva, and F. Petitta, On singular elliptic equations with measure sources. ESAIM:
Control, Optimisation and Calculus of Variations 22.1(2016) ,289-308.

[112] L. Orsina, Elliptic equations with measure data, in Lecture notes of the course Analisi
Superiore (2012/2013) .http://wwwl.mat.uniromal.it/people/orsina/

[113] M. D. Ortigueira, On the initial conditions in continuous time fractional linear systems,
Signal Process. 83 (2003), 2301-2309.

[114] Piotr. Ostalczyk, Discrete fractional calculus: applications in control and image process-
ing. Vol. 4. World scientific, 2015.

[115] N. Ozdemir, D. Karadeniz, B.B. Iskender, Fractional optimal control problem of a dis-
tributed system in cylindrical coordinates. Phys. Lett. A 373, No 2 (2009), 221226.

[116] A. Pazy, Semigroups of linear operators and applications to partial differential equations,
Applied Mathematical Sciences, 44, Springer, New York, 1983.

[117] 1. Podlubny, Fractional differential equations, Mathematics in Science and Engineering,
198, Academic Press, San Diego, CA, 1999.

[118] X. Pan, X.W. Li, J. Zhao, Solvability and optimal controls of semilinear Riemann-
Liouville fractional differential equations.Abstr. Appl. Anal.2014, 2014, 216919. [CrossRef]
[PubMed]|

[119] N.S Papageorgiou, V.D Radulescu and D.D.Repovs, Nonlinear Analysis: Theory and
Methods.Springer Monographs in Mathematics.

[120] H.K. Pathak, an introduction to nonlinear analysis and fized point theory.springer.

[121] A. Pazy, Semigroups of linear operators and applications to partial differential equations.
Applied Mathematical Sciences 44. Springer-Verlag, New York (1983).

[122] A.Pazy, Semigroups of linear operators and applications to partial differential equations.
Applied Mathematical Sciences 44. Springer-Verlag, New York (1983).

[123] 1. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering,
vol. 198, Academic Press, San Diego, CA, 1999.

[124] A.C. Ponce, Selected problems on elliptic equations involving measures.University of Lou-
vain, 2017.

[125] G.Da. Prato, J. Zabezyk, Stochastic Equations in Infinite Dimensions. Encyclopedia of
Mathematics and its Applications, Cambridge University Press, Cambridge, second edition
(2014).

[126] G. Da Prato, J. Zabczyk, Stochastic Equations in Infinite Dimensions. Encyclo-pedia of
Mathematics and its Applications, Cambridge University Press, Cambridge, second edition
(2014).

[127] C. Prévot, M. Rockner, A Concise Course on Stochastic Partial Differential Equations.
Lecture Notes in Mathematics, Vol 1905, Springer, Berlin, (2007).


22.1 (2016), 289-308
(2012/2013). http://www1.mat.uniroma1.it/people/orsina/
2015
1999

BIBLIOGRAPHY 111

[128] A. Prignet, Conditions auz limites non homogenes pour des problemes elliptiques avec
second membre mesure. Annales de la Faculté des sciences de Toulouse: Mathématiques.
Vol. 6. No. 2. 1997.

[129] P. Pucci, and J. Serrin, The strong maximum principle revisited. Journal of Differential
Equations 196.1 (2004), 1-66.

[130] M. Réckner, Introduction to stochastic partial differential equations. Lecture Notes, Pur-
due University, version (2007).

[131] T. Roubicek, Nonlinear partial differential equations with applications. Vol. 153.
SpringerScienceandBusinessMedia, 2013.

[132] T. Runst, W. Sickel, Sobolev spaces of fractional order, Nemytskij operators, and non-
linear partial differential equations. vol. 3, de Gruyter Series in nonlinear Analysis and
Applications, ISBN 3-11-015113-8 (1996).

[133] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional integrals and derivatives,
translated from the 1987 Russian original, Gordon and Breach, Yverdon, 1993.

