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Introduction

The Algebra 1 course, which covers the first semester, is aimed at first-year undergraduate
students in computer science (LMD) and engineering students. It can also be used by students
at various levels.

As per the core curriculum, the course contains four chapters. A number of examples are
given to enhance the information and guarantee that the ideas being covered are understood.
A number of exercises with solutions are included at the conclusion of each chapter to help
students solidify their comprehension.

The format of this course is as follows:

e Propositional logic is covered in the first chapter.

o Basic ideas related to set theory, binary relations, and applications are discussed in the

second chapter.
e Group theory is presented in the third chapter.

e The idea of polynomials with indeterminacy, coefficients in a ring, and the method of

decomposition into rational fractions are treated in the last chapter.



CHAPTER 1

Mathematical logic

Logic can be defined as the science of reasoning. It represents a non-empirical science like
mathematics. Its objective is to discern between sound and flawed reasoning. Making inferences,
or deriving conclusions from facts, data, and information.

The following elements must be present in every well-written mathematical theory.

Definition 1.1. An axiom is a claim that is made without any effort to prove it and is taken
for granted. Stated differently, a principle that serves as the foundation for a self-evident

demonstration.

Example 1.1. Fuclid’s axioms for plane geometry

e There is always a line that passes through two points on the plane.
o Any segment can be extended along its direction into an (infinite) line.

e From a segment, there exists a circle whose center is one of the points on the segment and

whose radius is the length of the segment.
e Fvery right angle is equal to every other right angle.

e There is only one line parallel to a line that passes through a point located outside that

line.
Example 1.2. Peano’s axioms for the construction of integers

The element called zero and noted 0 is a natural number.

o FEvery natural number n has a unique successor, denoted s(n), which is a natural number.
e 0 is not a successor of any natural integer.
o The successor’s injectivity is Vx,y € N:s(x) = s(y) = x=y.

2



e The set of natural numbers N is the only set that includes O and the successors of each of

its elements.

Definition 1.2. A proposition is a statement that can be true or false, not both at the same

time.
Example 1.3. V4= —2 is a false proposition.
Example 1.4. |-5| =5 is a true proposition.

Remark 1.1. A propositional form is any mathematical expression containing a variable x that

cannot be said to be true or false.

Example 1.5. x be a positive real number, is a propositional form, it becomes a proposition

depending on the value assigned to x.

Definition 1.3. A definition is a statement in which we describe the particularities of a math-

ematical object.

Example 1.6. A set A is considered convex, if tx+ (1 —1)y stays in A for any x,y in A and t in
[0, 1].

Definition 1.4. A demonstration, also known as a proof, is the accomplishment of a procedure

that enables one to proceed from presumptions to conclusions.

Definition 1.5. A lemma is a minor result or a known partial result used to prove a major

result.
Definition 1.6. A theorem is a result of major importance.
Definition 1.7. A corollary is a consequence of a theorem.

Definition 1.8. A conjecture is a mathematical result that we believe to be true but cannot

prove.

Definition 1.9. A proposition, denoted by the letters P,Q,R, etc., is a mathematical assertion

that may or may not be true.
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There is a corresponding truth table for each proposition.

P P
V or 1
F 0

In general, there are 2" ways for attribution of the truth table for every n propositions.

i2 i1 S i2 i1 S i4 i2 i1 S
0 0 0 0 O
0 1 0 0 1
1 0 0 1 0
1 1 0o 1 1
1 0 0
1 0 1
1 1 0
1 1 1

inputs:2—rows:4 = 22
inputs:3—rows:8 = 23

inputs:4—rows:16 = 2*

e e == R == R s B o Bl o Bl ao B ao BN e
= = = 2 O O O O = = = OO o O
— om0 O R R OO R = OO R~ OO
—_ O R O R O R, O Rk O R O F, O =, O
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1.1 Logic connectors
Logical connectors are tools for turning preexisting propositions and generating new ones.

1.1.1 Negation of a proposition

The negation of a proposition P is a proposition denoted P which is the opposite or contrary of

the proposition P. It is defined from the following truth table.

P P
1 0
0 1

Example 1.7. P:x*>+1> 0 its negation is P: x> +1 < 0.

1.1.2 Conjunction

The logical connector A, or conjunction, links the assertions P and Q to the statement PAQ,
which is true if P and Q are both true at the same time and false otherwise. The following truth

table defines it.

P O PAQ
1 1 1
1 0 0
0 1 0
0 0 0

Example 1.8. Let P the assertion “This card is a queen”, and Q the assertion “This card is a
club”. The proposition PAQ is true if the card drawn is the queen of clubs and false otherwise.
1.1.3 Disjunction

The logical connector V, or disjunction, links the assertions P and Q to the statement PV Q,

which is false if P and Q are both false at the same time and true otherwise. The following
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truth table defines it.

P QO PVQ
11 1
1 0 1
0 1 1
00 0

1.1.4 Implication

The logical connector =, or implication, links the assertions P and Q to the statement P = Q,

which is false if P is true and Q are is false and true otherwise. The following truth table defines

it.
P Q P=0Q
11 1
1 0 0
01 1
00 1

1.1.5 Equivalence

The logical connector <, or implication, links the assertions P and Q to the statement P < Q,
which is true if P and Q are both false or true at the same time and false otherwise. The

following truth table defines it.

P QO P&
1 1 1
1 0 0
0 1 0
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1.2 Properties of logical connectors

Definition 1.10. A tautology is an assertion that holds true regardless of the truth values of

the propositions that make it up.

Proposition 1.1. The following propositions are tautology regardless the truth values of the

propositions, P,Q and R.
e« PVP,
« PP,
« PAP&P,
« PVP &P,
« PANQS QAP
e PVO< QVP,
« (PAQ)AR= QA (PAR),
« (PVQ)VR<= QV(PVR),
« PA(QVR)= (PAQ)V (PAR),
« PV(QAR)& (PVQ)A(PVR),
e« P=Q&=PVOQ,

e« P05 0=P,

.
Q
~l

ANQ < PV,

.
Q
~l

VO & PAQ,
e P=0)AN(Q=R)=(P=R),
« PeQ0)= (P=0)N(Q=P).

Proof. 1t is enough to draw up the truth table. O
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1.3 Mathematical quantifiers

1.3.1 Propositional form

Definition 1.11. A propositional form, is a mathematical assertion that contains one or more
variables and is true for certain values assigned to these variables and false in other situations.

They are generally represented as P(x) or P(x1,Xx2,...,X,)-
Example 1.9. “x+1> 07", this proposition is true for x > —1 and false otherwise.

From a propositional form P(x) defined on a set E, we construct new propositions called
quantified propositions using the universal quantifiers “V”whatever or existential “3”it exists at

least.

1.3.2 Universal quantifier and existential quantifier

The quantifier “whatever”, denoted V, allows us to define the proposition “Vx € E, P(x)”, which
is true for all elements x € E.

The quantifier “there exists at least”, denoted 3, allows us to define the proposition “dx €
E,P(x)”, which is true if we can find at least one element x € E that makes the proposition P(x)

is true.

Remark 1.2. We write “Ilx € E, P(x) ”if there is only one element x € E for which P(x) is true.

3! reads there is a unique.

Example 1.10. Vx € N:x(2x—3) > 0 is a false proposition. Howevere Ix € N:x(2x—3) >0 is

a true proposition.

1.3.3 Rules of negation

Consider the propositional form P(x) on a set E.

o The negation of the proposition “Vx € E,P(x)"is “Jx € E, P(x)".

o The negation of the proposition “3Ix € E, P(x)"is “Vx € E,P(x)”.

Remark 1.3. Quantifiers of various types can be combined as long as their ordering are respected

and two separate quantifiers are not switched.
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1.4 Reasonings

1.4.1 Direct reasoning

To demonstrate that the statement “P = Q”is accurate. it suffices to assume that P to be true

and we demonstrate that Q must likewise be true.

Example 1.11. Let n € N. If n is odd then n* is too.

Let n be an odd number. There exists a natural integer p such that n=2p+1. Consequently,

n* = (2p—|—1)2 =4p>+4p+1 :2(2p2—{—2p) +1. Thus, n* is odd.

1.4.2 Disjunction reasoning

It is advisable to evaluate P(x) based on the likely situations when there are several cases that
emerge while validating an assertion P(x) based on the various values of x selected from the set

E. That is, looking at each of the possible cases separately. This is a case-by-case examination.

Example 1.12. Let a,b €] —1,+1[. Let us show that |a+b| < 1+ab.

o Ifa+b<0, then |a+b|=—(a+b). Since a> —1 therefore a+ 1> 0. Similarly, we have
b+1>0.

So(1+a)(1+b)= (14+a)(1+b)=14+a+b+ab>0. Thus —(a+b) <1+ab.

o In the case where a+b >0, we have la+b| =a+b. Since a<1 and b <1, we deduce
a—1<0and b—1<0. So (a—1)(b—1)>0. Then (a—1)(b—1)=ab—a—b+1>0.

Therefore, a+b < 14+ab. Thus, the proposition is proven.

1.4.3 Reasoning by contraposition

Reasoning by contraposition is based on the following equivalence: P = Q < Q = P.

Example 1.13. Let x € R. Let us show that, if x #5Ax# —5 = 2x*> =50 # 0.

Assume that 2x* —50 = 0, then x> =25. So |x| =5. Therefore, x=35 or x = —5.
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1.4.4 Reasoning by contradiction

The following idea underpins the reasoning by contradiction used to demonstrate ”P = Q”: we
presume both that P and Q are true, and then we search for a contradiction. In other terms Q

can’t be true when P is true.

Example 1.14. Prove that the number V2 is irrational.
Assuming that v/2 is a rational integer, we can find a and b such that /2 = 5 such that a

and b are coprime with b # 0. Therefore, 2 = ,‘;—z, therefore 2b*> = a*. Since the above equation

2

makes it clear that 2 divides a*>. Then a* is even. So, there exists k such that a =2k, and

2b? = 4k> = b> = 2k*. So, 2 divides b*, which implies b* is even, then b is even. We may then

infer that ged(a,b) =2. Given that a and b are coprime, this proves that V2 is irrational.

1.4.5 Reasoning by counterexample

Finding x in E such that P(x) is false is sufficient to demonstrate that an assertion of the type

“VYx € E : P(x)”is false (keep in mind that the negation of “Vx € E : P(x)”is “Ix € E : P(x)”). To
demonstrate that an assertion of this type is true, we must demonstrate that P(x) is true for

each x in E.
Example 1.15. Show that for allx € R: (x—1)* > 0.

Clearly, if we take x =1, we find 0 > 0. So the proposition is false.

1.4.6 Induction principle

We may demonstrate that an assertion P(n), which depends on n, is true for every n € N by
using the induction principle.

Three phases make up the induction demonstration.
e Check whether the given statement is true for n = 1.
o Assume that given statement P(n) is also true for n =k, where k is any positive integer.

o Show that for each positive integer k, the result is valid for P(k+1).

. _ n(n+1
Example 1.16. Show that for alln € N\{0}: 1 +2+4...+n= (2 ),
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e Initialization : For n=1, we have 1 = 1. So, the property is true at rank 1.

o Inheritance: Assume the property P(n) is true at rank n. Let’s prove it for rank (n+1)
i.e.
(n+1)(n+2)

P(n+1):1+2+...+n+(n+1):f.

We have

Pn+1)=142+...4+n+(n+1)

=P(n)+(n+1)

=n(n2+1)+(n+1)

(n+1)(n+2)
—

Thus, P(n) is true for all n € N\ {0}.
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1.5 First Chapter’s exercises
Exercise 1.1. Which of the following statements are true, which are false, and why?
e (1<4) and (2 divides 4),
e (3<8) and (5 is a multiple of 3),
e 3<3)or(5>2),
e (2=4) and (15 is a multiple of 3),
e 3x2=8)=(2+5=9),
e 3x2=6)=(2+5=9).
Exercise 1.2. Fill in the dotted lines with the correct logical connective: < <, =>.
e XER:x2=9...x=3.
e xER:x<2...x<0.
e xER:x>2...x>0.

e xeC:x=Xx...xeR.

Exercise 1.3. Complete, where possible, with ¥,3 or 3 so that the following statements are

true.

e ..xeN:x2>0.

Exercise 1.4. Let #Z and . be two propositions. Give their negations.
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o ZNSL.
o BN .

- X = .

Exercise 1.5. Give the negation and contraposition of the following propositions:
e 3e>0,YNeN,FneN,IpeN,n>N and p >0 = |upyp —uy| < €.
e Ve>0,An >0.VxeR: |x—xo| <n=|f(x)—f(x0)] <E&.

Exercise 1.6. Using the truth table, show that
e (P=2)=(PV2).

o PV2)=>R<=((P=RZ)NZ2=2ZX).
Exercise 1.7. Are these statements true or false? Give their negations.

o« VxeR:x*>0,
e IxeR:x*>>0,
e IxeR,VyeR:x+y>0,
e xeR,IyeR:x+y>0,
e xeRVyeR:x+y>0,
e IxeR,IyeR:x+y>0,

o IxeC:x2+2x+5=0.

Exercise 1.8. Let (u,),cy be a sequence of numbers. What do the following statements mean

in words.

e VneN,IeC:u,=1.

e JIeR,VREN: U, =1
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e VIeR,IneN:u,=1.

Exercise 1.9. Consider the real functions f and g with real variables. Translate the following

expressions into quantifiers:

The function f never vanishes.

The function f only intersects the (ox) axis once.
o The function g is odd.

e The function g is bounded below.

The function f is greater than the function g.
Exercise 1.10. Show that

e« n€N:n?is odd = n is odd.

e n€N:n? is even = n is even.

o Let a,b be two positive real numbers. If {7 = % then a="b.
e Let a,b be two positive real numbers. If a < b then a < # <b.

e Let a,b be two positive real numbers. If a < b then a < vab < b.

e Let a,b be two positive real numbers. If a < b then a < % <b.
Exercise 1.11. Prove that

o Let a,b be two real numbers. If a*+b* =1, then |a+b| < 2.

. b—|a—b
o For two real numbers a,b, we have min{a,b} = ﬁf‘“‘

bt|a—b
o For two real numbers a,b, we have max {a,b} = %la‘

o ForallneN:2">p?.

o The equation: x*+2x> —5x—2 =0, has no integer solution.

Exercise 1.12. Show by induction that
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15

e VneN:n>5:2">n2

o VneN,32 1 4272 divides 7.
n

p:
e VneN, ¥ (2p)*=2n(n+1)2n+1).
p=0

o VneN\{0},2x6x...(4n—=2)=(n+1)(n+2)...(2n).

e Ve N\{0},'Y 2p—1)2=ln(4n?—1).
p=1

o YneN\{0},3 x5 1 4232 divides 17.
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1.6 Corrections of first chapter exercises

Correction of Exercise 1.1

e (1 <4) and (2 divides 4).
The first proposition (1 <4) is true, the second proposition (2 divise 4) is true.
So, the proposition is true.

P AQ is true, since both propositions are true.

e (3<8) and (5 is a multiple of 3).
The first proposition (3 < 8) is true, the second proposition (5 is a multiple of 3)
is false. So, the proposition is false.

PAQ is false, if at least one of the two propositions is false.

e 3<3)or (5>2).
The first proposition (3 < 3) is false, the second proposition (5 > 2) is true.
So, the proposition is true.

PV Q is true, if at least one of the two propositions is true.
e (2=4) and (15 is a multiple of 3).
The first proposition ( 2 =4)< (2 #4) is true, the second proposition
(15 is a multiple of 3) is true. So, the proposition is true.
e 3x2=8)= (2+5=9).
The first proposition (3 x 2 = 8) is false, the second proposition (245=9)
is false. So, the proposition is true.

P = Q is false, only if the first proposition is true and the second is false.

e 3x2=6)= (2+5=9), is false,

since (3 x2=0) is true and (2+5=9) is false.
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Correction of Exercise 1.2

Correction of Exercise 1.3

Correction of Exercise 1.4

e The negation of Z A .Y is

xeER: 2 =9 =x=3.

xeC:x=xexcR

xeR:x<2<=x<0.

xeR:x>2=x>0.

