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Summary




General introduction

This document is designed for second-year engineering students in Science and Technology. It
provides a rigorous and comprehensive exploration of key mathematical concepts in analysis, with
a particular focus on vector calculus, series, and integral transforms. It is designed to serve as both
a theoretical reference and a practical exercise guide, offering a structured approach to mastering

fundamental mathematical techniques.
The content is organized into four main chapters:

Chapter 1: Vector Analysis- Examines vector fields, gradient, divergence, and curl, as well

as fundamental theorems such as Green's, Stokes , and the divergence theorem.

Chapter 2: Series- Fxplores numerical and functional series, convergence tests, and their

significance in mathematical analysis.

Chapter 3: Fourier Series- Introduces the decomposition of periodic functions into trigono-

metric components, discussing convergence properties and practical applications.

Chapter 4:  Fourier and Laplace Transforms- Investigates these powerful mathematical

tools, highlighting their use in solving differential equations and analyzing signals.

Fach chapter is supplemented with a series of carefully curated exercises, reinforcing theoretical
knowledge through hands-on problem-solving. By integrating theory with application, this document
aims to be an invaluable resource for students, researchers, and professionals in mathematics,

physics, and engineering.
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Chapitre 1

Vectorial analysis.



N.AISSAOUI Analysis 3 4

Exercise 1: Find the gradient vector field of f .

1. f(x,y) = ysin(zy). 5. flw,y,2) = Va2 +y? + 2%,
2 f(e.y) = VI3 6. f(w,y,2) = 2*yet.

3. fla,y) = 3(x —y)*. 7. f(x,y,2) = 22%(y — 2°).
4 f(ey) = In(1 + 22 + 2¢?). 8. f(x,y,2) = zyzsin(zy).

Exercise 2: Fuvaluate the following line integrals.

1. /zdr, Coo=13 y=1t' 1<t<2.
cyY

2. / xytdr, Cis the right half of the circle x* + y* = 16.
c
3. /(a:Qy + sin(z))dy, C is the arc of the parabola y = x* from (0,0) to (7, 7?%).
c
4. /(x + 2y)dx + 2°dy, C consists of the line segment from (0,0) to (2,1) and from (2,1) to
c
(3,0).
5. / x?dx + 1y2dy, C consists of the arc of the circle x* + y?* = 4 from (2,0) to (0,2) followed
c
by the line segment from (0,2) to (4,3).
6. / xe??*ds, C'is the line segment from (0,0,0) to (1,2,3).
c
7. / 22dr + 22dy + y*dz, Cis the line segment from (1,0,0) to (4,1,2).
c
8. /(y+ 2)dx + (x+ 2)dy + (v +y)dz, Cis the line segment from (0,0,0) to (1,0,1) and from
c

(1,0,1) to (0,1,2).

Exercise 3: Find a function f such that ? = ?f, then, evaluate / ?d? along the given
c

curve C.
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- -

1. ?(aj,y) = (3+2xy?) i +22% j, Cis the arc of the hyperbola y = X from (1,1) to (4,1).
— —

2 Floy) =221 + 2%, C: () = (8 — 26,8 +2),0<t < 1.

- = — — — —

3. ?(aj,y,z) = yze® i +e** j +aye** k , C’:?(t) = (*+1) i +(*—1) j +(t*—2t) k ,0 <t < 2.
%
J

.-J/

4. ?(aj,y,z) = sin(y)_i>+(a: cos(y)+cos(z))?—y sin(z )k C: 7 (t) = sin(t)
t< .

Exercise 4: Use Green's Theorem to evaluate the line integral along the given positively

oriented curve.

1. /(y + eV®)dx 4 (22 + cos(y?))dy, C is the boundary of the region enclosed by the parabolas
c
y =% and x = y>.

2. / yrda + 2xydy, C is the ellipse x> + 2y? = 2.

c
3. ]{(xyw?y des, C is the triangle with vertices (0,0), (1,0) and (1,2).
4. ]{ — cos(y ﬁds C is the circle (v — 3)* + (y + 4)* = 4.

Exercice 5: Find the curl and the divergence of the vector field.
1. ? (z,9,2) = (zy?2%, y*23, 2%y22)
2. ? (x,y,2) = (In(2y + 32), In(x + 32), In(z + 2y))
3. ? (x,y,2) = e*sin(y), e¥ sin(z), e* sin(x))

4. F (x,y, z) = (arctan(xy), arctan(yz), arctan(zx))

Exercice 6. FEvaluate the surface integral.

1. //(ZE +y + 2)dS S is the parallelogram with parametric equation x = u+ v, y = u — v,

s
z=142u+v,0<u<2, 0<v<1.
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2. // x*yzdS, S is the part of the plane z = 1+2x+3y that lies above the rectangle [0, 3] x [0, 2].
S

3. //(—x, —y,2°).dS, S is the part of the cone z = /% + y? between the planes z = 1 and
S
z = 3 with downward orientation.

4. // —x,22).dS, S is the hemisphere x*> +y*> + 22 =4, 2 > 0, oriented downward.