[134] S. Salsa, Partial differential equations in action: from modelling to theory. Vol. 99.
Springer, 2016.

[135] J. Sabatier, O. P. Agrawal and J. A. Tenreiro Machado, Advances in fractional calculus,
Springer, Dordrecht, 2007.

[136] R. Sakthivel, R. Ganesh, Y. Ren, S.M. Anthoni, Approzimate controllability of nonlinear
fractional dynamical systems. Commun. Nonlinear Sci. Numer. Simulation 2013, 18, 3498-
3508.

[137] R. SAKTHIVEL, R. GANESH, Y. REN, S. M. ANTHONI, Approzimate controllability of
nonlinear fractional dynamical systems, Commun. Nonlinear Sci. Numer. Simul. 18(2013),
3498-3508.

[138] R. SAKTHIVEL, R. GANESH, S. SUGANYA, Approximate controllability of fractional
neutral stochastic system with infinite delay, Rep. Math. Phys. 70(2012), 291-311.

[139] M. R. Sidi Ammi, E. H. El Kinani and D. F. M. Torres, Existence and uniqueness of
solutions to functional integro-differential fractional equations, Electron. J. Differential
Equations 2012 (2012), no. 103, 9 pp.

[140] R. Sakthivel, N. I. Mahmudov and J. J. Nieto, Controllability for a class of fractional-order
neutral evolution control systems, Appl. Math. Comput. 218 (2012), no. 20, 10334-10340.

[141] R. Sakthivel, Y. Ren, A. Debbouche, N. I. Mahmudov, Approximate controllability of
fractional stochastic differential inclusions with nonlocal conditions. Appl. Anal. 2016, 95,
2361-2382.

[142] R. SAKTHIVEL, P. REVATHI, Y. REN, Euxistence of solutions for nonlinear fractional
stochastic differential equations, Nonlinear Anal. 81(2013), 70-86.

[143] R. Sakthivel, P. Revathi, Y. Ren, Existence of solutions for nonlinear fractional stochastic
differential equations. Nonlinear Anal. Theory Methods Appl. 2013, 81, 70-86.


153. Springer Science and Business Media, 2013
153. Springer Science and Business Media, 2013

BIBLIOGRAPHY 112

[144] S.G. SAMKO, A.A. KILBAS AND O. I. MARICHEV, Fractional Integrals and Deriva-
tives, Theory and Applications, Gordon and Breach, Amsterdam, 1993.

[145] S. Samko, A. Kilbas, O.I. Marichev, Fractional integrals and derivatives, Theory and
applications. Gordon and Breach Science Publishers, Switzerland (1993).

[146] T. Sathiyaraj, P. Balasubramaniam, Controllability of fractional higher order stochastic
integrodifferential systems with fractional Brownian motion. ISA Trans. 2018, 82, 107-119.

[147] E. Scalas, R. Gorenflo, F. Mainardi, Fractional culculus and continous-time finance II:
the waiting-time distribution. Physica A. Vol. 287(3-4), pp. 468-481 (2000).

[148] G. Shen, R. Sakthivel, Y. Ren, M. Li, Controllability and stability of fractional stochastic
functional systems driven by Rosenblatt process, Collect. Math., 71(1) (2020)63-82.

[149] M. E. Taylor, Partial differential equations 1. Basic Theory. Applied Mathematical Sci-
ences V 115. Springer (1996).

[150] V. Thomee, Galerkin finite element methods for parabolic problems. Springer series in
computational mathematics, Springer-Verlag, Berlin. vol. 25 (2006).

[151] D. F. M. Torres, A. B. Malinowska, Introduction to the fractional calculus of variations,
World Scientific Publishing Company, 2012..

[152] H. Triebel, Theory of function spaces I1. vol. 84, Monographs in Mathematics, Birkh auser
Verlag, Basel, (1992).

[153] H. Triebel, Interpolation theory, function spaces, differential operators. Second edi-tion.
ISBN 3-335-00420-5, Johann Ambrosius Barth, Heidelberg, (1995).