VxeR: (2—x)* =x*—4x+4.

IxeR:x*—2x+3=0.

JxeN:x* > 8.

JxeN:x* <6.

VxeN:x2 > 0.

ENS =HNS .
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« The negation of Z A.¥ is

o The negation of # = . is

Correction of Exercise 1.5

e The negation is

Ve>0,INeN,Vn e N\Vpe N,n >N and p > 0 and [uyyp —un| > €.

The contrapositive is

Je>0,YyNeN,IneN,Ip e N, |upp, —uy| > €=n <N and p <0.

e The negation is

Je >0,Vn >0,3x e R: [x—xo| <7 and |f (x) — f(x0)| > €.

The contrapositive is

Ve>0,3n >0,VxeR:|f(x)— f(x0)] > €= |x—x0| > 7.

Correction of Exercise 1.6 (P= 2) & (PV2).

P Q P2 P PV2 (P=2)& (PV2)
1 1 1 0 1 1
1 0 0 0 0 1
0 1 1 1 1 1
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(PV2)=>Z=P=>Z)N2=2R)
(1) ©)

P OQRPV2 (1) P%Z 2=% (2) (1)=(2)

1 1 1 1 1 1 1 1 1
1 1 0 1 0 0 0 0 1
1 0 1 1 1 1 1 1 1
1 0 0 1 0 0 1 0 1
0 1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 0 1
0 0 1 0 1 1 1 1 1
0 0 O 0 1 1 1 1 1

Correction of Exercise 1.7

e Vx€R:x?>0is false, just take x =0.

Its negation is:

erR:xZSO.

e IxeR:x>>0is true, for x =1, hence the existence of at least one x.

Its negation is:

VxGR:xZSO.

e dxeR,VyeR:x+y>0is false, just take y = —x.

Its negation is:

VxeR,IyeR:x+y<0.

e VxeR,IyeR:x+y >0 is true, just take y=x—1.

Its negation is:

dIxeR,VyeR:x+y<0.

e VxeR,VyeR:x+4y>0 is false, just take y=x=0.
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Its negation is:

dxeR,IyeR:x+y<0.

e IxeR,IyeR:x+y>0is true, just take y=x=1.

Its negation is:

VveRVyeR:x+y<0.

e IxeC:x*>4+2x+5=0is true, because any polynomial of degree n in C has n roots including

their multiplicities.

Its negation is:

Vx e C:x®+2x+5#0.

Correction of Exercise 1.8

« The sequence (u,),cy is a complex sequence.
« The sequence (u,),cy is a constant sequence.

« The sequence (uy),.y takes all integer values.

Correction of Exercise 1.9

e The function f never vanishes <

VxeR: f(x)#0.

o The function f only intersects the (ox) axis once <

JxeR: f(x)=0.

e The function g is odd &

VxeR,—xeR:g(—x)=—g(x).
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e The function g is bounded below <

dneRVxeR:g(x) >m.

o The function f is greater than the function g &

VxeR:f(x)>g(x).

Correction of Exercise 1.10 1 - We use contrapositive reasoning.

n?is odd = n is odd < n is even = n? is even

Since n is even = 3k € N:n = 2k. So,

2 2 2
=(2k)"=4k"=2| 2k | =2p.
n” = (2k) 2k ) =2p
p
Thus, n? is even.
2 - We use a contrapositive reasoning.
2

n? is even = n is even < n is odd = n? is odd

Since n is odd = 3k e N:n=2k—+1. So,

n*=(2k+1) =4k +4k+1=2 | 2> +2k | +1=2p+1.
N——

p

Thus, n? is odd.
3 - We use a contradiction reasoning.

We have a,b >0, 14 = ﬁ and suppose that a # b

a b
1+b l+a

<a(l+a)=0b(1+Db)

sa+d>—b—b*=0

< (a—b)+(a—b)(a+b)=0
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& (a—b)(1+a+b)=0.

Since a # b, then a—b#0. So 1 +a+b=0=a+b=—1,
which is a contradiction with the fact that a,b > 0.
So, our assumption is false. Thus a =b.

4- Since a < b, we have
a§bz>a+a§a+b:>2a§a+b:>a§#.

Hence, the first inequality is proven.

On the other hand, we have
a<b=>a+b<b+b=a+b<2b= 42 <b

The second inequality is thus proven. Thus, the desired result is obtained.

5- Since a < b and a > 0, we have
axa<axb=a*<ab=Va®=a<ab. (1.1)

Hence, the first inequality is proven.

On the other hand, we have a <b and b > 0=
axb<bxb=ab<b*=Vab<Vb>=b. (1.2)

The second inequality is thus proven. The desired result follows from (@) and (@)

6- Since a < b and a > 0, we have

axa<axb=ada* <ab
:>a2+ab§ab+ab:2ab

:>a(a+b)§2abéa§%, (1.3)

Hence, the first inequality is proven.
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On the other hand, we have a <b and b >0 =

axb<bxb= ab<b*
=2ab < b*+ab=b(a+Db)

2ab
=24 <b. (1.4)

The second inequality is thus proven. The desired result follows from (@) and (@)

Correction of Exercise 1.11 1- We will apply direct reasoning.

According to the hypothesis, we have: a®>+b?> = 1. So, we can write

a=1-0b
which implies that
1-b*>0.
Hence,
b < 1.
Thus, we conclude
b|<1e-1<b<1. (1.5)
Likewise,
b’ =1-d,
which implies that
1-a*>0.
Hence,
a? <1

Thus, we conclude

la| <1 —-1<a<l. (1.6)
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Summing (@) and (@) gives

—2<a+b<2=|a+b| <2,

which is the desired result.
2 - Two cases arise: either a <b or b < a.

If a < b, then min{a,b} = a, it yields

la—b|=b—a.

So,
atb—|la—bl a+b—(b—a) 2a

2 2 2

If b < a, then min{a,b} = b, which implies

la—b|=a—b.

and
b—la—>b b—(a—b 2b
at 2'“ | _at 2(“ ) _ = =b=min{a,b}.
Thus, min{a,b} = M holds for all real values a,b.
3 - We distinguish two cases: either a <b or b<a
If a < b, then max {a,b} = b, it yields
la—b|=b—a.
So,
b —b b+b— 2b
atbtla ]:a+ i a:—:b:max{a,b}.

2 2 2

In the case where b < a, we have max{a,b} = a. Hence

la—b|=a—b,

= — =a=min{a,b}.
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and
at+b+la—bl a+b+a—-b 2a

7 7 > =a=max{a,b}. (1.8)

The desired result follows from (@) and (@)

4 - We will apply a counterexample argument.

For n =3, we have 23 =8 > 32 =9, which is false.

Therefore, 2" > n? is not true for all natural numbers.

5 - We use the contradiction reasoning.

We assume that the equation x* +2x> —5x —2 = 0 has an integer solution.
So, x* 42 —5x=2=x(F+2x-5) =2=x\2=xec {-2,-1,1,2}.

If x = —2, it follows that (—2)*+2(—2)>=5(=2)—2=16—164+10—2=8 £0
= —2 is not a solution.

If x = —1, it follows that (—1)*4+2(=1)> =5(=1)—2=1-245-2=2+#0
= —1 is not a solution.

If x = 1, it follows that (1)*+2(1)*=5(1)—2=1+42-5-2=—-4+£0

=1 is not a solution.

If x =2, it follows that (2)*+2(2)*=5(2)—2=16+16—10—2=20+#0
= 2 is not a solution.

Thus, the equation x* 4+ 2x*> —5x —2 =0 has no integer solutions.

Correction of Exercise 1.12 1- Initialization: For n =5, we have 2° =32 > 52 =25,

the property is true at rank 0.
Inheritance: Assume the property is true at rank n. We therefore have 2" > n?.

We therefore have 2" > n? jusqu’au rang n. Let us prove it for rank (n+1), i.e.
2> (n41)7.
According to the induction hypothesis, we have
2" >n? = 2" > 202, (1.9)

On the other hand, we have
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0
n=5214vV2=n-(14v2) 20

= (n=(1-v2)) (n-(1+v2)) =0

=n*—2n1—1>0

=n®>2n+1

=2 >n’+2n+1=(n+1). (1.10)

Thus, from (@) and (), we have 2" > (n+1)%. So, ¥n>5:2" > n? is true.

2- Vn € N: 3271 4.2m42 divides 7 < & (n) : 3k € N : 3271 4242 = 7k,

Initialization: For n =0, we have & (0):32*0+1 42042 =314 -7=7x1 " k=17, the
property is true at rank 0.

Inheritance: Assume the property & (n) is true at rank n.

Let us prove it for rank (n+1) i.e.

P (n+1): 3 e N: 320D+ ot )+2 — 74/,

We have
32(n+1)+1 +2(n+1)+2

:32n+2+1 + 2n+1+2 — 32 % 32n+1 +21 % 2ﬂ+2

:9 % 32n+1 +21 % 2n+2 — (7+2) % 321’l+l +2 X 2n+2

:7 % 32n+1 +2 x 32n+1 +2 % 2I’l+2

—7 % 32n+1 +2 % 32n+1 + 2n+2 =7 % 32n+1 + 2 % Tk.

—_—
P (n)=Tk

So,

20+ D42 g o [ 32l sk | — 7k
=k'eN

Thus, & (n) is true for all n € N.
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p=0
3- Initialization: For n =0, we have & (n): Z (2p)? = %0 (0+1)(2x0+41)

= 0 =0, the property is true at rank 0.
Inheritance: Assume the property & (n) is true at rank n.

Let’s prove it for rank (n+1) i.e.

p=n+1

Yy (@p)’=

p=0

SIS

(n+1)(n+2)(2n+3).

According to the induction hypothesis, we have:

p=n 2
Y (2p)*=Zn(n+1)(2n+1).
p=0 3
So,
N o2 2 2 2
Z(2p) +(2(n+1)) :§n(n+1)(2n+l)+(2(n+l))
p=0
p=n+1 5 2 )
=) (2p = 3n(n+1) 2n+ 1) +4(n+1)
p=0
2 2 3
:§n(n+1)(2n+1)+§><4><§(n+1)2
2 3
:§(n+1) (n(2n+1)+4><2(n+1))
2 2
:§(n—|-l) (2n* +7n+6).
It is clear that 2n* +7n+6 =0 for nlz#:—Zornzz#:—%.
So,
3
20 +Tn+6=2(n—ny)(n—ny) =2(n+2) <n+2)
=n+2)(2n+3).
p=n+1 ) 5 ) )
Thus, ,Eo (2p)"=3(n+1) (202 +7n+6) =3 (n+1) (n+2) (2n+3),

is true for all n € N.
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4- Initialization: For n =1, we have 2 = 2, the property is true at rank 0.
Inheritance: Assume the property & (n) is true at rank n.

Let’s prove it for rank (n+1) i.e.

2x6x...(4n=2)(4n+2)=((n+1)+1)((n+1)+2)...(2(n+1))

—(n+2)(n+3)...(2n+2).

We have

2x6x...(4n—2)(4n+2) =2x 6 x ...(4n—2) (4n+2)

(n+1)(n+2)...(2n)

=n+1)(n+2)...(2n) (4n+2)

=2(n+1)(n+2)...2n)2n+1

(

(n+1) (n+2)...(2n)2(2n+1
)
)

)
( )
(2n+2) (n+2)...(2n) (2n+1)
( )

(n+2)...2n)(2n+1)(2n+2).

Thus, 2x6X...(4n—2) = (n+1)(n+2)...(2n), is true for all n € N\ {0}.

p=1
5- Initialization: For n = 1, we have 2 (n Z 2p—17=11(4x12-1)=13

\____v____/
(2x1-1)*=1

= 1 =1, the property is true at rank 0.
Inheritance: Assume the property & (n) is true at rank n.

Let us prove it for rank (n+1) i.e.

p=n+1

Y (@p-1)7

p=1

- %(n+1)(4n2+8n+3)

1 (4n3+8n2+3n+4n2+8n+3)=1 (4n3+12n2+11n+3)

?

%(n-i—l) (4(n—|—1)2—1)

/
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According to the induction hypothesis, we have:

i 2p—1)° ;n(4n2—1).

So,
pin(Zp— 12+ (2(n+1) 1)2
p=1
;(n+1) (4n 71)+(2(n+1)71)

Thus, & (n) is true for all n € N\ {0}.

6- Initialization:

For n=1, we have & (n):3x5* 1 4+232=3x54+2=17=17x1"k=

the property is true at rank 0.
Inheritance: Assume the property & (n) is true at rank n.

Let’s prove it for rank (n+1) i.e.

P (n+1): 3 eN:3x52mt=1 230+ )=2 _ 174/,
‘We have
3 % 52(n+1)—1 +23(n+1)—2 :3 % 52n+2—1 +23i’l+3—2

—3 x 52 % 52n—1 +23 > 23n—2

=25(3x 5" ") +8x 2>

9
17,
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=(1748) (3x 5™ 1) 48 x 272

=17 x3x5" 1 4 8x3x5 14 8x232

=17x3 x5 14 8x [3x52 14232

P (n)=17k

=17x3x5" 1 +8x 17k

=17x | 3x5" 148k | =17K.
~—_——
=k'eN\{0}

Thus, & (n) is true for all n € N\ {0}.



CHAPTER 2

Sets, Relations and Applications

Definition 2.1. A group of items (elements) with one or more characteristics is called a set.
Example 2.1. The set of natural numbers N.

Remark 2.1. An empty set, represented by the notation ¢ = {x:x#x}, is a set that has no

elements.
Remark 2.2. A singleton is a set that has just one element in it.
Example 2.2. A={1},B= {y ER:y=vV —xz}, are a segleton sets.

Definition 2.2. Let F and E be two subsets of Q. When each element of F is also an element
of E, we say that F is a subset of E or components of E. We frequently state that F is a part

of E, which we express formally as F CE.

FCE&SVxeE:xeF=xcE.

31
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Example 2.3. Consider the sets A={2,3} and B=1{1,2,3,4,5}. Clearly A C B.

Definition 2.3. If two sets, A and B, have the same items, then they are considered equal.
A=B&Vx:xeE A& xEB,

or

A=B< (ACB)AN(BCA).

Example 2.4. Consider the sets A=[—1,5] and B={x € R: |x—2| <3}. Clearly A=B.

Remark 2.3. The set of all parts of a set E constitutes a new set denoted & (E).

Example 2.5. Consider the set A={1,2,3}.

We have 2(A) = {¢,{1},{2},{3},{1,2},{1,3},{2,3} ,A}.

2.1 Operations on sets

Intersection

Definition 2.4. Let E be a set with two components, A and B. The set of items that belong to
both A and B is the intersection of the sets A and B, and it is represented by the symbol ANB,

as shown in the diagram in the figure below.
ANB={xcE:(x€A)AN(x€B)},

or

X€EANB& (x€A)A(x€B).
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Example 2.6. Consider the sets A=1{1,2,3,5,9} and B=1{1,2,7,6,8}.
Clearly ANB = {1,2}.

Remark 2.4. If two sets have an empty intersection, they are disjoint.

i.e A and B disjoint == ANB=¢.

Example 2.7. Let A=1{1,2,3,5,9} and B={7,6,8}. Clearly, we have ANB=¢.

Example 2.8. Consider the sets A={x€R:|x—1] <2} and B={x € R:|x+3| <2}. Clearly,
we have ANB = ¢.

Union

Definition 2.5. Let E be a set with two components, A and B. The union of the sets A and B
is considered the set of items which belong to at least one of the two sets A or B and is denoted

AUB, see the figure below.

AUB={x€E:(x€A)V(x€B)},

or

xX€EAUB& (x€A)V(x€B).
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Example 2.9. Consider the sets A =1{1,2,3,5,9} and B={1,2,7,6,8}. We have AUB =
{1,2,3,5,6,7,8,9}.