Exercice 7. Use the Divergence Theorem to calculate the surface integml/ ?.dS; that s,
s
calculate the flux of F' across S.

o o -
1. ?(m,y,z) = aye* i +ay’2®j —ye*k. S is the surface of the coordinate planes and the
planes r = 3,,y =2 and z = 1.

— — —
2. ? (r,y,2) = (3 +y3) 1 + WP+ 23§ + (2 +2%) k. Sis the sphere with center the origin

and mdws 2.

3. ? (x,y,) —CEey i +(z—ey)J +93yk S is the ellipsoid x* + 2y* + 32% = 4.
Exercice 8. Verify that Stokes Theorem is true for the given vector field ? and surface S.

e "
1. ?(a:,y,z) =—yi +axj —2k. Sisthe cone 22 = 22 + 4%, 0 < 2 < 4, oriented downward.

" —
2. ?(w, y,2) = —2yzi +yj +3xk. Sis the part of the paraboloid z = 5 — x* — y* that lies

above the plane z = 1, oriented upward.

I S
3. ?(w,y,z) =yi +2j +ak. Sis the hemisphere x° +y> + 22 =1, y > 0, oriented in the

direction of the positive y-axis.
Exercice 9. (Ezamen)

1. Find the work done when a force ? = (2% — y* + x,—2xy — y) moves a particle in the
xy—plane from (0,0) to (1,1) along the parabola y* = x. Is the work done different when
the path is the straight line y = x ¢



Series of exercises 8 May 1945 University 7

2. The electrostatic potential at (0,0,—a) of a charge of constant density o on hemisphere

S+ y?+22=a*2>01s

U:// \/x2+y20—|— (z+a)ds

FEvaluate U.

Exercice 10. (Ezam)

1. Let /(3x—5ydm+(m—6y)dy on C, where C' is the ellipse §+y2 = 1 in the counterclockwise.

FEvaluate the integral by Green’s theorem and directly.

2. Let the vector field ? = (22 — 4y — bz, —4x + 2y, —bx + 62). Verify that ? s conservative
and find its potential f.

Exercise 11 (Ezam)

1. Given ? = (122 + 3y* + 5y, 6y — 3y* + 5x), find f such that ?f = ? and evaluate
/ ?.d?, C' is the arc of the hyperola y = % from (1,1) to (4, }L)
c

2. Use Stokes theorem to evaluate /?.d?, where ? = (23 — 2°,7e",2° + 2%) and where
c
C' is the boundary of the part of the plane 6x + 3y + z = 12 in the first octant, oriented

counterclockwise.

3. For ? = (xy?, yz%,22), use the divergence theorem to evaluate // ?d? where S is the

S
sphere of radius 3 centred at origin. Orient the surface with the outward pointing normal

vector.
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Solution of exercise 1.
Reminder.

olf fis a scalar function of two variables, its gradient ?f is defined by

Vi) =@y + )],

and is called a gradient vector field on R2.

o If fis a scalar function of three variables, its gradient is a vector field on R?® given by

Vi@ 2) = fal2,0,2) T + f@,2) 3 + fa(2,9,2)K,

and is called a gradient vector field on R3.

Solution.

1. ?f(x, y) = (y? cos(zy), sin(zy) + yx cos(zy)).

2. ?f(%y) = 2\/233-&-31/’ 2\/2:?:+3y> = <\/2961+3y7 2\/2§2+3y> :
3. Vi(ay) = ((x—y) ~(x—y)) = (x—y,y — ).
. ?f(l’, y) = <1+$gﬁ_2y27 1+I§?j-2y2> .

B

5. ?f(:v Y, z) = 22 2y 2z = = 4 = :
7 2\/12+y2+z2’ 2\/w2+y2+zz’ 2\/3:2+y2+22 \/x2+y2+22’ \/m2+y2+z2’ \/x2+y2+22

2,2 vy

6. ?f(x,y, z) = <2xye%,x2 (e% + %e%) ,x2yz—§’e%> = <2xye%,xze% (1+%), -4 e'Z> .

7. ?f(x,y, z) = (dx(y — 2%), 222, —62222).
8. ?f(x, y,z) = (yz (sin(xy) + xy cos(zy)) , vz (sin(zy) + yx cos(zy)) , vy sin(xy)).

Solution of exercise 2.

Reminder.
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e The scalar line integral.

Let f be a continuous function with a domain that includes curve C with parameterization
T(t) = (x(t),y(t), 2(t)),a < t <b. Then,

/ f,y, 2)ds = / FF )T (1)]|dr = / ST OWE 02 + G O2 + (20)2dr.

Similarly,

/C f(,y)ds = / @ )7 ||dr = / F7 )T DOR T 0z,

if C is a planar curve with parameterization 7 (t) = (z(t),y(t)),a < t < b and f is a

function of two variables.

o The vector line integral.
The vector line integral of a vector field ? along oriented smooth curve C with parameteri-
zation T (t),a < t < b is

/C Far — /c P T ds - /fﬁm

where T is the unit tangent vector.
]f? = (F, Fy, F3), the vector line integral of a vector field ? along oriented smooth curve
C with parameterization 7(15), a<t<bis

/?ﬁﬁz./mm+5@+am
C C
- [(rPOG + BEOZ - REOE ) @

Stmilary, zf? = (F1, F3), we have

/?J?:‘/Em+5@
C C
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« Properties of vector line integral Let ? and 8 be continuous vector fields with domains
that include the oriented smooth curve C'. Then

1. /C<7+8> .d?:/cﬁ.d?qt/oad?.
2 /Cm?.d? - /{/(j?.d?,where k is a constant .
3, /C?.(W:—/_C?.d?.