[154] H.Triebel, Theory of function spaces. vol. 78, Monographs in Mathematics, Birkh auser
Verlag, Basel, (1983).

[155] R. Triggiani, A note on the lack of exact controllability for mild solutions in Banach
spaces. SIAM J. Control Optim. 1977, 15, 407-411.

[156] C. A. Tudor, Analysis of the Rosenblatt process, ESAIM Probab. Stat., 12 (2008) 230-257.

[157] B. S. Vadivoo, Controllability analysis of nonlinear fractional order differential systems
with state delay and non-instantaneous impulsive effects, Discrete Contin. Dyn. Syst. Ser.
S, 13(9) (2020) 2561. .

[158] B. Wang, Dynamics of fractional stochastic reaction-diffusion equations on unbounded
domains driven by nonlinear noise, Journal of Differential Equations, 268(1) (2019) 1-59.

[159] J. Wang, M. Feckan, A general class of impulsive evolution equations. Topol. Methods
Nonlinear Anal. 2015, 46 915-933.

[160] J. Wang, M. Feckan, Y. Zhou, A survey on impulsive fractional differential equations.
Fract. Calc. Appl. Anal. 2016, 19, 806-831.

[161] X. Wang, D. Luo, Q. Zhu, Ulam-Hyers stability of caputo type fuzzy fractional differential
equations with time-delays. Chaos, Solitons Fractals 2022, 156, 111822.


71(1) (2020) 63-82

BIBLIOGRAPHY 113

[162] J.R. Wang, Y. Zhou, Ezistence and controllability results for fractional semilinear differ-
ential inclusions. Nonlinear Anal.2011, 12, 3642-3653. [CrossRef]

[163] J. Wang, Y. Zhou, A class of fractional evolution equations and optimal controls. Nonlin-
ear Anal. Real World Appl. 12, No 1 (2011), 262272.

[164] J. R. Wang, Y. Zhou, W. Wei and H. Xu, Nonlocal problems for fractional integrodiffer-
ential equations via fractional operators and optimal controls, Comput. Math. Appl. 62
(2011), no. 3, 1427-1441.

[165] Z. Yan, X. Jia, Ezistence and controllability results for a new class of impulsive stochastic
partial integro-differential inclusions with state-dependent delay. Asian J. Control. 2017,
19,8746899.

[166] Z. Yan, F. Lu, Approzimate controllability of a multi-valued fractional impulsive stochastic
partial integro-differential equation with infinite delay, Appl. Math. Comput., 292(2017)
425-447.

[167] P. Yang, J. Wang, M. Feckan, Boundedness, periodicity, and conditional stability of
noninstantaneous impulsive evolution equations. Math. Methods Appl. Sci. 2020,43,
5905-5926.

[168] H.P. Ye, J.M. Gao, Y.S. Ding, A generalized Gronwall inequality and its application to a
fractional differential equation. J. Math. Anal. Appl. 2007, 328, 1075-1081. [CrossRef]

[169] K. Yosida, Functional Analysis. Springer-Verlag Berlin Heidelberg New York 1971.

[170] S. D. Zaidman, Abstract differential equations, Research Notes in Mathematics, 36, Pit-
man, Boston, MA, 1979.

[171] E. Zeidler, Nonlinear Functional Analysis and Its Applications: I1/B: Nonlinear Mono-
tone Operators. Springer Science and Business Media, 2013.

[172] E. Zeidler, Nonlinear functional analysis and its applications. II/A, translated from the
German by the author and Leo F. Boron, Springer, New York, 1990.

[173] L. Zhang, B. Ahmad, G. Wang and R. P. Agarwal, Nonlinear fractional integro-differential
equations on unbounded domains in a Banach space, J. Comput. Appl. Math. 249 (2013),
51-56.

[174] X. Zhao, N. Duan and B. Liu, Optimal control problem of a generalized GinzburgiLandau
model equation in population problems, Math. Meth. Appl. Sci. 37 (2014), no. 3, 435-446.