Example 2.10. Consider the sets A={xc€R:|x—1] <2} and B={xeR:|x+3| <2}. We
have AUB =]-5,1].

Complementary

Definition 2.6. Consider A to be a subset of E. The complement of A is the collection of items
of E that are not part of A. It is represented by A or CgA.

A=CpA={xcE:x¢A}={xcE|x¢A}.



2.1 Operations on sets 35

Example 2.11. Consider the sets A ={2,3} and B={1,2,3,4,5}.
Clearly, we have CgA = {3,4,5}.

Difference

Definition 2.7. Let E be a set with two components, A and B. We call the difference of A and
B in this order the set of elements of E belonging to A but not to B and is denoted A\B.

AB={xcE:(xcA)N(x¢B)}.

Example 2.12. Consider the sets A=1{1,2,3,5,9} and B={1,2,7,6,8}.
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Clearly, we have A\B = {3,5,9} and B\A = {7,6,8}.

Symmetrical difference

Definition 2.8. Let E be a set with two components, A and B. The set of components of E
that belong to either A or B exclusively is known as the symmetric difference of A and B, and it

is represented by AAB.

AMB={x€E:[(xeA)A(x¢B)]V[(xeB)A(x&A)]}.

The symmetric difference of A and B
AANAB

Remark 2.5. In addition, we may write AAB=A\BUB\A = (AUB)\ (ANB).

Example 2.13. Consider the sets A=1{1,2,3,5,9} and B={1,2,7,6,8}.
We have AAB = {3,5,,6,7,8,9}.

Properties of operations on sets Let A,B and C be three subsets of a set E. The properties

listed below are met.

o Commutativity

ANB=BNA and AUB = BUA.



37

2.1 Operations on sets

e Associativity
AN(BNC)=(ANB)NC and AU(BUC) = (AUB)UC.

o Distributivity
AN(BUC)=(ANB)U(ANC) and AU(BNC) =(AUB)N(AUC).

e De Morgan’s laws
Band AUB=ANB.

i—Tn Of subsets of E.

Partition Consider a set E and a family {A;}
form a partition of E, if all of the following criteria

i=1l,n

Definition 2.9. We say that the {A;}

holds
1/Ai# ¢ forallie{1,2,...,n}.
2/AiNA;j=¢ foralli,je{1,2,...,n} withi# j.

3/ _LnJlA,- —E.
=
Example 2.14. Consider the following sets E={x€R:|x—2| <2}, A={xeR:|x—1| < 1},
B= {xeR:|x=3| <1} and C = {0,2,4}. It is clear that A,B and C form a partition of E,
because they satisfy the 8 conditions listed above.

Cartesian product

Definition 2.10. The Cartesian product of the sets {Ai}i:T,n is the set comprising the elements

n
of the form (ay,ay,...,a,) such that ay € Ay and is denoted Ay X Ay X ... XA, or H]A,-.
1=

n
Al XAy X ... XA, = 'HlAi: {(a1,a2,...,a,) a; € A; for alli=1,n}.
=

Example 2.15. Consider the sets A={1,2,3} and B={a,B}, we have

AxB={(1,a),(2,a),(3,a),(1,8),(2,8),3,8)}
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2.2 Binary relation

Definition 2.11. A collection of couples of the Cartesian product E X F, whose components are
connected by a commonly recognized proposition, constitutes a relation from a set E to a set F

and s denoted X .

Remark 2.6. The relation % is referred to as a binary relation in E when F =E.

Definition 2.12. I'={(x,y) € E X E : x%Zy} is a common notation for the graph of a binary

relation on the set E, which shows that the pairings (x,y) € E X E are in relation, i.e. xZy.

Properties of binary relations in a set Consider a set E and & a relation defined in E.

Definition 2.13. The relation % is considered reflexive, if Vx € E : x%x holds.
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Remark 2.7. For a relation to be reflexive, all couples of the type (x,x) must belong to the
graph T for every x € Q, if the relation # on a set Q is represented by its graph T.

Example 2.16. Let us consider the binary relation Z on set R* as follows
V(x,y), () ER?: (x,y) Z (¥,y) & x=x.
Prove that the relation % is reflexive.

Clearly ¥ (x,y) € R?: (x,y) Z (x,y) because x = x. Consequently, Z is a reflexive relation.

Example 2.17. Consider the set Q ={1,2,3,4} and the graphs of the relations %, and %, are
I ={(1,1),(1,3),(2,2),(2.3),(3,4),(4,4)}
and I, ={(1,1),(1,3),(2,2),(3.3),(3,4),(4,2),(4,4)}, respectively.
Are the relations %\ and %, reflexive?
Since (3,3) ¢ T'1, then %) is not a reflexive relation.

Since (1,1),(2,2),(3.3),(4,4) € I, that is to say Vx € Q the pair (x,x) € T». Consequently,

%> is a reflexive relation.

Definition 2.14. The relation &% is considered symmetric, if Vx,y € E : x%y = y%x holds.
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Remark 2.8. For a relation to be symmetric, the following condition must be satisfied. If
(x,y) €T then (y,x) also belong to the graph T, if the relation Z on a set Q is represented by its
graph T.

Example 2.18. Let us consider the binary relation Z on set R* as follows
V(x,y),(,y) €R?: (x,y) Z (X,y) & x=x.
Prove that the relation % is symmetric.
Clearly ¥ (x,y) € R?: (x,y) Z (X ,y) & x=x" & (X,Y) % (x,y) because x =x". Consequently, #

s a symmetric relation.

Example 2.19. Consider the set Q ={1,2,3,4} and the graphs of the relations %, and %, are
Iy = {(1,1),(1,3),(2,2),(3.1), (3,4), (4,4)}
and T, ={(1,1),(1,3),(2,2),(3,1),(3.3),(3,4),(4,3),(4,4) }, respectively.
Are the relations %\ and %5 symmetric?
Since (3,4) € Ty and (4,3) ¢ T'1, then %) is not a symmetric relation.
Since (1,3),(3,1),(3.4),(4,3) € Iy that is to say Vx,y € Q the pair (x,y),(y,x) € 2. Conse-

quently, %, is a symmetric relation.
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Definition 2.15. The relation Z is considered antisymmetric, if Vx,y € E : xXZYNYZx = x =y
holds.

Remark 2.9. For a relation to be an antisymmetric, the following condition must be satisfied.
If (x,y) €T then (y,x) does not belong to the graph T, if the relation Z on a set Q is represented
by its graph T.

Example 2.20. Let us consider the binary relation Z on set R as follows
Vx,X €ER: x%x & x<Xx.
Prove that the relation % is antisymmetric.
Assume that xZx' and X Zx, then we obtain x <x' <x. So x=x'. Consequently, Z is an

antisymmetric relation.

Example 2.21. Consider the set Q ={1,2,3,4} and the graphs of the relations %, and %, are
Iy = {(1,1),(1,3),(2,2),(3,2), (3.4), (4.4)}
and T, ={(1,1),(1,3),(2,2),(3,1),(3,3),(4,3),(4,4)}, respectively.
Are the relations %, and %, antisymmetric?
Since (1,3),(3,2),(3,4) € 'y and (3,1),(2,3),(4,3) ¢ I'1, then %, is an antisymmetric rela-
tion.

Since both (1,3),(3,1) € Iy, then %, is not an antisymmetric relation.

Definition 2.16. The relation % is considered transitive, if Vx,y,7 € E : xZy N\y#7 = xX#z holds.
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Remark 2.10. For a relation to be transitive, the following condition must be satisfied. If
(x,¥),(y,2) €T then (x,z) must be belong to the graph T, if the relation Z on a set Q is represented
by its graph T.

Example 2.22. Let us consider the binary relation Z on set R* as follows
V(x,y),(,y) ER?: (x,y) Z(X,y) & x=x.
Prove that the relation Z is transitive.
Assume that (x,y) Z (x',y') and (X',y") Z (X",y"), then we get x=x" and X' =x". So, (x,y) Z (x",y").

Therefore, Z is transitive relation.

Example 2.23. Consider the set Q ={1,2,3,4} and the graphs of the relations %, and %, are
I ={(1,1),(1,3),(2,2),(3,2),(3,4),(1,4)}
and T ={(1,1),(1,3),(1,4),(2,2),(3,1),(3,3),(3,4),(4,4)}, respectively.
Are the relations %, and %, transitive?
Since (1,3),(3,2) € Ty but (1,2) ¢ T'y, then % is not a transitive relation.
Since (1,3),(3,4),(1,4) € I'x. Therefore, %> is a transitive relation.

Remark 2.11. Do not confuse a transitive relation with a circular relation. Because a circular
relation must verify Vx,v,z € E : xZy NyZz = z%x. The desired result is z%x not x#z as in the

transitive relation i.e. If (x,y),(y,z) €T then (z,x) must be belong to the graph T.
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Definition 2.17. An equivalent relation is defined as a relation Z on a set E that is reflexive,

symmetric, and transitive.

Example 2.24. Let us consider the binary relation Z on set R? as follows
V(x,y),(,y) €R?: (x,y) Z (X,y) & x=x.
Prove that Z is an equivalence relation.
From Example 2.16,Example 2.18 and Example 2.22 The relation X is reflexive, symmetric,

and transitive. Consequently % is an equivalence relation.

Definition 2.18. Let Z be an equivalence relation on E. The subset of E of items related to x

by # is referred to as the equivalence class of x, and the subset is denoted x or X
x={y€E:xZy}.

Example 2.25. Let us consider the equivalence relation Z on set R? as follows

V(x,y),(x,y) ER?: (x,y) Z (X,y) = x=x.

Find the equivalence class (x,y) of certain (x,y)

() ={(x.y) eR*: (x,y) 2 (¥ ')}
—{(¥,)) eR*: X =x,¥y €R}

={x} xR.
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Remark 2.12. Two equivalence classes are either identical or disjoint.

Definition 2.19. The quotient set of E by %, represented by the symbol E /2%, is the collection

of all equivalence classes.
Remark 2.13. The set of all equivalence classes of E forms a partition of E.

Definition 2.20. An order relation is defined as a relation % on a set E that is reflexive,

antisymmetric, and transitive.

Example 2.26. Let us consider the binary relation Z on set R as follows
Vx, X eR:x%x & x <.
Prove that the Z is an order relation.
Clearly, x%x and X' %x, since x < x. So, Z is a reflexive relation.
From Ezample 2.20, Z is an antisymmetric relation.
Assume that Vx,x',x" € R: x%xX'N X %x". Then x <x'NxX <X’ = x<x". Consequently, x#x".

So, Z is a transitive relation. Therefore, is an an order relation.
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Definition 2.21. The order relation is said to be of total order if any two elements of E are
comparable, in other terms, there is relation between any two elements i.e. Vx,y € E, we have

XZy or yZ#x, otherwise the order is said to be partial.
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Example 2.27. Let us consider the order relation Z on set R as follows
Vx, X €R:x%x & x<Xx.
Is the relation of total order?

Let x and y be any two real numbers, we always have either x <y ory <x. Consequently, %

is a total order relation.

2.3 Applications

Let E and F be two non-empty sets, and let f be a correspondence (f: E — F) between their

elements.

Definition 2.22. A function is a connection that relates any element of an initial set E

corresponds to at most one element of set F, named the codomain or set of destination.

Example 2.28. Consider f:{a,b,c} — {1,2,3,4}, as shown by the graphs below.
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(A) and (C) are functions, but (B) is not because the element ¢ has two different images, i.e.
flc)=2 and f(c) =3.

Example 2.29. Consider the graphs represented by the following figures
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o The graph in Figure 1 is not of function because in the region x € |—2,2[, the lines parallel

to (Oy) intersect the graph at more than one point.

o The graph in Figure 2 is of function because the lines parallel to (0y) intersect the graph

at most at one point.

Definition 2.23. An antecedent is any element of the starting set (source set). The elements

of the arrival set (target set) are called “direct images”or just “images”.

Definition 2.24. The subset of E that only includes elements that permit images is known as

the domain of definition of f, and it is represented by the notation Dy.
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Definition 2.25. The graph of a function f is denoted

Ip={(x,y) EEXF:y=f(x)}.

Definition 2.26. An application is a function which associates to any element of the starting
set E an element of an arrival set F. In other terms, there is no element of the starting set

which does not have an image i.e. E = Dy.
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Definition 2.27. Two applications f and g are equal if they have the same starting set and
the same arrival set i.e. f,g:E — F, moreover they must satisfy the following condition,

Vx€eE: f(x)=g(x).

Definition 2.28. Let f: E — F be an application and A C E. The direct image of A by f is the
subset of F that consists of elements of A by f i.e. f(A)={f(x)€EF:xe€A}.

Definition 2.29. Let f: E — F be an application and B C F. We call the inverse image of
B by f the subset of E which constitutes antecedents of the elements of B by f i.e. f~'(B) =

{x€E: f(x) €B}.

Remark 2.14. ! is just a symbol. Moreover f~! does not equal to % and f is not necessary

invertible.

Some properties of direct and reciprocal images Consider the application f:E — F.

The following claims hold true when A,B C E and C,D C F.
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« ACB= f(A) C f(B),

« f(AUB) = f(A)Uf(B),

« f(ANB) C f(A)Nf(B),

« MCN=f'(M)C f'(N),

« fTIMUN)=fH(M)UfH(N),

o fTHMON) = )N N).

Composition of the two applications Consider the two maps f:E — F and g: F — K.

Definition 2.30. The new application created from maps f and g is what we refer to as the

composition of two applications f and g. It is defined as follows gof : E s F 8 K where

(gof)(x)=g(f(x)). More specifically (go f)(x) # (fog)(x).

Definition 2.31. f is said to be injective if every element y of F has at most one antecedent
mE e

Vxi,x0 €EE: f(x1) = f(x2) = x1 = x2,

or

Vx1,0 €Eix1 #xp = f(x1) # f(x).
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X Y

Example 2.30. Consider the function f:]1,4oc0] — ]1,4eo[ given by f(x) = fj—i Show that f
18 injective.

Vxi,x €11, oo f (1) = f (x2) = T} = 24

= (x1+1)(x2— 1) = (x1 — 1)()62—{-1)

Sx0—Xx1+txn—1l=xx+x1—x—1= —x;+x2=x1—Xx2

= —2x1 = —2x = —x; = —x3. So, [ is injective.

Definition 2.32. f is said to be surjective if every element y of F has at least one antecedent
i E i.e.

VyeF,Ix€E:y=f(x).
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Example 2.31. Consider the function f:]1,4oc0] — ]1,4eo[ given by f(x) = % Show that f

18 surjective.
Vy € ]1,4o0[,Ix € |1, 40 1y = f(x) = % =yx—1)=x+1
=y—y—x—1=0=(y—1)x=1+4y because y # 1.

Then y—1#£0. So, x= ;%{ for every y in the set |1,+o0[. Hence the existence of x. Thus f

18 surjective.

Definition 2.33. f is said to be bijective if and only if it is both surjective and injective i.e.

VyeF,AxcE:y=f(x).
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A B

Example 2.32. Consider the function f:]1,4oc0] — |1,+eo[ given by f(x) = % Show that f
is bijective.

From Ezxample 2.30, f is injective, and from Example 2.51, f is surjective. So, f is bijection.
Definition 2.34. If f performs a bijection from E into F, then, there exists a unique definite

bijection from F into E which is associated with the image of its antecedent. This map is called

a reciprocal or inverse application and is denoted by f~.

Remark 2.15. If f: E — F is bijective and there exists a mapping g : F — E satisfying fog = Idp
and go f = Idg, then g = f~" where Idy is the identity mapping on the set K verifying Idx (&) = «
forall x € K.

Remark 2.16. If fog is a bijective application, then, we have (fog) ' (x) = (g7 o 1) (x).