4. Suppose instead that C is a piecewise smooth curve in the domains of? and 8, where

C=C1+Co+---4+C, and C1,Csy,--- ,C,, are smooth curves such that the endpoint
of C; is the starting point of C;y 1 . Then

/?.cﬁ: Fdm+ ?.d?+---+/ F.a7.
C Cq Cy Ch

Solution.

1. We have 7 (t) = (z(t),y(t)) = 3,t*), 1 <t < 2. Then,

||7(t)|| = /(3t2)2 + (413)2 = VOt* + 1616 = \/t4(9 + 16t2) = t>V/9 + 162
Therefore,

2 43 2
t
/ Lar :/ t—4t2\/9+ 16t2dt :/ tV9 + 1682dt =
cly 1

1

323

2
(9 + 16t2)§]

2. The parameterization of C' is,

no|

Then,

7 (1) = (—4sin(t), dcos(t)) and |7 (t)]] = \/16sin(t + 16 cos?(¢) = 4.
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Therefore,

/:ch4dr = /2 4 cos(t)(4sin(t))*4dt = 4096/2 cos(t) sin*(¢)dt
C —

(ME
ME]

in(4)]2 9 8192
Sln()} :4096—:%.

= 4096
| ;

(ME]

3. The parameterization of C' is,

)= (t,13),0<t<m,
with,
() = (1,20).
Then,
/(x2y+sin($))dy = ((£)** + sin(t))2tdt = / (t* + sin(t))2tdt = 2/ (£ + tsin(t))dt
c 0 0 0
57"
= 2[—} + 2 [—tcos(t +2/ cos(t
6o
6
= 3 + 27 + 2 [sin(t)];
70 + 67

3

4. Here, we write C as the union of two curves, that is, C = Cy U Cy, where C} is the line
segment from (0,0) to (2,1), and, Cy is the line segment from (2,1) to (3,1). Then, the

parameterization of C' is the parameterization of Cy and Cy, and we have,

() = (2, 1)t + (0,0)(1 — ) = (2t,1), 0<t<1,
) =30+ (2,1)1—t)=t+2,1—1t), 0<t<1,

where T 1(t), 7 2(t) are the parameterization of Cy and Cy respectively. Which gives,

) = (2,10, 7 (1) = (1, —1).
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Then,
/C(g; + 2y)dz + 2*dy = /clu@ (z + 2y)dx + 2°dy
- /C (z + 2y)dx + 2°dy + /C (z + 2y)dx + 2*dy
— /0 1(2t + 20)2dt + (2t)*1dt
# [ 2 20— o ¢ 22
_ /01(8t+4t2)dt+/01((4—t) = (t+2)%)dt
- s[g], o [5], - [F57- [57,

4 9 8
= 4+ — —Z48)—(9-=
w5t (a0)-(03)

Therefore,
/ (z + 2y)dz + 2°dy = ?
c 2

5. C'is the union of two curves, that is, C = C;UCy, where C, is the arc of the circle x? +y? = 4
from (2,0) to (0,2), and, Cy is the line segment from (0,2) to (4,3). The parameterization

of C is the parameterization of Cy and Cy, and we have,

71 (t) = (2cos(t), 2sin(t)), 0
To(t) = (4,3)t 4+ (0,2)(1 —t) = (4, t +2), 0

where T1(t), 7 2(t) are the parameterization of Cy and Cy respectively. Which gives,

() = (—2sin(t), 2 cos(t)), ¥ a(t) = (4,1).
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Then,

/ 2 dx + y*dy = / idw + 1y dy
C C1UCo

= / 2?dx + yidy + / 22dx + 2 dy
Cl CQ

= i (2 cos(t))*(—2sin(t))dt + (2sin(t))*(2 cos(t))dt
+/1(4t)24dt + (t+2)%1dt

us 1
= -8 / ’ cos?(t) sin(t)dt — sin®(t) cos(t)dt + / 64¢%dt + (t + 2)*dt
0 0

o e o] 157

3, 31, 3], 3 1,
B 8+8+64+9 8

3 3 3 3

6442738

N 3

83

3

Therefore,
/ vid + yidy = %
c 3

6. The parameterization of C' is,
T(t) = (1,2,3)t + (0,0,0)(1 — t) = (,2¢,3t),0 < t < 1.

Then,
) =1,2.3) and |7 @) =vVELZ+3 = VA

Therefore,

1
! ! 6t* V14
/ re¥*ds = / te?31\/14dt = v/ 14/ e dt = /14 [61—] = ——(e* = 1).
c 0 0
0
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7. The parameterization of C' 1is,

() = (4,1,2)t + (1 —£)(1,0,0) = (3t +1,£,2t),0 < t < 1,

with,

Then,

/ 22dx + 22dy + y3dz
c

F ) = (3.1,2).