[175] X. Zhang, X. Huang, Z. Liu, The existence and uniqueness of mild solutions for impulsive
fractional equations with nonlocal conditions and infinite delay, Nonlinear Anal. Hybrid
Syst., 4(4) (2010)775-781.

[176] Y. Zhou and F. Jiao, Nonlocal Cauchy problem for fractional evolution equations, Non-
linear Anal. Real World Appl. 11 (2010), no. 5, 4465-4475.

[177] Y. Zhou and F. Jiao, Existence of mild solutions for fractional neutral evolution equations,
Comput. Math. Appl. 59 (2010), no. 3, 1063-1077.


2017, 19, 8746899
2017, 19, 8746899
292 (2017) 425-447
292 (2017) 425-447
2020, 43, 5905-5926
2020, 43, 5905-5926
2007, 328, 1075-1081
1971
4(4) (2010) 775-781

[178] Y. Zhou, J. Wang, L. Zhang, Basic Theory of Fractional Differential Equations; World
Scientific Publishing Co. Pte. Ltd.: Hackensack, NJ, USA, 2017.

[179] J. Wang and Y. Zhou, A class of fractional evolution equations and optimal controls,
Nonlinear Anal. Real World Appl. 12 (2011), no. 1, 262-272.

[180] Y. Zhou, L. Zhang, X.H. Shen, Ezxistence of mild solutions for fractional evolution equa-
tions.J. Integral Equ. Appl. 2013, 25,557-586. [CrossRef]

114


2013, 25, 557-586

	Acknowledgements
	Abstract
	Résumé
	The List Of Works
	Notations
	Introduction
	1 MaroonPreliminary Background
	1.1 On some functional aspects
	1.1.1 Basic notions and some useful results
	1.1.2 Laplace operator
	1.1.3 Fractional Laplacian

	1.2 Fractional calculus 
	1.2.1 Special functions 
	1.2.2 Riemann-Liouville fractional integral
	1.2.3 Riemann-Liouville fractional derivative operator
	1.2.4 Fractional Green's formula
	1.2.5  The left and right Caputo fractional derivatives 

	1.3 Generalities on the semigroup theory
	1.3.1 Semigroups of linear operators
	1.3.2 Hille-Yosida theorem
	1.3.3 A C0-semigroup's dualities
	1.3.4 Semi-compact operator group
	1.3.5 Solution mild (Solution in the sense of semigroups)

	1.4 Wiener processes and stochastic integrals in a Hilbert space
	1.4.1 Wiener processes on Hilbert spaces
	1.4.2 Q-Wiener processes
	1.4.3 Cylindrical Wiener processes
	1.4.4 Some notions in the one dimensional case
	1.4.5 Stochastic integrals in Hilbert spaces
	1.4.6 Stochastic differential equations in infinite dimension

	1.5 Finite Dimensional Linear Control Dynamical Systems
	1.5.1 Ordering system
	1.5.2 Linear systems
	1.5.3 Optimal control

	1.6 Infinite dimension controllability
	1.6.1 The Controllability Gramian
	1.6.2 Approximate controllability


	2 Maroon Approximate Controllability of Delayed Fractional Stochastic Differential Systems with Mixed Noise and Impulsive Effects
	2.1 Introduction
	2.2 Preliminaries
	2.3 Solvability Results
	2.4 Approximate Controllability
	2.5 Conclusions

	3 MaroonNonlinear fractional order neutral-type stochastic integro-differential system with rosenblatt process a controllability exploration
	3.1 Introduction
	3.2 Preface
	3.3 Main results
	3.4 Controllability Criteria of Nonlinear System
	3.5 Examples
	3.6 Conclusions

	4 MaroonOptimal control for a class of Sobolev-type fractional nonlocal evolution system
	4.1 Introduction
	4.2 Preliminaries
	4.3 Main results
	4.4 Optimal controls

	 Conclusion
	Bibliography