Remark 2.17. Do not confuse reciprocal image and inverse application.
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2.4 Second Chapter’s exercises

Exercise 2.1. Demonstrate by using contradiction reasoning that the set
¢ ={(x,y) eR*: x> +y* < 1}

cannot be expressed as a Cartesian product of two R sections.
Exercise 2.2. Let E be a non-empty set, A,B,C € & (E). Show the following assertions.
e« AUBNC)=(AUB)N(AUC);
e« AN(BUC)=(ANB)U(ANC);
o Ce(AUB) =CgANCgB;
« C4(ANB) =A\B.

Exercise 2.3. We define the relation % on R? by
V(xy), () €R: (602 (X)) @ x+y=x+y.

e Prove that Z is an equivalence relation.
o Find the equivalence class of the pair (0,0).

Exercise 2.4. We define the relation % on R? by
v(x7y)7(-x/7y/) € sz ('xay)%(xln)/) ~ }X—X/} Sy/_y

e Prove that #Z s an order relation.

o Is the order total?

Exercise 2.5. We define a binary relation Z on the set N\ {0} x N\ {0} by
V(x,y), (¢,y) € N\{0} x N\ {0}, (x,y)%Z(z,w) = x"=2".

Prove that Z is an equivalence relation.
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Exercise 2.6. We define a binary relation % on the set R by
Vx,y € R, x#y <= cos’x+sin’y = 1.

Prove that Z is an equivalence relation.

Exercise 2.7. We define a binary relation % on the set N by
Vx,y €N, xZy<—= 3p,q € N\{0,1}:y= pxf.

Prove that Z is an order relation.

Exercise 2.8. Let E be a set and & (E) the set of parts of E. We define a binary relation %
on the set 2 (E) by
VA,BE #(E), AZB<~=A=B or A=B.

Prove that Z is an equivalence relation.

Exercise 2.9. A relation Z is said to be circular if it satisfies a%Zb Nb%c = cHa. Demonstrate

that Z is an equivalence relation < X is reflexive and &% is circular.

Exercise 2.10. Prove that the following functions are applications? Are they injective, surjec-

tive or bijective?

fi:N—=N HL:R—=R f3:N—=>N
X x? x > exp (—x?) x— Inx

fa:[=2,2] —0,2] f5 R\ {0} — R\ {2}

2x+1

X V4 —x? X 2L

Exercise 2.11. Let f:R\{a} — R\{B} defined by f(x) = iﬁ;; To make f bijective, find a

and BB, then provide its inverse.
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2.5 Corrections of second chapter exercises

Correction of Exercise 2.1 Let us assume that € ={(x,y) e R*:x?+y* <1} =ExF CRx
R.

Clearly, (1,0) € € because 1°+0?=1<1=1€E.

Also, we have (0,1) € € because 0> +12=1<1=1¢F.

Therefore, (1,1) €EE x F =%. But 12+ 12 =2 is not less than 1, which is a contradiction.
Therefore, the hypothesis that ¥ =E x F C R x R is false.

Correction of Exercise 2.2

o Let x be any element of AU(BNC), we have

x€AUBNC)&execAVxe (BNC)
©xeAV(xeBAxeC)
S (xeAVxeB)A(xeAVxeC)
< (xe(AUB))A(x€AUC)

sxe (AUB)N(AUC).

So, AU(BNC) = (AUB)N(AUC).

o Let x be any element of AN (BUC), we have

x€AN(BUC) execANxe (BUC)
SxeAN(xeBVxel)
S (x€eANxeEB)V(xeANxeC)
<((xe(ANB))V(xeANC)

sxe (ANB)UANC).

So, AU(BNC) = (AUB)N(AUC).

o Let x be any element of Cg (AUB), we have

x€Cp(AUB) ©x € EAx ¢ (AUB)
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Sx€EEN(x¢ANXx ¢ B)
S(x€eENxEA)N(x€EENXEB)
@(XGCEA)A(XECEB)

=X € (CEAﬂCEB)

SO, CE (A UB) = CEAQCEB.

4/ C4(ANB) =A\B

o Let x be any element of Cg (ANB), we have

x€Cs(ANB) ©xcANx ¢ (ANB)
Sxc€AN(x¢EAVx ¢ B)
S(xeANXEA)V(xeANX ¢ B)
S(xe )V (xeAA\B)
<x € (9 UA\B)

&x € A\B.

So, C4(ANB) =A\B.

Correction of Exercise 2.3 V(x,y) € R? (x,y) % (x,y), we have

X+y=x+y.

So, (x,y)Z (x,y). Thus, Z is a reflexive relation.

V(x,y),(,y) R (x,y) Z (X ,y) = (X)) Z(x,y), we have
) Z(K,y) ext+y=d+y X +y =x+ye (X)) Z(xy).

So, #Z is a symmetric relation.

V(xy), (@), (") eRE (x,3) Z (X, ) N Y)Z (X',y") = (x,9) 2 (K" y").
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We have
() Z.Y) e xty=x"+)
(xl,yl)%(x//7y//) <:>x/ +y/ — x/l _"_y//'

Summarizing, we get

x+y+xl+y/:xl+yl+x/l+y//:>x+y:x//+y//.

So, (x,y)Z (X",y"). So, Z is a transitive relation. Hence, Z is an equivalence relation.

The equivalence class of the pair (0,0) is

0,0) ={(x.y) € B> (0,0) % (x.y)}

={(x,y) eR*: x+y =0},

which represents the line y = —x (the second bisector).

Correction of Exercise 2.4 V(x,y) € R? (x,y) % (x,y), we have

x—x| <y—y=0.

So, Z is a reflexive relation.

V(x,y), () €R?, (x,3) Z (¥,Y) A (X, Y) % (x,y), we have

() Z(X,Y) e |x=x] <y —y
(Y% (x,y) & X —x| <y—y.

Summarizing, we get
‘x—x" + ‘x’—x‘ =2 }x—x'} <0=x=x.
Consequently, we have

0<y —y Y <y
= =y<y<y=y=y.
0<y—y y<y

So, Z is an antisymmetric relation.
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V), (), (") € R (x,9) Z (XY ) A (XY ) B (¢ Y") = (x,3) Z (&),
‘We have

(0, 3)Z (X ,y) & [x=x| <y —y
) B (Y e =X <y —y.

Summarizing, we get
‘x_x/‘+‘x/_x//‘ Sy’—y—l—y”—y’zy”—y.
However, the triangular inequality guarantees that
‘x—x"} < ‘x—x" + ‘x'—x”‘ .

So, we find

‘x_x//‘ Sy”—y.

In other terms (x,y)Z (x”,y"). So, % is a transitive relation. Hence, Z is an order relation.

The order is partial, just consider (¥',y’) = (x+ 1,y), which are two incomparable items.

Correction of Exercise 2.5 V(x,y) € N\ {0} x N\ {0} : (x,y)Z(x,y)
(5,1 (x,y) <= 27 = 0.

So, Z is a reflexive relation.
V(x,y), (zw) € N\ {0} x N\ {0} : (x,)Z(z,w) = (z,w)Z(x,y)
(x,0)Z(z,w) <= x" =7 <=7 =x" <= (z,w)Z(x,y).
So, Z is a symmetric relation.
V(x,y),s (2,w), (k, 1) € N\ {0} x N\ {0} : (x,) (2, w) Alz,w)Z (k1) = (x,)% (k. ])
(x, )% (z,w) <= x" =2 = winx =ylnz (2.1)

and
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(z,w)Z% (k,]) <= 7' = k" = IInz = wink. (2.2)

Multiplying (@) by (@), we get

wlnx X lInz=ylnzxX wink = Inx x [ =y xInk

=Inx=Ink =x' =k

Hence, (x,y)Z (k,l). So, Z is a transitive relation. Thus, Z is an equivalence relation.

Correction of Exercise 2.6 As for all x € R, we have

cos’x+sin’x = 1 = x%x.

So, Z is a reflexive relation.

Vx,y € R : xZy = y%#x?

Clearly,
cos’x =1 —sin’x and sin’y = 1—cos’y,
as well as
XAy <= cos’x+sin’y = 1.
Then

1 —sin®x+1—cos?y = 1.

From which, we get

2

2 —sin®x—cos?y = 1.

Therefore,

2

—sin x—coszy: —1.

Hence,

cos?y+sin’x = 1 = yZx.

So, Z is a symmetric relation.
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Vx,y,2 € R:xZy Ny#z = xHz. Since

xZy = cos?x+sin’y =1,

YRz = costy+sin’z = 1.

Summarizing, we get

cos®x+sin’y+cos’y+sinz = 1+41.
—_———

=1
Therefore,

cos’x+1+sin’z=2.

Thus,

cos’x+sin’z = 1 = x%z.

So, Z is a transitive relation. Thus, Z is an equivalence relation.

Correction of Exercise 2.7 Vx € N: x#Zx <= 3Jp,q € N\{0} : x = px?, it suffices to take

p=g=1
So, Z is a reflexive relation.
Vx,y € N, xZy and yZ%x Loy = y.

On one hand, we have

xRy <= Ap,q e N\{0} :y=px? =y >x.

On the other hand, we have

y&x <= o, f e N\ {0} :x=ayP = x> .

From (@) and (@), we conclude that y <x <y. Hence, x =y.
So, Z is an antisymmetric relation.

Vx,y,7 € Ny xZy ANyZ#z L x%z.

We have

xRy <= 3p,q € N\ {0} : y = pxv,
Y&z <= Ja, B € N\ {0} : z = ayP.

(2.3)

(2.4)
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Therefore,
1eN—{0}
=~

Zza(pxq)ﬁ = Otpﬁ X P = kx! = x%z.
~—
keN\ {0}

So, Z is a transitive relation. Thus, & is an order relation.

Correction of Exercise 2.8 Clearly, we have VA€ & (E):A=A = AZA. So, Z is a reflexive

relation.

< A=B.

ol

VA,BE P (E): AZB <—>A=BorA=B.ff A=B&o A=
Thus, B=A or B=A = BZA.

VA,B,C € P (E): AZB\BZC = A%C

AZB<+=A=Bor A=BAB#C <= B=Cor B=C.
a/fTA=BAB=C=A=C.

b/ IfA=BAB=C=A=C.

¢/ fA=BAB=C=A=C.
d/IfA=BAB=C=A=C=C.

So in all cases, we have either A=C or A =C = AZC.

Consequently, & is a transitive relation. Thus, & is an equivalence relation.

Correction of Exercise 2.9 Let us show that if Z is an equivalence relation = £ is a reflexive

and circular relation.
Z is reflexive,

Z is an equivalence relation = ¢ % is symmetric,

Z is transitive.

Since Z is a reflexive relation, it remains to be proven that it is a circular relation.

From transitivity, we have

aZb N\NbZc = aZc. (2.5)

From symmetricity, we have:

aZc = cXa. (2.6)
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Hence, (@) and (@), we have

aZbNbFc = cHa.

So, Z is circular relation.

Let us now show that if & is a reflexive and circular relation, then & is an equivalence
relation.

It suffices to show that &% is a symmetric and transitive relation, because it is a reflexive
relation.

Let us assume that aZb, as

axb N\NbFc= cHa

is satisfied for all a,b,c € E.

The relation’s still true, if we take ¢ = b.

Since Z is a reflexive relation, we have aZb \b#b = bZa.

Thus, we have aZb = b%a. So, % is a symmetric relation.

Now, by the assumption that & is a circular relation, and additionally, it is symmetric, we
have aZb \NbFc = cHa = aZc, which ensures that Z is a transitive relation. Thus, & is an

equivalence relation.

Correction of Exercise 2.10 1/

e f] is injective.
 f1 is not surjective (because integers that are not perfect squares have no antecedents).

e Since f] is not surjective, then it cannot be bijective.

2/
o f> is not injective (because fo(—1) = f2(1), but —1#1).

e f> is not injective (because real numbers that are strictly greater than 1 have no an-

tecedents).

e Since f; is neither injective nor surjective. Consequently, it is not bijective.
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3/ Zero has no image. So, f3 is not an application. Consequently, it is not injective,

surjective, or bijective.

4/

o fy is not injective (because f> (—2) = f>2(2), but —2 #2).
e f4 is surjective.

e Since f4 is not injective, then it cannot be bijective.

5/

e f5 is injective.

e f5 is surjective.

e Since f5 is both injective and surjective. Consequently, it is bijective.

Correction of Exercise 2.11 f:R\{a} — R\ {B} defined as f(x) = =!I

T 4x+2¢
For f to be a map, it must be defined, for this, it must be that 4x4+2 #£0=4x+2 # —%.

So, we take a = —1. Therefore, f: R\ {—1} — R\ {B}.

f injective < Vxj,x € E : f(x1) = f (x2) = x; = x2. We have

f(x1) =f(x2)
3xp—1  3x—1
4y +2  4dxp+2

= (3x;— 1) (4r,42) = (4x1+2) (3r, — 1)

=12x1xp —4xp +6x1 —2 = 12x1xp + 6xp — 4x; — 2

= —4x; +6x1 = 6x0 —4x1 = 10x; = 10x2 = x| = x».

Thus, f is an injective map.

f surjective & Vy e F,ax€ E:y = f(x). We have

_ 3x—1

S 4x+2
=y(4x+2)=3x—1

y=f(x)
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=3x—4xy =2y+1

=x(3—4y)=2y+1.

For3—4y#0=y# % any image will admit an antecedent, and we have x =
So, let’s take B = %. Thus, f: R\ {—%} — R\ {%} is a bijective mapping.
The inverse mapping is £~ : R\ {%} — R\ {—%} and is defined as

14+2x

-1 _
W=

2y+1

3—4y-



CHAPTER 3

Algebraic structures

3.1 General notions
Consider the non-empty set ¢.

Definition 3.1. Any application *: 9 x4 — & that connects the element xxy of 4 to any pair
of elements (x,y) of 4 x4 is referred to as an internal composition law. Stated otherwise, the

composite of two 4 components stays in 4, and we write
Vx,yEY xxy€eY.
We also say that the law * is stable in 9.
Example 3.1. Let 4 =]0,1], We define the law * by
Vx,ye ¥ :xxy=x".
e Is the law * an internal composition law?
Assume that x,y € 4, we have
O0<x<1=Inx<0.

Sinceye 94 = y>0. So
ylnx < 0.

On the other hand, we have

ylnx=Inx¥'<0=0<x < 1.

Thus *x is an internal composition law.

64
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Example 3.2. Let 4 =[0,1], We define the law * by
Vx,y€EY :xxy=x+y—1.

o Is the law * an internal composition law?

Taking x,y € ]0, % [ C 9. Clearly,
x+y<l=x+y—-1<0.

So, xxy & 9. Therefore, x is not an internal composition law.

For the remainder of the chapter, we assume that * and A are two internal composition rules

on the non-empty set ¢.

Definition 3.2. An internal composition law * is said to be commutative, if and only if:
Vx,y €4, xxy=yx*x.
Example 3.3. Let 9 =R, We define the law * by
Vx,y €Y 1 xxy=x+y+xy.

e Is the law * a commutative law?

Clearly, we have Vx,y € 9
X¥y=x+y+xy=y+x+yx=y*x.

So, * is a commutative law.

Example 3.4. Let ¢ =R, We define the law * by
Vx,y €9 x*xy=2x+3y.

o Is the law * a commutative law?
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Clearly, we have Vx,y € 4
xxy=2x+3y.

On the other hand, we have

y*x=2y+ 3x.

As x,y are chosen arbitrarily, if we take x #y, then, we have

xxy—yxx=y—x#0.

So, xxy # y*xx. Therefore x is not a commutative law.

Definition 3.3. An internal composition law * is said to be associative, if and only if

Vx,y,2 €9, xx(yxz) = (x*y) *2.

Example 3.5. Let ¥ =R, We define the law * by

Vx,y €Y i xxy=x+y+xy.

e Is the law * an associative law?

Clearly, we have Vx,y,z €94

(xxy)*xz=(x+y+xy)*z
=(x+y+xy)+z+x+y+xy)z

=X+Yy+2z2+xy+x2+yz+xyz.