1
= /m@ﬂ%Mt+(&4—Uﬁdt+@f2ﬁ
0
1
= /(mﬂ+@%+nz+%%ﬁ
0

= /%Mﬂ+ﬂ%+nﬁﬁ

$37* t+1)37"
- ulg] <[P
3O 9 0
14 +64 1
379 9
105
9
35

5

8. we see that C is the union of two curves, that is, C' = Cy U Cy, where C is the line segment
from (0,0,0) to (1,0,1), and, Cy is the line segment from (1,0,1) to (0,1,2). Then, the

parameterization of C' is the parameterization of Cy and Cy, and we have,

() = (1,0,1)t + (0,0,0)(1 — ¢) = (¢,0,1),
) =(0,1,2)t + (1,0,1)(1 —¢) = (1 — t,t,t + 1),

where

ﬁ(t)’ﬁ

m

ﬁ

Then,

/(y+z)dx+(x+z)dy+(x+y)dz:/
c

ri(t) =(1,0,1)

0<t<I1,
0<t<l,

rh(t) are the parameterization of Cy and Cy respectively. which gives,

ﬁ

and r4(t) =(-1,1,1).

(y+ 2)de + (x + 2)dy + (z + y)dz
C1UCs
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= /C(y—l—z)da:—ir(zzz—l—z)dy—l—(:chy)dz—i—/C(y+z)da:+(x+z)dy+(:c+y)dz

— /1(0+t)1dt+(t+t)0dt+(t+0)1dt+/1(t+(t+1))(_1)dt
+((L—t)+ (t+1)1dt + ((1 —t) + t)1dt

- /1(t+0+t)dt—|—/l((—2t—1)+2—|—1)dt

1 1
= /2tdt+/ 2(—t+1)dt
0 0

= [P+ [(~t+ 1)),
= 1+1
— 2

Therefore,
/(y + 2)dr + (x + 2)dy + (z + y)dz = 2.
c

Solution of exercise 3.
Reminder.

The fundamental theorem of line integral.
Let C' be a piecewise smooth curve with parameterization 7(t),a <t <b. Let f be a function
of two or three variables with first-order partial derivatives that exist and are continuous on C.
Then,

/C VAT = (P 0) - (7 (a)).

Solution.

1. e Finding the potential function f.
Since ? = ?f, we have

of 0
= (34 2z9°, 22%y) = <a—£, a_}yf> = ?f
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Then, using the integration with respect to x, we obtain,

/afgj’y)dx - /3 + 2zdr = f(z,y) =3z + 2*y* + K(y), K : R = R s a function.
x

Now, we differentiate f(x,y) with respect to y to have,

which gives by integrating with respect to y,
K(y) =C, Cis a constant.

Therefore,
f(x,y) =3z +2*y* + C, Cis a constant.

If we take C' =0,
f(z,y) = 3z + 2%°.

e Computing / ?d?
c
We have 7 (t) = (t, 1,1 <t <4. Then, using the Fundamental theorem of line integral, we

obtain,

/?.d? - /?f.d?
C C
= f(7@) - f(7(1)
= [f(4,1/4) - f(1,1)
= 3.4+42.%—3.1+12.12
= 13-4
= 9.
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2. e Finding the potential function f.
Since ? = ?f, we have
F of O\ _ 3
2.3 3.2 /9] 9T\ .
Then, using the integration with respect to x, we obtain,

3
/—8f(x,y)dx = /$2y3d:t = flx,y) = ng—y?’ + K(y), K : R =R is a function.

Ox 3
Now, we differentiate f(x,y) with respect to y to have,
of(z,y) 3,2
—_ = K'(y).
o z?y” + K'(y)

While f is the potential function of ?, we have 23y* + K'(y) = 23y, then,
K/(y) =0,
which gives by integrating with respect to y,

K(y)=C, Cis a constant.

Therefore,
2y
flz,y) = 3 +C, Cis a constant.
If we take C' =0,
23y
f(z,y) = —

o Computing / ?d?
c
We have T (t) = (3 — 2t,t> 4+ 2t),0 < t < 1.Then, using the Fundamental theorem of line

integral, we obtain,

/?.d? - /?f.d?
= f(7(1) = f(7(0))
= f(_173> - f(()?O)
(123 0%.0°

3 3
- -9
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3. e Finding the potential function f.
Since ? = ?f, we have

_ Tz X2 TZ\ a_f a_f a_f o
F—(gZ@ , e xye >_<8x78y782>_§f'

Then, using the integration with respect to x, we obtain,

/3f(g,y72)dx - /yze“cm = f(z,y,2) = ye”* + K(y,2), K : R* -+ R s a function.
x

Now, we differentiate f(x,y,z) with respect to y to have,

OF(@.y,2) _ o= OK(y2) _

Tz K ]
ay ay € + y(y7 Z)

While fis the potential function of ?, we have €** + K, (y, z) = €%, then,
Ky(y,z) =0,
which gives by integrating with respect to y,
K(y,z) =C(2),C : R = R is a function.

Therefore,
flz,y,2) =ye®* + C(2),C : R = R is a function.

Now, we differentiate f(x,y, z) with respect to z, we get

af(:g;y’ Z) — xyexz + Ol<2)
As F = ?f, we have zye™ + C'(z) = xye®, then,
C'(z)=0

which implies,
C(z) =U, U is constant.