On the other hand, we have

x# (yxz) =x* (y+2z+yz)
=x++z+yz)+x(y+z+y2)

=xX+y+z+yz+xy+xz+xyz.
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Obviously, from the equalities above, we have (xxy)*xz=xx(y*z). So, x is an associative law.

Example 3.6. Let 4 =R, We define the law * by

Vx,y €Y i xxy=2x+3y.

o Is the law * an associative law?

Clearly, we have Vx,y,z €9

(xxy)*z=(2x+3y) *z
=2(2x+3y)+3z

=4x+ 6y +3z.

On the other hand, we have

x* (y*z) =x*(2y+3z)
=2x+3(2y+3z)

=2x+6y+9z.

From the above equalities, we conclude that (xxy)xz#xx(y*z). Therefore x is not an associative

law.

Definition 3.4. An internal composition law * is said to be left-distributive with respect to A
n9Y, if
Vx,y,2 € G, xx (yAz) = (xxy) A(x=2z).

An internal composition law * is said to be right-distributive with respect to A in 9, if

Vx,y,2 €9, (yAz) xx = (y*x) A(z*x).

Remark 3.1. If x is distributive to the left and to the right with respect to A on 4, we say that

it is distributive.
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Example 3.7. We define the internal composition law * and T in R? by

V(x,y),(¥,)) € R%, (x,y) * (¢,)) = (x+4/,y+)) .,

() T («,)) = (e, 0y +xy).
e Show that T is distributive with respect to * in R2.

For all (x,y),(¥,y),(®",y") in R?, we have

[CGe,y)* (X )] T (X)) = (x4, y+y) T ("))

(x+xl)x//7(x+xl>yl/+x// (y+y/))

!0 1.0 /)

(
(
= (o + 2% xy" + Xy + X"y +x"y)
(
[

/A 1 /)

= xx”,xy”—i—x”y)—i—(xx XY +Xy

(x7y) T (x//’y//)] % [(x/’y/) T (x//’y//)] )

So, T is right-distributive with respect to x in R%, and since T is a commutative law in R>.

Therefore, T is distributive with respect to * in R>.

Definition 3.5. The element e of &4 is said to be left-neutral with respect to x in 4, if
JecY VNxeY  exx=x,

The element e of 4 is said to be right-neutral with respect to x in 94, if
Jee¥9 . Vxe9 :xxe=x.

Definition 3.6. ¢ is called a neutral element, if it is both a left and a right neutral element.

Remark 3.2. It will be adequate to demonstrate only one of the two aforementioned relations

in the event that * is a commutative law.

Example 3.8. Let 4 =R\ {—1}, We define the law * by

Vx,y €Y :xxy=x+y+xy.
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e Does 9 admit a neutral element with respect to the law *?

deec9d VxeG :xxe=exx=x

xxe=x+e+xe=x= (l+x)e=0

=e =0 since x # —1

As 0 € 4, then it isright-neutral. Since * is a comutative law, we conclude that 0 is a neutral

element.

Example 3.9. Let 4 =R, We define the law * by
Vx,y €Y i xxy=2x+3y.
e Does 4 admit a neutral element with respect to the law *?

de€e9 Vxe9b  :xxe=exx=x

x*e:2x+3e:x:>e:f%c.

Since e depends on x, so it is not unique. Therefore &4 does not admit a neutral element with

respect to the law *

Definition 3.7. The element X' of 4 is said to be a left-symmetric element of x with respect to
xin Y, if

Vxe9G, I €9 K xx=e,
The element X' of 4 is said to be a right-symmetric element of x with respect to * in 4, if

Jec G NxcY xxx =e,

where e is the neutral element with respect to x in 9.

Definition 3.8. X' is called symmetric element of x, if it is both a left and right symmetric

element of x.
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Remark 3.3. The symmetric element is commonly said to be the inverse of x and is denoted

x’l.

Remark 3.4. It will be adequate to demonstrate only one of the two aforementioned relations

in the event that * is a commutative rule.

Example 3.10. Let 4 =R\ {—1}, We define the law x by Vx,y € 4 : xxy =x+y+xy.
e does every element of 4 admit an symmetric element in G with respect to x?
VxEGNX €9 xxx' =x'xx=¢

/ / /
X*x =x+x +xx =0

=(1+x)x =—x

X
=x = ———— because x # —1.

1+x

x' # —1 since there is no solution to —T = — 1. Additionally, the law * is commutative.

Therefore, every element of 4 admits an inverse element in & with respect to *.

Example 3.11. Let 4 =R, We define the law * by Vx,y € 4 : xxy =2x+ 3y.
e Does G admit a neutral element with respect to the law *?

Since &4 does not admit a neutral element, we will not be able to find a symmetric element.

3.2 Group

Definition 3.9. A group is defined as any set G #£ ¢ equipped with an internal composition law
x that satisfies

e % is an associative law.
e ¥ has a neutral element with respect to *.
o Every element x €9 has a symmetric element (an inverse) x ' € 9.

Definition 3.10. If (¢,x) is a group and * is commutative, we say that (¢,%) is an abelian or

commutative group.
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Example 3.12. Let 4 = {—1,1,—i,i} with i* = —1, we define the law * by
Vx,y €9 xxy = xy.

o Is (¥,%) a group?

Clearly * is an internal composition law, since we have

—Ix—-1=1€¥9, —-1x1=—-1€¥9, —Ilxi=—i€¥Y, —1x—-i=i€¥Y,

Ix—1l=-1€¥9, Ix1=1€¥9, Ix—i=—i€¥Y, Ixi=ic¥Y,

—ix—1=ie¥9, —ixl=—ic¥9,—ix—i=—-1€¥9, —ixi=1€9¥9,

iXxX—l=—ie¥9 ixl=ic¥Y,ix—i=1c€¥Y/ixi=—-1€¥9.

SoVx,ye€Y :xxy €Y. ObviouslyVx,y,z €Y, we have xxy =yx*x. Therefore x is commutative.
Also, we have (xxy)*z=xx(y*z), then x is an associative law. 1 is the neutral element in G

with respect to . It is evident that, the symmetric element of —1 is —1, and that of —i is i and

vice versa.

Remark 3.5. The following special sets can be found in various works.

o Any set G # ¢ equipped with an internal composition law * is known as magma.

o Any set G # ¢ equipped with an internal composition law * that is associative is known as

monoid.

o Any set G # ¢ equipped with an internal composition law * that is associative and com-

mutative is known as commutative monoid.

3.2.1 Subgroup

Let (¢4,%) be a group and let s be a non-empty subset of ¥.

Definition 3.11. We say that the non-empty subset A of G is a subgroup of 4, if (%) is
a group for the law * restricted to € and we denote (H,%) < (¥,%).
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Proposition 3.1. Let (¢4,%) be a group whose e is the neutral element and 7 C 9.

H AP i.e. e € A,
(H,%) <(G,%) & Vx,y€H xxyeEH, (3.1)
Vxe:x et

Remark 3.6. The following statements are equivalent

I F£Q i.e. e€ A,
Vx,y€ I xxy€e H, <<=
Vxe H x e,

HFY ie. e I,
Vx,y€ i xxy L € A,

where y~! is the symmetric element of y in .
Remark 3.7. 4 and {e} are the trivial subgroups of 4.

Definition 3.12. Let (¢,x%) be a group and 7 C 9 a subset of 4. The subgroup & generated

by F is the smallest subgroup of 4 containing F€.

Example 3.13. Let ¥ ={z€C:|z|=1}
o Show that (¢4, %) is a subgroup of (C, x).

Clearly, 1 €9 since |1|=1=9 # ¢.

Let 71,20 €9, does 73 ><z2_1 €9 ? We have

21
22

_ 21 - |21
ZIXZQIZE:}ZIXZZI‘: :@:17

since 21,22 €9, then |z1| =1 and |z2] = 1. So z1 xz,' € 9. Therefore, (4,x) is a subgroup of

(C, x).

3.3 Group morphisms

Definition 3.13. Let (¢4,%) and (S, T) be two groups. An application f:(94,x) — (A, T) is
called a group morphism, if

Jlxxy)=fx)Tr(y)
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holds every x,y in 9.

Example 3.14. Let k€ Z and let f: (Z,+) — (Z,+) defined by : f(x) = kx.
e Is f a group morphism?

Let x,y € Z, we have

fx+y)=k(x+y) =ke+ky=f(x)+ ().
Therefore, f is a group morphism.
Proposition 3.2. Let f:(4,x) — (A, T) be a group morphism, we have

o fleg)=exn.
e X9 f(xl) = (f(x) "

Definition 3.14. Let f:(¥4,x) — (€, T) be a group morphism, if f is bijective, then, f is said

to be an isomorphism.

3.3.1 Kernel and image

Definition 3.15. The subset of &4 that we refer to as the kernel of f is denoted by
kerf={xeb:f(x)=exn}.

Definition 3.16. The subset of 2 that we refer to as the image of f is denoted by
Imf={f(x)eH:xc¥}.

Proposition 3.3. Let f:(4,x) — (A, T) be a group morphism.
o (kerf,x) is a subgroup of (¢4,x).
o (S, T) is a subgroup of (A, T).

o The map f is injective, if and only if ker f = {ex}.
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e The map f is surjective, if and only if Imf = 7.

Proposition 3.4. Let f:(4,x) — (A, T) be a group morphism. If dim¥ < oo, then

f s injective <= f is surjective <= f s bijective.

3.4 Rings
Consider a set &7 equipped with two internal composition laws x and T.
Definition 3.17. We say that (<7 ,*,T) is a ring, if

o (o, %) is a commutative group.

e T is associative law.

e T is distributive with respect to *.

Definition 3.18. (&7,x,T) is said to be a commutative ring, if (< ,%,T) is a ring and T is

commutative.
Definition 3.19. (&, ,T) is said to be a unitary ring, if (<7, *,T) is a ring and T admits a

neutral element.

3.4.1 Sub-rings

Definition 3.20. Let (< ,*,T) be a ring and ¢ # H C of . (A ,*,T) is said to be a subring,
if (,%,T) is itself a ring.

Definition 3.21. Let (< ,*,T) be a ring and ¢ # H C of . (A ,*,T) is said to be a subring,
if (A,%) < (%) and Vx,y € A, xTye€ H.

Example 3.15. We define the internal composition law * and T on R? by

V(xy), (X)) € RS, (x,y) = (x,y) = (x+x,y+),

(5,y) T (&) = (o, xy +x'y).
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Show that (Rz,*,T) be a commutative ring.

Clearly, (Rz,*) is a commutative group, whose neutral element is (0,0) and (—x,—y) the
inverse element of (x,y). From Ezample 3.7, the distributivity of T with respect to * in R? follows.
Also it is obvious that T is commutative law. It remains to prove that T is an associative law.

We have for all (x,y),(x¥,y'),(x",y") € R?

() T ()] T (") =

X xy +xy) T (X", y")

( ) (xx)y +x' (xy’—i—x’y))

"/

(o
=(
(xxx )y + X xy 4 x xy)
= (3 () (4 XY) + (7))
=(x,

NTIEY)T "]
So, T is an associative law. Thus (Rz,*,"l—) 1s a commutative Ting.

3.4.2 Integrated rings

Let +, x be two laws without reducing the general meaning and let (&7,+,x) be a ring such
that 0 is the neutral element of the 4+ law and 1 is the neutral element of the x law, and let

a € o be such that a # 0.

Definition 3.22. a is said to be a left divisor of zero in <7, if there exists x € of with x # 0,

such that axx=0.

Definition 3.23. a is said to be a right divisor of zero in <, if there exists x € & with x # 0,

such that x x a =0.

Definition 3.24. a is said to be a zero divisor in <, if it is a zero divisor on the left and on

the right simultaneously.
Definition 3.25. A ring (o7, 4+, X) is said to be integral if it does not admit any divisors of

ZET0.

3.4.3 Homomorphism-Isomorphism of rings

Let (o7 ,*,T) and (4,V, L) be two rings, and let f: .o — A.
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Definition 3.26. We say that f is a ring homomorphism, if it verifies

« Vxyed, flxxy)=f()VF ()

« Vxyed, f(xTy)=f(x)Lf(y).
Definition 3.27. We say that f is a ring isomorphism, if f is a bijective homomorphism.
Definition 3.28. We say that f is a ring endomorphism, if f is a homomorphism and &/ = A.

Definition 3.29. We say that f is a ring automorphism, if f is a bijective endomorphism.

3.4.4 Ideals

Let («7,%,T) be a ring and ¥ C 7.

Definition 3.30. We say that .Z is a left ideal of <, if
o (F,%) is a subgroup of (&, %).
e Vxed Vye I, yTxe S,

Definition 3.31. We say that .# is a right ideal of <of , if
o (S,%) is a subgroup of (o, *).
o Vxed Vye I xTye /.

Definition 3.32. If .¥ is simultaneously a left and right ideal of o , we refer to it as a two-sided

ideal.

Remark 3.8. If («7,*,T) is a commutative ring, then every ideal is two-sided.

3.5 Fields
Definition 3.33. (&7,*,T) is called a field, if
o (%) is a commutative group.

o (A\{e},T) is a group.
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e T is distributive with respect to *.

The following definition is equivalent to Definition 3.33.
Definition 3.34. (&7,*,T) is called a field, if
o (o, %, T) is a unit ring.
o Ewery element of o —{e} admits a symmetry where e is the neutral element of the law *.

Definition 3.35. (&7, ,T) is said to be a commutative field, if (<7 ,%,T) has a field structure

and T s commutative.

Proposition 3.5. Every field (< ,+,T) is an integral ring.
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3.6 Third Chapter’s exercises
Exercise 3.1. Let 4 =]—1,1]. We define the law * by

xX+y
1+xy

Vx,y€Y 1 xxy=

e Prove that x is an internal composition.

o Show that (¢,%) is an abelian group.

Exercise 3.2. Prove that (Rz,—l—) is an abelian group, where T is defined as follows
V(x,y), (x’,y’) cR?: (x,y) T (x’,y’) = (x—i—x',yexl —i—y’ex) .
Exercise 3.3. Let (4,*) be a group with neutral element e, such that * satisfies

Vx€¥  : xxx=e.

1 1

e Prove that (x>l<y)_1 =y lxx~! where 77! is the symmetric element of z.

o Prove that (¢,%) is an abelian group.

Exercise 3.4. Let (H,V) and (G,A) be two subgroups of R. Consider the map ¢ : (H,V) —
(G, ).

Check if @ is a group homomorphism in the instances listed below:
o ¢:(R,+)— (R\{0},x), where ¢ (x) =e*.
o ¢:(RT, x)— (RT,x), where ¢ (x) =+/x.
o ¢:(]0,400[,x) = (R,+), where ¢ (x) =Inx.
Exercise 3.5. Let o = {x: a+bV2:a,bc Z}.
o Prove that (<7,+,.) is a ring.

o We denote by ¢ (a—l—b\@) = a® —2b*. Prove that Vx,y € o/, we have @ (xy) = ¢ (x) ¢ (y).
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o Deduce that the invertible elements x of </ verify ¢ (x) = £1.

Exercise 3.6. Let o/ =R?. We define the internal composition laws + and x by

V(x,y), (.)€, (x,y)+ (¥,)) = (x+x,y+))
(x,y) x (x/,y/) = (xx/ —yw,x +x’y) .
o Show that (7 ,+,X) is a ring.
o Is (o, +,X) a field?
Exercise 3.7. Let (</,+,.) be a ring, and assume Vx € o7, x> = x.
o Show that Vx € o7, 2x =0.
o Prove that (#/,+,.) is a commutative ring.

Exercise 3.8. We define the law * on ]2,4oco] by xxy = (x—2)(y—2)+2.
o a/ Show that x is an internal composition distribution on ]|2,oeo].
Lett f:]0,+oo[ — ]2, +oo[ such that f(x) = 2t
o b/ Show that f is an isomorphism from (]0,~4eo[,x) to (]2,4oo[, ).

Exercise 3.9. We define the law * on |3,+eo| by x*y=xy—3x—3y+12.

e Calculate xxy—3.