Hence,
flz,y,2) =ye®™ + U, U is constant.
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If we take U =0,
f(z,y,2) = ye**
o Computing / ?d?

c
We have 7 (t) = (2 + 1,12 — 1,42 — 2t),0 < t < 2. Then, using the Fundamental theorem of

line integral, we obtain,

/C?.d? - /?f.d?

= f(7(2) - F(7( ))
= f(5,3,0) = f(1,-1,0)
= 3e 5.0 ( 1)61
= 3+1
= 4.
4. o Finding the potential function f.
Since F' = V f, we have
s oy (20 OF A
F = sin(y), wos(y) + cos(e), ~ysin(2) = (5L G ) ~ T

Then, using the integration with respect to x, we obtain,

/af(?yaz)dx _ /sin(y)dﬂC = f(x,y,2) =sin(y)r + K(y, 2), K : R* = R s a function.
T

Now, we differentiate f(x,y, z) with respect to y to have,

o =z cos(y) + oy

= zcos(y) + Ky(y, 2).

While f is the potential function of F, we have x cos(y) + K, (y, z) = x cos(y) + cos(z), then,
Ky<y7 Z) = COS(’Z)7
which gives by integrating with respect to y,

K(y,z) =cos(z)y + C(2),C : R = R is a function.
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Therefore,
f(z,y,2) =sin(y)x + cos(z)y + C(z), C:R — R is a function.

Now, we differentiate f(x,y, z) with respect to z, we get

of (v,y,2)

5 = —ysin(z) + C'(2).

As F = ?f, we have —ysin(z) + C'(z) = —ysin(z), then,
C'(z2) =0

which implies,

C(z) =U, U is constant.

Hence,

f(z,y,z) = sin(y)x + cos(z)y + U, U is constant.

If we take U = 0,
F(@,y,2) = sin(y)z + cos(2)y.

° C’omputmg/?.d?.
c
We have ?(t) = (sin(?),t,2t),0 < t < 5. Then, using the Fundamental theorem of line

integral, we obtain,

/?.d? - / Y rdT
c c
= [ (7 (x/2)) = f(7(0))
= f(1,7/2,7) — £(0,0,0)
= (sin(7/2).1+ cos(w).g) — (sin(0).0 4 cos(0).0)
= (1-5)-0

2—
5
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Solution of exercise 4.
Reminder.
Green’s theorem

e Circulation form (Theorem)
Let D be an open, simply connected region with a boundary curve C' that is a piecewise smooth,
simple closed curve oriented counterclockwise. Let ? = (F1, Fy) be a vector field with component

functions that have continuous partial derivatives on D. Then,

%?.d? _ ]{Flda:+F2dy—// <@—@)d,4
C

e Flux form (theorem)
Let D be an open, simply connected region with a boundary curve C' that is a piecewise smooth,
simple closed curve that is oriented counterclockwise. Let ? = (F1, F3) be a vector field with

component functions that have continuous partial derivatives on an open region containing D.

Then,
f?ﬁds_// OF, @dA

where ﬁ 1s the unit normal vector.

Solution.

1. We have F = (F, F) = {y + eV®, 2z + cos(y?)), then,

OF: F
OF _, 0h
ox y
In other side, as C is the boundary of the region enclosed by the parabolas y = x* and x = 2,

D={(z,y) eR*0< 2 <1,2° <y <z},

Therefore, from the circulation form of Green’s theorem, we obtain,

[+ et o costy Ny = -+ )+ o+ cos(y?))dy
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- ff- v ffo

2. We have F = (Fy, BY) = (y*, 2xy3), then,

OF, _ ., OF,
— =2y, — =4y°.

From the circulation form of Green’s theorem, we obtain,

/ yrde + 2xyPdy = 7{ yidx + 2z dy
c c

= //[)(2y3—4y3)d14
= - / /D 217 d A

_ /0 - /0 2 sin(0))* Vardrdo
— _2\/5/0%/01 r* sin®(0)drdd
= 2\/5/0%(1_@082(9)). —sin(@)d@/ol rdr

— 22 {008(9) - COS;(Q)K‘ [%5}:

= 0.

2
Here, we used the polar coordinates of the ellipse <\/L§> + (%)2 =1, with,
0
0

{ x = /2r cos(6),

y = rsin(6),
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3. We have F = (Fy, Fy(xy, x%y?), then,

or _ P,

il :322
o =gy =Y

As C'is the triangle with vertices (0,0), (1,0) and (1,2),
D:{(m,y)GRz,OSxSLOSySQaz}.
Therefore, from the flux form of Green’s theorem, we obtain,
fo(xy,xzy?’).ﬁds = // (y + 32°y*)dA
/ y + 32%y*)dydx

[y +xy] dx
0

_ [21‘3 N 8x6]1
36 ),
_ 24
33
= 2.
4. We have F = (F, Fy) = (y — cos(y),y), then,
oR _,on |
ox dy

From the flux form of Green’s theorem, we obtain,

f(y — cos(y), x sin(y ﬁds = // 1dA
c D

= Area of D
= 4.
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Solution of exercise 5.
Reminder.