Show that * is an internal composition law on ]3,4-co].
e Does x admit a neutral element?

o Does every element of |3,+oe0 admit a symmetric element with respect to x.

Exercise 3.10. We define the internal composition law * on R\ {0} x R\ {0} by
Y(x,y), (x/,y/) € R\ {0} x R\ {0}, (x,y) * (x',y’) = (xx',xy/ —l—x’y) .

Show that (R\ {0} x R\ {0},%) is a commutative group.
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Exercise 3.11. We define the internal composition law * on R by

VYa,beR:axb=a+b—+3.

Consider the map f, where

fi(R, %) — (R,+)
x—ax+f

o Show that (R,*) is a commutative group.

o Find a relation between o and B so that f is a group morphism.
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3.7 Corrections of third chapter exercises
Correction of Exercise 3.1 1/ Vx,ye ¥ :xxy€ ¥
Since x,y € ¢4, we have
x<l1 x—1<0
= =@x-1)(-1)>0
y<l1 y—1<0
=xy—x—y+1>0=xy+1>x+y. (3.2)
However, we also have
—1<x<1 x| <1
= = [y = oyl <1
-l<y<1 vl <1
>—l<xy<l=0<l4xy<2. (3.3)
Hence, 1+xy > 0. Thus, from (@) and (@), we conclude that
x+y 1+xy
1> = < =1. 3.4
xy+1>x+y o S Tim (3.4)
On the other hand, we have
—1<x x+1>0
= (1) (+1) >0
—1<y y+1>0
=xy+x+y+1>0=xy+1>—(x+y). (3.5)
Since 1+xy > 0, then
1
—<x+y><xy+ o< XY (3.6)

From (@) and (@), we get

x4+
< Y
1+xy
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Therefore, xxy € 4. So * is an internal composition law.
4

* is commutative,

) ) * is associative,
2/ (4,%) is an abelian group <=

existence of a neutral element,

every element admits a symmetry.
% is commutative < Vx,y € ¢4 : xxy = yxx. We have

x Xty  y+x .
y= I+xy l—i-yxiy

X,

because addition and multiplication are commutative in R.

* is associative < Vx,y,z € G : (xxy)*z =x*(y+z). We have

x+y
+z

= 3.7)
x+y (
1+ xy 1+ 52
x+y+z(1+xy) X+y+z+xy
T Ity . 1+ny - _ X+y+z4xyz
- xz+yz ldxyFxztyz
1+ 35 T ITaytazdyz

and

x4 L=
X (y*2z) Zx*<y+z>: 1+yz

3.8)
y+z ( :
1+yz I+ x5 e
x(1+yz)+y+z X+xyz+y+z
. I+yz . 1+yz X+ xyz+y+z
T lyrtwytxz T Iyztotaz ] xy+xz
1+yz 1+yz - yz ™ Y

Since (@) = (@) < % is associative.

The existence of a neutral element in ¢4 with respect to *

SJeebG VxeG  :xxe=exx=x.

Since * is commutative, it suffices to prove x*e = x. We have

Xxe =

¢ =x=x+e=x(1+xe)
e
Sx4e=x+x’e

=e—x’e=0= (1 —xz)e:0.
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Since x # £1 (x € ¢) the unique solution is that e=0€ ¥.
The existence of a symmetric element in & with respect to
SVXEY.IN €¢G:xxxX =X xx=e.

Since * is commutative, it suffices to prove x*x’ = e. We have

, x+x
xxx = p
1 +xx

—e=0=x+X=0=x"=—x.

Since -l <x<1l=1>-x>-1=xe€¥9.

So, (¢4,%) is an abelian group.

Correction of Exercise 3.2 V(x,y),(¥,y) € R?: (x,y) T (x',y) = <x+x’,yexl —i—y’ex)

T is an internal composition law because ¥ (x,y), (¥,y") € R?: (x,y) T (+,y') € R2.

for every x,y,x',y € R, we have

x+xX eR

, éyexl,y’e)C 6Rz>yex,+y’ex eR.
et eR

T commutative <

V(xy), () €R?: (x,y) T (¥,y) = (¥,y) T (x,y). We have
(xy) T (&) = (x—Hc’,yex/ —|—y’e") = <x’+x,y’ex+yex'> = (,)) T (x,y),

because addition and multiplication are commutative in R.
T associative <V (x,y), («,y),(x",y") € R?:

[, ) T ("Y") = (6,3) T[(,y) T (+",5")]. We have

[(x’y) T (x/’y/)] T (x//,y//) _ (x+x’,yex’ +y’ex) T (x//’y//)

(x +x 4+, (yexl + y'ex> &+ y”e”"/)

/ " " /
(x—i—x’ +xl/7yex ex +y/exex +y//ex+x )

(x 1+ X ye Ty e ey e’“”/)
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and

(x,y) T (x/ +x”,y’ex” +y"ex/) (x+x/ +x”,yex/+x” + (y'ex” +y”exl> ex>

/ " " /
(X+X,+X//,y€x —+Xx +y/ex ex +y//ex ex)

(x +x 4+, yexl w0 y’ex“rx + y”exurx )

(3.10)

Since (@) = () & T is associative.

The existence of a neutral element in R? with respect to T

& 3(p,q) eR*V(x,y) €R*: (x,3) T (p,q) = (P, @) T (x,) = (x,y).

Since T is commutative, it suffices to prove (x,y) T (p,q) = (x,y). On a :

(x,9) T (p,q) = (x+ p,yel +qe*) = (x,y)

x+p=x=p=0
<
yeP +ge* =y =ye® +gef =y = qe* =0= g =0, car e* #0.

So, (0,0) is the neutral element of R? with respect t T.
The existence of a symmetric element in R? with respect to T
&V (xy) e R, IW,y) e R : (x,y) T (¥,y) = () T (%) = (p,q) = (0,0).

Since T is commutative, it suffices to prove (x,y) T (¥',y") = (0,0). On a :
() T (¥,)) = (x+X’,ye"/ +y’ex) = (0,0)

x+xX=0=x=—x
-

X 2x

ye' +yef =0=yet = —ye' = —ye = yee N = —ye e =y = —ye~

So, (—x, —yefzx) is the symmetric element of (x,y) in R? with respect to T.

Thus, (RZ,T) is an abelian group.
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Correction of Exercise 3.3 Since (¢,x) is a group with neutral element e, hence

x is an internal composition law = Vx,y € 4, the element xxy € ¢4

and admits a symmetric element in ¢. So, we have

xxyx(xxy) ' =e
-1 -1 _ -1
= =
X kxkyx(xxy) X ke
e
:>y>|<(x>|<y)_1 =x!
=y~ ey (oxy) ™!
—

:y‘l xx 1= (x>i<y)71 :y_l *x L.

Let us now show that Vx,y € 4, we have: x*xy=yxx.

According to the hypotheses, we have

(x*y)x(x*xy) =e=x*(x*xy)x(x*xy) =xxe

the associativity of
= xkx | kyx(xxy)=x
<~
e

=yx(xxy)=x

=yxy*(xxy) =y*x

= | yxy | *(xxy) =yx*x.
~~

e

Hence * is commutative. Thus (¢,%) is a commutative group.
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Correction of Exercise 3.4 Let (H,V) and (G,A\) be two subgroups of R. Consider the map

¢©:(H,V)— (G,A). Recall that ¢ is a group momorphism, iff

Vx,y €EH: @ (xVy) =@ (x) Ae(y).

1/ ¢:(R,+) — (R\{0}, x), where ¢ (x) = e*.
Vx,y eR:

Pty =eV=e"xe' =) x(y).

= @ is a group momorphism.
2/ ¢ : (R*, x)— (RT, x), where ¢ (x) = /.
Vx,y e RT:
P(xxy) =VaAxXy=vVxxy=0x)xo(y)),

because x,y > 0= ¢ is a group momorphism.
3/ @:(]0,4o<[,x) = (R,+), where ¢ (x) = Inx.
Vx,y €10, 400 :
@(xxy)=In(xxy)=Inx+Iny =@ x)+@(y).

= @ is a group momorphism.

Correction of Exercise 3.5 Let &7 = {x =a+bV2:abc Z}.

1/ Let us first show that ”"+” and ”.” are internal composition laws in 7.
? ?

Vx,y € o, x+y€ o and x.y € o

x,y€ o = Ja,b,a,B €Z:x=a+bv2 and y= o+ Bv2. We have

x+y=a+bV2+a+BV2=a+B |+ |b+B|V2ed = xtyc .
\\2/ ——
€

e (a0v3) (04 BE) a(a s 5v2) 103 (as 5v2)

—aa+aBV2+abv2+2bB = |aa+2bB | + |af+ab | V2e o = xyc .
——— ——

€7 €7
Thus the laws are of internal composition in <.

Let us show that («7,+) is a commutative group.
Vx,y € o/,: x+y=y+x. Since x,y € & = Ja,b,o,B €L :x=a+b\2
and y = o+ B2, we have
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x+y=a+bV2+a+pV2=0a+pV2+a+bV2=y+ux,

because addition is commutative in Z.
Vx,y,z€ o, (x+y)+z=x+(y+2). Since x,y,z € &
= 3Ja,b,a,B,c,d € Z:x=a+byv2 and y=a+ B2 and z = c+d+/2, we have

(x+y)+z= <a+b\/§+a+ﬁ\f2) +c+dV2

—a+bV2+ (a+BV2+e+dVa) =x+(y+2),

because addition is associative in Z.
The neutral element: Je € &/ ,Vx € & :x+e=e+x=x.
Since + is commutative in &7, it suffices to prove that x+e =x.

Since x,e € & = Ja,b,a,B €Z:x=a+by2 and e = .+ /2, we have

x+e=x=a+bV24+a+BV2=a+bV2
=(ata)+(b+B)V2=a+bV2

ata=a oa=0
= =

b+B=>b B=0.
So, 0 =0+0v2 € & is neutral element.
The symmetric element: Vx € o, € & :x+x' =X +x=¢=0.
Since + is commutative in &7, it suffices to prove that x+x' = 0.

Since x,xX' € & = Ja,b,d' b €Z :x=a+bv2 and ¥ =d' +b'\2

x+xX =x=a+bV2+d +VV2=a+bV2
= (a+d)+(b+b)V2=0

a+d =0 ad=—a
= =
b+b =0 b =—b.
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So, —a — b2 € o is the symmetric element of a+bv2.

Thus, (&/,+) is a commutative group.

Let us show that ”.” is distributive with respect to ”+”

Vx,y,z€ o, (x+y).z=xz+yzand Vx,y,z € &, z. (x+y) = z.x+ 2.y.

Indeed a,b,d’ b ,d",b” € Z :x=a+bv2 and y=d + b2 and z=da" +b"v/2, we have

(x+y) .z (a+bf+a +b’\f> (a”+b”\/§)

( atd)+ (b+b) xfz) : (a”+b”\/§)

((a+a) (a"+6"V2) + (b+ 1) V2 (o' +5'V2))

((a+a )"+ (a+d)b"V2+ (b+) V2d" + (b+') fzb"\fz)
=d"(a+d)+b"'V2(a+d)+d" (b+V)V2+b"V2(b+V)V2
=d"a+d"d +ab"V2+b"'V2d +d"bV2+d"b' 2+ 2bb" +2b'b"
:(a”a+ab”ﬂ +d"bV2 + 2bb”) ( "d +b"V2d +d"b' V2 +2b’b”)

= (a (a” +b”f2) +bV2 (a” +V2 ”)) + (a' (a” +b”ﬁ) +b'V2 (a” + ﬁb”))
= ((a+b\@) (a”+ \@b”)) + ((a’+b’ﬁ> (a”+ \@b”)) =x.z+y.z.

Similarly, we demonstrate that z. (x+y) = z.x+z.y.
So, ”.” is distributive with respect to ”+”. Therefore (7,+,.) is a ring.
2/ Vx,y€ o/ = Ja,b,d b €Z:x=a+bV2et X =d +bV2

o (xy) = <<a+b\/§> (a’—i—b/\/i))
(aa' +ab' V2 +dbV2+ 2bb’)

¢ ((ad'+260') + (ab' +'b) V2)

¢
¢

— (ad' +2bb')* =2 (ab' +d'b)’
= ((aa')® +dad'b' +4 (b)) —2 ((ab')* + 2ab/a'b+ (b))

(ad')? +4ad'bb' +4 (bb')* —2 (ab)* — 4ab'd’b—2 (')’

:a20/2 _2a2bl2 +4b2bl2 _2a/2b2
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Cl2 (alz _ 2b/2) + sz (Zblz _ a/2)
:a2 (alz _ 2b/2) _ 2b2 (alz _ 2b/2)
= (a2 — 2b2) (a’2 — 2b’2)

=p(x) @ (y).

3/ First, note that for any element m € <, we have ¢ (m) € Z.

Suppose x € 7 is invertible in o/ = Jdy € of 1 xy = 1.

So, p()=eMe@=0()=1=0() = 55

x,y € &, we have @ (x),0(y) €Z. As (p(y):ﬁ with @ (x) € Z.

However, the only relative integers in the inverse are 1 and —1.

So ¢ (x) ==+1.

Correction of Exercise 3.6 It is clear that ”"+” and ”x” are commutative, because

V(x,y),(®,y) e,

(xy)+ («,)) = (x+xy+))

=" +xy +y) = (,Y) +(xy).
V(x,y),(x,y) e,

(). (¢,)) = (' =y, xy +x'y)

= (x—yyxy+x/) = (¥,y) x (x,y).

+ is associative, because V (x,y), (x',y),(x",y") € &,

((ey)+ () + (") = (x+x,y+y) + (+",y")
:(x+x,+x//,y+yl+y//)
=(x,3) 4+ (' +x" Y +Y")

:(x7y)+ ((x’,y’) + (x”,y”)).
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H(e,e’) € ,Q/,V(x,y) S (xay)+(e7el) = (eve/) +(x7y) = (x,y).

Since + is commutative, it is enough to prove that (x,y)+ (e,e’) = (x,y). We have
(x,y)+ (e,¢) = (x+e,y+e) =(x,y) > e=¢ =0.

From where (0,0) is the neutral element.
Vixy) €, I Y)ed : (xy)+(¥,y) = (,y)+ (xy) = (e,¢) = (0,0).

Since + is commutative, it is enough to prove that
(6, y) + (¥,y) = (x+x",y+)) = (0,0).

Hence ¥ = —xeR and y =y e R.
Therefore (—x,—y) is the symmetric element of (x,y) in ./ with respect to +.
Thus (7,+) is a commutative group.

Let us show that V (x,y), («,y"),(x",y") € o :
((ey)+ () - (") = (&) (") + () (x")")
because ”x” is commutative. We have:

((x7y)+ (x/’y/)) % (x//’y//) :(x+x’,y+y’) % (x//7y//)
:((x+x/)x//_ (y_'_y/)y//7 (x+x/)y//+x// (y+y/))

! 1.1

= (e +xx" =y =y " XY Xy + 4. (3.11)

and

! 1 ) 7 /)

(x’y) % (x//,y//> + (xl’yl) % (xl/,y//) — (Xx//—yy”,xy//-l-xﬁy) + (xx _y/y//’xy +X y

1 1 /. )

= (e —yy" + XX =Yy Xy XY XY (3.12)

Since () = (), therefore ”x” is distributive with respect to "+

Let us now show that ”x” is associative
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V), (), (6",5") € ((x,y) X (6,)) x (2, Y") = (x,3) x (¢, )) x (&, "))

Indeed:

((ey) x (&,5) x (&,y") = (e =y .5y +x'y) x («,y")
_ ((xx/ _yy/) ¥ — (xy/ +x/y) ¥, (xx/ _yy/) V' 4y (xy’—i—x’y))

i

— (xx/xl/ _yy/x// _xy/y// —X/yy//7xxly// _yyy +x//xyl +x//x/y) (313)

and

1.0 ./

(x,y) x (&) x (2",y")) = (x,y) x (&2 =yy" 2y +x"y)
///_/// /. 1 /i /N4 /i ///_//I

= (x (%" =yy") =y (Y +x"Y) x (Y XY )+ (XX =¥y y)

— (xx/x// _xy/y// _yx/y// _yx//y/7xx/yll +xx//yl+xlx//y_yly//y) ) (314)

Since () = (), therefore ”x” is associative. Thus, (&7,+, x) is a ring.
For (47,4, x) to be a field, it will be necessary to show that ”x” has a neutral element
and that any point different from the neutral element of the ”4” distribution is invertible.

A(er,e2) € #\{(0,0)},V(x,y) € #\{(0,0)} :
(x,y) % (e1,€2) = (e1,e2) x (x,¥) = (x,y).
Since ”x” is commutative, it suffices to prove that (x,y) x (e1,e2) = (x,y). Indeed

(x,y) x (e1,e2) = (xe; —yer,xes +e1y) = (x,Y)
Xe|—yey =x x%e; —xyer = x*
=

yei +xes =y y2ei + yxe; = y?

by summation » o) 2 2
= x“e1 —xyer +y“ey +yxer =x"+y

= (P +y) el =27+~
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As (x,y) € Z\ {(0,0)} = x*> +y? # 0, we obtain e; = 1.

Replacing the value of e; in xe; —ye; = x, we get
x—yer=x=—yer =0=e, =0.

Since (1,0) € &7\ {(0,0)}, So, (1,0) is the neutral element.

V(x,y) € #\{(0,0)},3(x',y") € #\{(0,0)} :
(x,3) x (¢,)) = (',y) x (x,y) = (1,0).
Since ”x” is commutative, it suffices to prove that (x,y) x (x,y') = (1,0). Indeed

(x,y) x (+,) = (2’ —yy',xy' +x'y) = (1,0)
xx' —yy =1 XX —xyy =x
=

Xy+xy=0 xX'y? +yxy’ =0.
By summation, we have

xzx/_xyy/+x/y2+yxyl —x4+0= (x2+y2) ¥ =x

’ X

=y =—-"
x2+y?’

because x* +y* # 0. Similarly, we get

' —yy =1 yxx' —y%y =y
=
Xy+xy =0 xx'y+x%y =0.

By subtraction we find

xx'y +x2y/ — (yxx’ — yzy’) =0—y
= xxy+x2y —yed +y3y =—vy

= (F+y7)y =—y
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y
=y =——"—
y P

because x* +y? # 0. Thus, every element of .7\ {(0,0)} is invertible. Therefore, (&7, +, x) is
a field.

Correction of Exercise 3.7 Clearly 2x = (x+x), according to the hypothesis, we have

(x4x)? =(x4x) = (x+x) (x+x) = (x+x)
=x(x+x)+x(x+x) = (x+x)
=x7 + x>+ 2 +x7 = (x+x)

=Sx+x+x+x=(x+x),

2

because x* = x. So, for simplification, we must add the symmetrical of x

with respect to ”+” which we denote by —x, we obtain

—Xt+x+x+xt+x=—x+x+x
=0 =0

=xX+x+x=x

S>—X+X+x+x=—x+x
S—— S——

=0 =0
=x+x=0
=2x=0.
So, the 70" is the neutral element of 7+
Since (<7,4,.) is a ring, it remains to prove that ”.” is a commutative law

9N

.7 is commutative < Vx,y € &7, x.y = y.x, according to the hypothesis, we have:

() =(@+y) = (r+y) (x+y) = (x+)
=xx+xy+yx+yy=(x+y)
=x+xy+yx+y=(x+y)

= —Xt+x+xy+yx+y=—x+x+y
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=Xy +yx+y=y

=Xy FYX+Y—y=y—y
=xy+yx=0
=xy+xy+yx=xy+0

= 2xy +yx =xy

=0 from question 1.

=YX = X).

So, (&,+,.) is a commutative ring.

Correction of Exercise 3.8 4/ Let us show that * is an internal composition law.

XE2,4oo[=>x>2=x—-2>0

YE2,4o0[=y>2=y—2>0

=>x-2)(y—=2)>0=x—-2)(y—2)+2>2.
e
So, * is an internal composition law on ]2, o[
) _ 2xtl
Let f:]0,400[ — ]2, 400 such that f(x) = ==
Let us show that f is an isomorphism from (]0,+eo[, X ) to (]2, e[, *).
Assume Vxj,x; € ]0,4o0[, we have

2x1+1 2x +1
= =
X1 X2

fa)=f ()=

(2x14+1)x2=2x2+1)x

=2x1x0 + X3 = 2x0x1 + X1 = X1 = Xp.

So, f is injective.

Let us prove that Yy € ]2, 4eo[,3x € ]0,4oo[ : y = f(x), we have

_2x—|—1

y sxy=2x+1=>xy—2x=1=x(y—-2)=1.

As y €]2,400] = y—2#0, Therefore, x = )1%2’ hence the surjectivity of f.
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So, f is bijective.

Let us show that f(xxy)= f(x)*f(y). Let’s calculate f(x)* f(y), we have

SO f) =) =2)(f()-2)+2

(

2+ 1 29+ 1

ks —2) <y+—2>+2
y

e
() (252).
<

So, f is a homomorphism and since it is bijective. Therefore, f is an isomorphism.

Correction of Exercise 3.9 Vx,y € ]3,+c[, we have

x>3=x-3>0
= (x—-3)(y—3)>0. (3.15)
y>3=y-3>0

Since
(x=3)(y=3)=x(y—3)-3(r—3)
=xy—3x—3y+9

=xy—3x—3y+12-3

=xx*y—3. (3.16)

So, x*y—3>0=xxy>3. Thus # is an internal composition law on ]3,+oco|.

Jde € ]3,4oo[,Vx € |3, 4oo[ :xke =exx=x

xxe=x=>xe—3x—3e+12=x
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=(x—3)e=4x—12

=(x—3)e=4(x-3). (3.17)

Asx—3#0=e= 4&)6__33) =4 €3, 40o].

exx=x=>ex—3e—3x+12=x

=e(x—3)=4x—12.

45?:33) =4¢e ]37+°°[

from () and () we conclude that e =4 is the neutral element with respect to *.

Sincex—3#0=e¢=

Does every element of |3, 40 have a symmetric element with respect to *7

Vx €13, 4eo[,3x €3, 400 txxx =X 4x=e=4
xxxX =4=x'-3x-3x+12=4= (x—3)x =3x-8.

Since x—3#0=x' = %. On the other hand, we have

3x—8 3x—-9+1 3(x-3) 1 1
x—3  x=3  x-3 x—3 x—3

Because x > 3. So, ﬁ > 0. Thus, x’' € ]3,4-c0.

Yxx=4=xx-3"-3x+12=4=x(x-3)=3x-38
, 3x—8

=X
x—3

€]3,4oo[.

Due to x # 3 and % > 3. So, every element admits a symmetrical element x' = % with

respect to *.

Correction of Exercise 3.10 a/ V(x,y),(x,y) € (R\{0})?, (x,y) * (x,)) L (', y') % (x,y)

(xy)* (x,)) = (o, xy +xy) = (Xx,dy+x) = (X)) * (x,y).

So, * is commutative.

b/ ¥ (x,3), (¢,3), (,5") € (R\{O})?, [0, )+ (¢, 3")] % (¢,0) = () 5 [, 0) # (3]
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[(x7y) % (x/’y/)] » (x//’y//) _ (xx’,xy’+x’y) % (xlljy//)
_ (xx’x”,xx’y” +x! (xy/ +x/y))

= (ax'x" xx'y" + X xy' +2"xy) . (3.18)

On the other hand, we have

(0,3 % [(,3) (", 5") | = (e, y) + (f oy +4y)
NN '

= (x'x”, x (Xy" +x"y') +xx"y)

= (ooxx” xx'y” +xxy +x/x"y) . (3.19)

Since (B.1§) = (), Then * is associative.
c/ 3(e,e’) € R\{0} x R\{0},V (x,y) € R\ {0} x R\ {0} : (x,y) * (¢,¢') = (e, €') % (x,y) = (x,).

As x is commutative, it suffices to prove that (x,y)*(e,e’) = (x,y), we have

(x,y) * (e,') = (xe,xe’ +ey) = (x,y)

[ xe=x

= and

| xe'+ey=y

xe—x=0

= and

xe +ey—y=0
x(e—1)=0

= and

xe' +(e—1)y=0

x(e—1)=0=x=0o0re=1. Sincexc R\{0} =x#0=e=1€cR\{0}.
xe'+(e—1)y=0=x¢’ =0=¢€ =0¢ R\ {0}.
So * does not admit a neutral element on R\ {0} x R\ {0}.
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Therefore, (R\ {0} x R\ {0},*) cannot have a group structure.

Correction of Exercise 3.11 * commutative < Va,b€R:axb=bxa

axb=a+b+3=b+a+3=bxa.

* associative < Va,b,c €R: (axb)xc=ax*(bxc)

(axb)xc=(a+b+3)*c=(a+b+3)+c+3=a+b+c+6

and

ax(bxc)=ax(b+c+3)=a+(b+c+3)+3=a+b+c+6.

So, * is associative.
Existence of neutral element < de c RVa € R:axe=e*xa=a

Since * is commutative, it suffices to prove that a*e = a, we have

axe=a=a+e+3=a=e=-3€R.

Existence of symmetrical element < Va € R,3d’ € R:axd =d xa=e= —3.

Since * is commutative, it suffices to prove that a*a’ = —3, we have

axd =a=a+d +3=-3=d=—-a—-6¢cR.

Thus (R, *) is a commutative group.

2/ In order for f to be a morphism, we would need to f(axb) = f(a)+ f(b), hence

flaxb)=f(a)+[f(b)= fla+b+3)=f(a)+[(b)
=oa(a+b+3)+B=aa+B+ab+p
=oa(a+b)+3a+p=a(a+b)+2p

=30 = .



CHAPTER 4

Concepts of a polynomials with an
indeterminate and coefficients in a

ring

Let K be a field (K=Q or K=R or K=C).

Definition 4.1. A polynomial with coefficients in K is an expression of the form

PX)=a,X"+X, (X" '+ +a1X +ao,

.....

Remark 4.1. The set of polynomials over the field K is denoted K[X].

Definition 4.2. Let 0 # P(X) € K[X]. We call the degree of P(X) the largest integer n such

that a, # 0, we denote it deg(P), and the element agegp) is called the dominant coefficient of P.
Remark 4.2. Conventionally, the degree of the zero polynomial is ageg(p—g) = —o°.

Definition 4.3. Let 0 # P(X) € K[X]. We say that P is unitary (normalized), if and only if

Adeg(P) = L.

Definition 4.4. A polynomial with an indeterminate value with coefficients in K[X] is any

polynomial whose coefficients are zero from a certain rank.

4.1 Operations on K[X]

Consider the two polynomials P(X) = a,X" +X X" '+ 4@ X+ao= Y aX' and
i=0

Q(X)=b X" +b, (X" '+ b X+by=Y bX/.
=0

99
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The following is how we define addition, polynomial product, and multiplication by a scalar

A cK.

e (P+0O)(X)= ic,-Xi where ¢; = a; + b;.
i=0

2n n
e (PQ)(X)= Y wiX* where vy = ¥ axb,_¢.
k=0 k=0

. (AP)(X) = _go,la,-xi.

1

P(X)=0Q0(X)&VieN,a = b,

Definition 4.5. The addition and multiplication previously described define internal composi-

tion laws on the set of polynomials with one indeterminate and coefficients in K.

Definition 4.6. The set of one-indeterminate polynomials with coefficients in K equipped with

addition and multiplication defines a commutative ring structure that we denote by K[X].

4.2 Arithmetic of polynomials

Definition 4.7. Let P and Q be two polynomials of K[X]. We say that the polynomial P is
divisible by the polynomial Q if there exists a polynomial A such that P= QA and we denote Q\P
and we say that P is a multiple of Q (or Q is a divisor of P).

Proposition 4.1. Let P,Q,R € K[X]. We have

P\Q and Q\P=3A € K:P=A0.

P\Q and Q\R = P\R.

P\Q and P\R = P\ (AQ+ UR) where A,u € K.

P\P,1\P and P\O. But O\P is never true.

4.2.1 Euclidian division on K[X]

Let P and Q be two polynomials of K[X] and Q # 0, then there exists a unique pair (D,R) ofe
K[X] x K[X] shuch that
P =DQ+R with 0 <deg(R) < deg(Q).
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Greatest Common Divisor (gcd)

Definition 4.8. Let P,Q € K[X], with P#0 or Q #0. There exists a unique unitary polynomial
that divides both P and Q. This polynomial is called the ged and is denoted ged (P,Q).

Proposition 4.2. Let P,Q € K[X], with P#0 or Q #0. Then
o A\P and A\Q = A\gcd(P,Q).
o ged(aP, aQ) = oged(P,Q).
Definition 4.9. Let P,Q € K[X]. We say that P and Q are coprime if and only if gcd(P,Q) = 1.

Theorem 4.1. [Bézout’s Theorem] Let P,Q € K[X] be polynomials with P #0 or Q # 0 and
D =gcd(P,Q). There exist two polynomials ¢,& € K[X] shuch that P+ &EQ = D.

Root of a polynomial - Factorization

Definition 4.10. Let P € K[X]| and a € K. We say that a is a root of P, if P(a) =0.

Theorem 4.2. [d’Alembert-Gauss Theorem] Any polynomial with complez coefficients of degree

m > 1 has m roots, including their multiplicities, at least one of which is in C.
Proposition 4.3. P(a) =0< (x—a) \P.

Definition 4.11. Let m € N\ {0}. We say that a is a root of multiplicity m of P if (X —a)™ \P

while (X — o)™™' does not divide P.

Remark 4.3. When m =1, a is said to be a simple root. If m > 1, a is said to be a root of

order m.

Proposition 4.4. Let P € K[X] and oo € K be such that o is a root of order m € N\{0,1}, the

following assertions are equivalent

e d0 eK[X]:P=(X—a)" Q with Q(a) #0.

e P(a)=0,P (a)=0,...,P" V) (&) =0 and P'" (a) # 0 where P is the i’ order derivative
of P.
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4.3 Concept of a rational fraction with an indeterminate

We denote by K [X]" the set of non-zero polynomials i.e. K[X]" =K [X]\ {Ogx } and we consider
the equivalence relation Z on K[X] x K[X]", defined as follows

V(P,0),(A,B) e K[X] xK[X]*,(P.Q)% (A,B) < PxB=Q xA.

Definition 4.12. The equivalence class of (P,Q) € K[X] x K[X]" is called a rational fraction
over K, and is denoted P/Q or g i.e.

={(A,B) e K[X] xK[X]": PxB=Q xA}.

Qv

Remark 4.4. We note by K(X) =K[X]xK[X]" /% ={4:(A,B) e K[X] xK[X]"}.

Definition 4.13. We call irreducible form of a non-zero rational fraction P of K(X) any pair
(A,B) e K[X]" x K[X]" such that gcd (A, B) = lk[x).

4.3.1 Operations on K(X)

The set K(X) equipped with the following two internal composition laws:

Vg,% e K(X), g +4 = PXZ*# and g x4 = gig has a commutative field structure.

Canonical Injection of K[X] into K(X)

Examine the map ¢ : K[X] — K(X), which links each polynomial ﬁx] to the rational fraction
P of K[X]. The injective nature of _# is readily demonstrated. K[X] C K(X) is the result of
identifying the elements of K[X] with the elements of K (X).

Remark 4.5. ¢ is called canonical injection.

Roots and poles of a rational fraction

Definition 4.14. Consider the irreducible rational fraction F =% € K(X)".

lid
Q

o The roots of .Z are the zeros of P in K[X].
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e The order of multiplicity of the root o of F is the same when considering it as a root of

P in K[X].
o The poles of F are the zeros of Q in K[X].

e The order of multiplicity of the pole & of .F is the same when considering it as a root of

0 in K[X].