Divergence
. ]f? (Fy, Fy) is a vector field in R?, and 81;1 and 8F2 both exist, then the divergence of?

1s defined similarly as
div ? %];1 (9F2 ? ?

o If ? = (F\, Fy, F3) is a vector field in R® and %1;1,68—1;2 and % all exist, then the divergence
of? s defined by

oFy OF: (9F
divF = 21422, 95 _§F
ox 33/
Curl
° [f? = (Fy, Yy, F3) is a vector field in R®, and %, 88—1;2 and % all exist, then the curl of? is
defined by

oF;  0F,\ — oF, 0F3\ — oFy, 0F)\ —
Fo (2ot (S0 N
curt <8y 8z)l+<82 8:5)J+(83: 8y>
or, i
i j k
curl?:a% a% %.
F F, F

which gives,

curl? = (%—@) i

0F; OF; 0F, OF
(57 (223

Ay 0z Ox 0z ox dy
0F;  0Fy\ — oF, 0F3\ — oF, O0F\ —
- (B2 it Al 22 ) K
<8y 8z)l+<8z 0:1:)J+(8:1: 8y>

° ]f? (Fy, Fy) is a vector field in R?, then, the curl of? is,

curl?: <%—%) ?

ox dy

Solution.
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1. Fr,y,2) = (ay?2, 2, a%y’z)

e The divergence of

0 0
V.F = o (@y°2) + a—y(y4z3) + 5, (77°2) =y + 4 + 2ty

e The curl of F

e
i J k
_ i) ) i)
curl? = 5 3 5
xyg 2 4453 322,
-7 (22 2y — 3y*2?) — (2y zx — 2xy°2) + X (0 — 27y2?)
iy 2
= iz2y(22® —3y’2) — k2myz :
2. ? (x,y,2) = (In(2y + 32), In(x + 32), In(z + 2y))

e The dlvergence of

g(ln(w—k?y)):O—FO—f—O:O.

+ 2(ln(x +32)) + 57

V.= ln (2y + 32)) o

e The curl of ?

— — -
i j k

_ ) ) d

curl ? = 5 o e
In(2y +2

+ 32) ln(x + 3z) In(z
2

-7 Le(L 2
B T+2y x+32 x—|—2y 2y+32 r+3z 2y+3z/)

3. ?(m, y,z) = e*sin(y), e¥ sin(z), e* sin(x))

e The divergence of

V.F = (e®sin(y)) + (%(ey sin(z)) + %(62 sin(z)) = sin(y)e® + sin(z)e? + sin(x)e”.
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e The curl of ?
- - -
i j k
_ i) ) 0
curl ? = 5 5 o
e’sin(y) eYsin(z) e*sin(z)
- - -
= 1 (0—eYcos(z))— j (e®cos(z) —0)+ k (0 —€”cos(y))
- - -
= —ieYcos(z) — je*cos(z) — ke cos(y).
4. ?(m,y,z) = (arctan(zy), arctan(yz), arctan(zx))
e The divergence of F'.
0 0 0 Y z x
V.F = %(arctan(xy))—l—a—y(arctan(yz))—i-@(arctan(zx)) =1T x2y2+1 n y222+1 eyt
e The curl of ?
= - =
i j k
_ ) ) )
curl ? = 5 oM 52
arctan(xy) arctan(yz) arctan(zz)
- Yy = z i x
- 0o—-—24 ) -F(——-0)+¥x(0-——
' ( 1—|—y222) ! <1—|—22x2 ) * < 1+x2y2)

Y

Solution of exercise 6.
Reminder.

Surface integral.

' + y222

y -z ? x
J 1+ 2222 1+ 22y2’

e Surface integral of a scalar valued function.

Let S be a piecewise smooth surface with parameterization,

-

(u,v) = (x(u, v),y(u, v), 2(u, v)),
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with parameter domain D and let f(x,y,z) be a function with a domain that contains S. To

calculate scalar surface integrals, we have

/ [ Hepyis - / /D P )| T x T ulldA,

N A
“N\ou ou’ du an N T A A

with,

— -
t,and t,

e Surface integral of a vector valued function.

Let ? be a continuous vector field with a domain that contains oriented surface S with unit normal
vector ﬁ The surface integral of? over S 1is

//?ds //?ﬁds // 0)-(Fux F0)) dA.

. _ t ><tv _ /O0x Oy Oz Jdy 0Oz
’U)Zth, ﬁ_ T uxt s’ t - 8u’6u7au> and t - 81}78v780>’
Solution.

1. We have f(x,y,z) = x 4+ y + z, we have,
7(u,v):<u—|—v,u—v,1+2u+v),0§u§2,0§v§ 1.

The tangent vectors are,

Tu=0,1,2) and T,={1,-1,1).
Therefore,
S
i 3 X
Tuxte = |1 1 2
1 -1 1

- 42 - F(1-2)+ K(-1-1)

= (3,1,-2).
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The magnitude of this vector is,

Pux Tull= VFH T+ (2P = VO +174= VId

The surface integral is,

//S(x—l—y—l—z)dS =

2. We have f(z,y,z) = x*yz, with

/02/01((u+v)+(u—v)+(1+2u+v))\/1_4dvdu
\/ﬁ/02/01(4u+v+1)dvdu

1

du
0

2 02
\/ﬂ/ léluv—l—E—I—U}
0
2 3
\/ﬁ/ <4u—|—§>du
0
3 12
\/ﬁ[2u2+§u}

V14(8 +3)
11V/14.