Definition 4.15. Let # zg € K(X) be a rational fraction. Any function F7:K—>K defined

for any x differing from the poles of F is referred to as a function associated with % . For

example, the application };(x) = P

4.3.2 Decomposition of a rational fraction

Consider the irreducible rational fraction .7 zg € K(X). By means of Euclidean division in

K [X], we have the existence and uniqueness of two polynomials D and R in K[X] such that
P =D x Q+R with deg(R) < deg(Q).

And by injecting rational fractions into the field K(X), we get

P D R

[ 4+ —.
0 Igx ©
Remark 4.6. D is said to be the integer part of the rational fraction g and is equal to zero if

deg(P) < deg(Q).

Simple elemental factorization on K

Lemma 4.1. Consider the rational fraction ﬁzg = lngx]

—I—g where g is irreducible and
deg(R) < deg(Q), Let us also assume that Q is decomposable into prime factors of K[X] i.e.
Q=01 x07?x...xQ*. Then there exist k polynomials Ly,L,,...,L; € K[X] shuch that

R_Li L L
Qo o 0 T o

with deg(L;) < deg(Q;), fori=1 to k.

This decomposition is unique.
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Lemma 4.2. Consider the irreducible rational fraction F :& with deg(L) < deg(Q"). Then

there exist n polynomials S1,S2,...,S, € K[X]:

L 51+Sz

Sn
o = 0 +...+— with deg(S;) < deg(Q) fori=1,2,...,n.

0 0"
This decomposition is unique.

Remark 4.7. In the general framework, the two previous lemmas can be combined when de-

composing any rational fraction if necessary.

Remark 4.8. The part % + % +...+ % 1s called the relative part of the polynomial L.

Remark 4.9. In the case where Q =X — o, the partial sum is called the polar part relative to

a.

Remark 4.10. In the case where Q =X — &, we speak of the decomposition into a simple
element of the first kind. On the other hand, if Q = aX*+bX +c, we speak of the decomposition

into a simple element of the second kind.
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4.4 Fourth Chapter’s exercises

Exercise 4.1. Factorize X* — 1, then X® — 1 into a product of irreducible polynomials in RI[X],

and then in C[X].

Exercise 4.2. Consider the fraction 5, where

P(X) =3X* 45X + 11X? +5X +3 and Q(X) = (X2+ X +1)° (X - 1).

o Decompose & into simple elements in R[X].

Ql

o Decompose & into simple elements in C[X].

Ql~

Exercise 4.3. Let P€ R[X]. If a € C is a root of P of order m, then & € C is also a root of P

of order m.

Exercise 4.4. Consider the following polynomials
P(X)=X>+3X*+2X° - X>-3X -2 and Q(X) = X*4+2X> +2X> +7X +6.

o Calculate D = ged (P, Q).
o Find polynomials U and V such that D=UP+VQ.

Exercise 4.5. Consider the two polynomials
P(X)=X>—2X>+4X*—-8X +11 and Q(X) =X —3X +2.

e Determine a greatest common divisor of P and Q.

o Are P and Q relatively prime?

Show that 1 is a double root of Q.
o Decompose the fraction gin R[X].

Exercise 4.6. Consider the polynomial

P(X) =X>—2X*—6X> +20X> — 19X +6.
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o Show that 2 is a root of P(X).
o Show that 1 is a triple root of P(X).

o Factor the polynomial P into a product of irreducible polynomials in R[X].

Exercise 4.7. Consider the two polynomials
P(X)=X>-3X*+X>+X?+5 and Q(X) =X° —3X* +4.

e Determine the greatest common divisor of P and Q.
e Are P and Q relatively prime?

o Show that 2 is a double root of Q.

o Decompose the fraction P(Q)ggl in R[X].
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4.5 Corrections of fourth chapter exercises

Correction of Exercise 4.1 In R[X]

X*—1=(X*-1)(X*+1)

=X-D)(X+1)(X*+1).

X2—1=(X*-1)(x*+1)
X-1)(X+1)(X*+1) (x*+1)

X—1)(X+1) (x*+1) (X2+xfzx+1) (XZ—\@XH),

where we have used the fact that

2
X1 =X+ 2x? 41227 = (X2 41)" - (V2x)

:(X2+f2x+1) (X2—\/§X+1).
In C[X]

X —1=(X*-1) (X*+1)
= (1) (=)

=X-1)X+1)X—i)(X+1i).

XA-1=(x*—1)(x*+1)

=X-DX+1D)X-i)X+i)(X*+1).

We have X4+1=0=X*=—1 Euler wa _ pim+2kn —y x — 15+ where k=0 to 3

X3 1=X-1)(X+1)(X—i)(X+i)

e =17 -8 (-7

—(X = 1) (X +1) (X —i) (X +i) (X—@—i%)
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Correction of Exercise 4.2

P 3X*45X34+11X*+5X 43

0 (X2+X+1)*(X—1)

Since the degree of Q is greater than the degree of P, we bypass the Euclidean division and

go straight to the decomposition.

Consequently, the decomposition into simple components in R [X] is

3X4+5X3+11X?+5X+3  a aX +f YX +86
(X2+X+1)*(X—1) X=1) (X2+X+1)  (X24X+1)

(4.1)

Multiplying both sides of (@) by (X — 1), then replacing X by 1 in the resulting equation,

we find a = %7 =3.
Multiplying both sides of (Ell) by X, and then making X tend towards oo in the resulting
equation, we find 3=a+a = a =0.

Replacing X by 0 in (@), we get —3=—a+B+6=P+6=0= B =—05. Therefore, (@)

becomes
3X* 45X +11X*+5Xx+3 3 8 L YX+8 (4.2)
(X2+X+1)° (X 1) X—1) X*+X+1)  (x24X+1)° '
Replacingbe—lin(@),weget—%:—%—y:y:%—%iyzz.

Replacing X by 2 in (L.9), we getlh =38 4 40 — 145 =147 75 +4+5= —6=—65 =
§=1.

Thus, we obtain

4 3 2
3XTHSXPH11X"45X+3 _ 3 1 4 2X+1 (43)

X24x+1)>2(x—-1) X1 X24X+1 " (x24x41)%"

Concerning the decomposition in C[X] we must first factorize the polynomial X>+X + 1, we
get
XX +1=(X+3-ig) (X +1+if). (4.4)
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Substituting (Q) into (@), we obtain

XU SN2 45X 43 _ 3 1 + 2X+1 ) (4.5)
e oD X (i) (i) (g ) (i)’
So,
3x4+5x3+11§2+sx+3 =3 4 k + v
(XX +1)2(X—-1) X-1 (x+%—z§) (x+%_i§>
u w
* (x+1-i%) * (x+4+i%)
Therefore,
X—x? _ k v u w
<X+%fi§)2<X+%+i§)2 = (X+%—i§) + (X+%fi§)2 + (X+%+i§) + (X+%+i§)2' (4.6)

Multiplying both sides of (@) by <X—i— % —i@)z, and then replacing X by (—% +i§> in
the resulting equation,

we find v = —%.

Multiplying both sides of (@) by <X+ % —I—ig)z, and then replacing X by (—% — z?) in
the resulting equation,

we find w = %
Multiplying both sides of (@) by (X + % . i?), and then making X tend towards e in the

resulting equation, we find

ktu=0=u=—k

S

Replacing X by 0 in (@), we get k(%—l—i%’)%—u(%—i?) =—l=k=—>1= kz%é
_i3
=

u—=

Thus, we obtain

3X445X34H11X245X+3 3 + 3 3 3 3

(X2+X+1)7(X—1) X—1 T xy1 3 (x4 ~ﬁ)2 X143 <X+%+iﬁ>2
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Correction of Exercise 4.3 P€ R[X]= 3¢, €R:P(X)= Y a;X". It is clear that the successive
i>0

derivatives of P are

P(X)= Y aX'
i>0
P'(X)= YiaX"!
i>1

PM(X)=Yi(i—1)-- (x—m+1)aX'™"
i>m
P (X)= Y i(i—1)---(x—m)a X" .
i>m+1

As & € C is a root of order of multiplicity m of P, we have

P(&)=Lat=0
P(§)= Lia 1§ =0

PM(EY=Yi(i—1)-(x—m+1)aE =0

i>m

PO (EY = Y i(i—1)- (x—m)aE" £0,

i>m+1

According to the properties of the conjugate and the preceding system and taking into

account the fact that the a; € R i.e. @ = a;, we get

Fo= () = Lo (5 = (€)=

>0 >0 )

i;zﬁl (E)H :i;iai (E)li =P (5) =0
iZZmi(i—1)...(x—m—|—1)a,-(é)i_m:i;mi(i—l) (- m+1)al(§) (E)
) i(i—l).-.(x—m)aﬁ-(E)FM: y i(i—l)---(x—m)al(g)l " plmt) < )

i>m+1 i>m+1

Thus, E € C is also a root of order of multiplicity m of P.
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Correction of Exercise 4.4

X5 4+3X44+2X3 —X?2-3X —-2= <X4+2X3+2X2+7X+6> : <X+1> +(—2X3—10X2—16X—8)
X4+2X3+2X2—|—7X—|—6:<—2X3—10X2—16X—8>-(—;X+;>+(9X2+27X+18>

—2X3—10X>— 16X —8 = <9X2+27X+18> : <_2X_4> +0

9 9
So, ged (P,Q) = 9X? +27X +18.

X*+2X3 +2X2 47X +6 = (—2X3 — 10X% — 16X — 8) (—1X + 3) + (9X2 +27X +18)
X3+3X44+2X3 - X2 —3X —2= (X*+2X3+2X> +7X +6) (X + 1)

+(—2X3 —10X* — 16X —8)

X*+2X3 42X +7X 46
= (—2X3 - 10X% — 16X —8) (—1X +3) + (9X> +27X +18), .
X543X*+2X3 - X2 -3X -2
= (X* 42X +2X> +7X 46) (X +1)+ (—2X> — 10X> — 16X —8),
9X2+27X +18
= (X*+2X3 +2+7X +6) — (—2X3 - 10X2 — 16X — 8) (—1X +3), .
(—2X° —10X* — 16X —38)
= (X3 +3X*+2X3 - X2 —3X —2) — (X*+2X3 +2X2 +7X +6) (X + 1),

9X% 427X +18
= (X0 +3X*+2X3 - X2 -3X-2) (}x - 3)
+(X*+2X3+2X2+ X +6) (—3X2+X +3),
—2X3 —10X%— 16X — 8
= (X3 +3X*+2X3 - X2 -3X —2) — (X*+2X3 +2X2 +7X +6) (X +1).

Thus, D= (X =3)P+ (-3X>+X+3)0=U=(3X-3) and V = (-3X?+ X +3).
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Correction of Exercise 4.5

X3 —2X3+4X>-8X+11= (X3—3X—|—2> - <X2+1> +<2X2—5X—|—9>,

X3 -3X+2= <2X2—5X+9> : <§X+i> +<—3X—347>
( (s 3588
5

2 _ 5 37 396 3888
5 37 _ 3888 125 925
_ZX_ 4 — 25 - 15552X_ 15552> +0

where the Euclidian division was done as follows

X2 +1

X3-3X+2) X°-2X°4+4X?-8X+11
—X°43Xx7 -2X?

X3 4+2X%2—-8X +11

-X3 +3X -2
2X2—5X +9
1 5
X +3
2X*-5X+9) Xx° —3X +2

3 S5y2 9
~X34+3x? - 3x

5v2 15
Sx2-Bx 42

Sy2 25 45

SX 37
4 4
8 396

5 3
—2x-31) 2X* -5X 49
—2Xx* - %X
-2X  +9
99 3663
X+ 95

3888
25
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125 925
B 15552X T 15552

3888 5 37
) —ix -7

5
X

So, ged (P,Q) = cte = P and Q are coprime.
Q(1)=1*-3x1+2=0. Moreover
Q' (X)=3X*-3=0Q(1)=3-3=0and Q" (X)=6X = Q" (1) =6 #£0.

Since 1 cancels Q and Q’, however, it does not cancel Q”, therefore X = 1 is a double root.

P X2 —2X3+4+4X?—-8X+11

0 X3-3X+2
(X3 —3X+2) (X2 +1)+2X*—5X +9
B X3 -3X+2
2X%2 —-5X+9
=X 1+
Y a2
2X%2 —5X +9
=X>+1+ + (4.7)

X -1)72(Xx+2)

because X =1 is a double root of Q(X) which is a polynomial of degree 3, and since the

product of its roots = —2, therefore the third root = 3. On the other hand, we have

2X%2 —-5X+9 b
20 _ 4y RERL (4.8)
X-1)"(x+2) X-1 (x-1)° X+2

Multiplying both sides of (@) by (X —1)* and then replacing X by 1 in the resulting

equation, we find b =2.

Multiplying both sides of (@) by (X+2) and then replacing X by —2 in the resulting

equation, we find ¢ = 3.

Now, multiplying both sides of (@) by (X — 1) and then letting X tend to oo in the resulting

equation, we find 2=a+c=a+3=a=—1.

Thus, we obtain
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2X2-5X+9 1 2 3
5 =— + 5+ . (4.9)
(X —-1)"(X+2) X-1 (x-1)° X+2

Substituting (@) into (Ell), we get

P Ly 2 3
0 X-1 (x—17 X+2

Correction of Exercise 4.6 1/ P(2) =25—-2(2)*-6(2)*+20(2)* = 19(2)+ 6 =32—-32—48 +

80—-38+6=0.

2/ P(1)=1=2(1)"—6(1)’+20(1)*—=19(1)+6=1-2—-6+20—19+6 =0,

P'(X)=5X*—8X>—18X%+40X — 19

=P (1)=5(1)"—8(1)> - 18(1)>+40(1) — 19 =0.

P’ (X) =20X3—24X2 —36X +40 = P" (1) =20(1)> —24(1)* = 36(1) +40 = 0.

P (X) =60X2 — 48X —36 = P (1) =60 (1)> — 48 (1) — 36 = —24 0.

Since 1 cancels P,P',P"” and does not cancel P"”, therefore 1 is a triple root of P.

3/ Since P is a polynomial of order 5, it admits at most 5 roots including their multiplicities,
since 1 is a triple root and 2 is another root, so we still need to determine a final root. Since the
product of the roots is equal to (—1) ZTS)’ then 2X5 = —6. Hence X5 = —3, because X1 =X, =X3=1

and X4 =2. So, we have
P(X)=X>—2X* —6X> +20X% — 19X +6 = (X — 1)* (X —2) (X +3).

Correction of Exercise 4.7

X%Z+1

X3-3X2+4) X°-3X*4+X> +X?+45
—X34+3x*  —4x?

X3—-3X2+5
—X3+4+3Xx%-4
1
O(X)=(X+1)(X*—4)+1.
So, the ged (P,Q) = 1. Thus P and Q are coprime.
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0(2)=2)-302)*+4=8—12+4=0=2 is root of Q(X).
We have Q' (X) =3X2—6X = Q' (2) =3(2)*—6(2) =0.
Moreover, Q" (X) =6X —6=0"(2) =6x2—6=6#0.

So, 2 is the double root of Q (X).

Hence, O (X) = (X +1) (X —2).

Thus,
P+1 X)x (X2 +1)+2 2
+1_0X)x (X*+1)+ T
0 Q(X) Q(X)
=X+
+ +X3—3X2—i—4
2
=X>+1+ (4.10)

(X+1)(x-2)*

On the other hand, we want to rewrite () in the form

2 a b c

(X+1)(X—2)2:X+1+X—2+(X_2)2‘ (4.11)

Multiplying both sides of (4.11))

by
Multiplying both sides of () by
Multiplying both sides of (i.11)) by

. _2
(X 4 1), then replacing X by —1, we find a = §.
2 2

)7, then replacing X by 2, we find ¢ = —2.
2)

then making X tend towards oo,

btain lim————— — im (222 4 = b=-a
weobtam M N T (X —2) s\ X1 +(x—2)> .

So, we get
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