0

7(u,v): (u,0,14+2u+3v),0<u<3,0<v<2

The tangent vectors are,

Therefore,
- >
tuX t,

(1,0,2) and T,=(0,1,3).
T 7K
= |1 0 2
0 1 3
— - —
= 7(0-2)-jJB-0+K(1-0)
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and,

T ux ol = V(=224 (=32 +12=V4+9+1=V14

The surface integral is,

2 3
//nyzdS = //u20(1+2u+3v)\/ﬁdudv
s o Jo
= \/ﬂ/ / w*v(1 + 2u + 3v)dudv
o Jo

2 /3
= \/14/ /(u2v+2u3v+3u22;2)dudv
o Jo
3

21 3 A
= 14/ V— +v— + 02| dv
0 3 2 0

2 1
— \/14/ (9v+%v—|—27v2> dv
0
2 1 02 2
= V14 9U—+8—U—+9v3
2 2 2 0
= V14 (18 + 81+ 72)
= 171v14.

3. We have ? = (—x,—y,2%), with,

7 (u,v) = (ucos(v), usin(v),u),1 <u<3,0<wv< 2.

Then,
?u = (cos(v),sin(v), 1) and ?v = (—usin(v), ucos(v), 0).
Therefore,
ki i x
?u X 71] = | cos(v) sin(v) 1
—usin(v) wcos(v) 0
= ?(0 —ucos(v)) — ?(0 + usin(v)) + ?(u cos®(v) + usin®(v))

= (—ucos(v), —usin(v), u).
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The integral surface is,
//(—:E, —y,2%).dS = //(—9: 23).ﬁd5
s S

::LA%:K?_ﬂcmmw,—uamm%uﬂx—ucmxm,—u$n@%uyhuv
= /:W /13(u2 cos?(v) + u?sin®(v) + u*)dudv
- /027r dv /13(u2 + ut)du

u u
— =4 =
[5+5],

(. 28 11
- 5 3 5
856
= or
™5
12
- 5

4. We have ? = (y, —x,2z), with,

T (6,0) = (2cos(f) sin(¢), 2sin(f) sin(¢), 2 cos(¢)),0 < 0 < 27,0 < ¢ <

Then,

=l

and,
_>

Therefore,

i J
79 X 7¢ = | 2cos(f) cos(¢) 2sin(f) cos(¢p) —2sin(¢)

Nk

= (—2sin(¢) sin(#), 2 sin(¢) cos(h), 0)

t s = (2cos(f) cos(¢), 2sin(h) cos(¢), —2sin(¢)).

—= — =
k

—2sin(¢) sin(f) 2sin(¢) cos(0) 0

= 70+ 4sin(¢) cos(9)) —

T(O — 4sin®(¢) sin(0)) + ?(4 sin(¢) cos(¢) cos*(6)
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+4 sin(¢) cos(¢) sin?(6))
= (4sin*(¢) cos(f)), 4sin®(¢) sin(#), 4 sin(¢) cos(¢)).

ffievrss - ffoesns

= / / (2sin(0) sin(¢), —2 cos() sin(¢), 4 cos(¢p))
(4sin®(¢) cos(#)), 4sin?(¢) sin(#), 4 sin(¢) cos(¢))dfde

= / / 8sin(f) cos( )sm (¢) — 8sin(f) cos(h) 51n3(¢)
416 sin(¢) cos?(¢)dOde

_ / / 16 5in(6) cos2(¢)d0dg
~ 16 /O sin(6) cos(6)do /O d

3 5
— 16.2r {—M}
3 0
1
— 327-
™3
32
= —.
3

Solution of exercise 7.
Reminder.

The divergence theorem
Let S be a piecewise, smooth closed surface that encloses solid E in space. Assume that S is

oriented outward, and let ? be a vector field with continuous partial derivatives on an open region

///Edw ?dV:/S?.d?.

containing E. Then,

Solution.
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1. We have ? (x,y, 2) = (vye?, xy*23, —ye?). The divergence of? is,

VF = xye +§y(my z )+§( ye®) = ye* + 2xyz® + —ye® = 2y’

//S@yeaxy?z?’,—yezyd? - //E??dv
= / / /E 2ry23dV
_ / 3 / 2 / 9wy dadyd
_ / 3dz/ ydy/ vdz
- 2{%} 511z,

1
4

Then,

wlwo

2.
9
2
2. We have F = (3 4+ 3, y> + 23,23 + 23). The divergence of 7 is,

??— x+y)+g

dy

//S(x3+y3,y3+z3,z3+x3>.d? = //E€?dv
— ///E?)(ﬁ—i—y?—kz?)dv

To compute this triple integral, we use the spherical coordinates,

3 3
(y +Z)+az

Then,

x = pcos(f)sin(¢), 0<¢<m,
y = psin(f) sin(¢), 0<6 < 2,
z = pcos(¢), 0<p<2.

0
— (2% +2°) = 327 + 3y* + 32% = 3(2? + y* + 7).
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3///E(x2+y2+z2)dv

to obtain,

Therefore,

384
//x+yy+zz+x d?

3. We have F — (xe¥,z — e¥, xy). The divergence of F is,
V.= xey éfy(z—ey)—l—%(xy):ey—ey—i—O:O.

Then,

//S<xey,z — & ay)dS = /// V. Fav
= e

= 0.

Solution of exercise 8.

Reminder.
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Stokes’theorem.
Let S be a piecewise smooth oriented surface with a boundary that is a simple closed curve C' with
positive orientation. If ? is a vector field with component functions that have continuous partial

derivatives on an open region containing S, then

/C?.d?://scurz?.d?.

L?d? = //s curl ?.ﬁdA.

where ﬁ 18 the unit normal vector.

Stokes theorem gives

Solution.

1. We have ? = (—y,x,—2), S is the cone z*> = x* + y?,0 < 2 < 4, oriented downward.

To verify Stoke’s theorem, we should to compute both of Integrals in the theorem.
° / Fd?
c

The parameterization of S is given by,
T (t) = (4cos(t), 4sin(t),4), 0<t< 2.

Then,
7 (t) = (—4sin(t), 4 cos(t), 0).

Therefore,
/ (g2, -2 AT — / " asin(t), 4 cos(t), —2).(—Asin(t), 4 cos(t), 0Vt
C 0

= /%(16 sin?(t) + 16 cos?(t))dt

2w
- 16/ dt
0

= 1627
= 32m.
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. //S curl F.dS.

The curl of ? is,

If we take

we obtain,

27 4 2T 4
// curl F.dS = // 205 = 2/ / rdrdf = 2/ d9/ rdrdf = 2r[r*]; = 327.
s s o Jo 0 0

Then,

- v
i j k
curl? = a% a% %

-y x —2
— — -

= i(0-0—-jO-0)+k(1+1)
%

= 2k.

/C?.d%://scm?dﬁ.

2. We have F = (—2yz,y,3x). S is the part of the paraboloid z = 5 — 2% — y* that lies above

the plane z = 1, oriented upward.

. /C?.d?

The parameterization of S is given by,

Then,

Therefore,

/C (=292 y, 30).dT — /O " (Z2.2sin(t).1, 2sin(t), 3 cos(1)).(—2 sin(t), 2 cos(t), 0)dt

?(t) = (2cos(t),2sin(t),1), 0<t <27,

(1) = (=2sin(t), 2 cos(t), 0).
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(—4sin(t), 2sin(t), 3 cos(t)).(—2sin(t), 2 cos(t), 0)dt

[
= /0 7r(8 sin®(t) + 4 sin(t) cos(t))dt
/

= [4t — 2sin(2t) — cos(2t)]oT
= 8.
° // curl ?d?
s
The curl of F is,
FE
curl B = 2 a% 2
—2yz y 3z
- -
= 1i(0-0)— jB+2y) + k(0+22)

?)(xay) - <$,y,5 - 1’2 - y2>7
we have,
Vo= (1,0,—22), T, = (0,1,—2y).
Then,
e
i k
Tox 1y = |1 0 -2
0 1 -2
iy
= 1i(0+22x)— j(—2y—0)+ k(1-0)
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Therefore, using the polar coordinates, we get,

- =
//s curl Fd? = //s curl ?(7($,y))( tyx t,)dA
— //S<o, —(342y),2(5 — 2* — y*)).(2z,2y,1)dA
= //S(—Zy(3 +2y) +2(5 — 2% — y*))dA
— //(—2952 — 6y — 6y + 10)dA
S
= /27r /2(—27“2 cos?(#) — 6r*sin?(0) — 6rsin(0) + 10)rdrdf
= /27r /2(—27“3 cos?(#) — 6r° sin(0) — 6r*sin(#) + 10)drds
= /027r {—2% cos? () — 6%4 sin?(0) — 6%3 sin(6) + 10r ) df
- / " (—8 cos®(9) — 24sin*(f) — 16sin(6) + 20) df

= /27r (—4(1 + cos(20)) — 12(1 — cos(26)) — 16 sin(d) + 20) dd

[e=]

= [—46 — 2sin(26) — 120 + 65in(26) + 16 cos(6) + 200]2"
= —8m — 247w + 16 + 407 — 16

= 8.

/C?.cﬁ://Scurz?.d?.

3. ?(w, y,2) = (y,z,x). S is the hemisphere x* + y* + 22 =1, y > 0, oriented in the direction

Then,

of the positive y-axis.

. /C?.d?
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The parameterization of S is given by,

7)(75) = (cos(t),0,sin(t)), 0<t<2m.

_|_

{t Sin(2t)] o

2 o

Then,
7 (#) = (—sin(t), 0, cos(t)).
Therefore,
/(y,z,x).d? = /F(O,cos(t),cos(t)).(—sin(t),O,cos(t))dt
c o
= / cos®(t)dt
71
_ /0 S(1-+ cos(2)dt
1
2

. //S curl F.dS

The curl of F is,

%
J
curl ? = g
Y
z

Since S can be parameterized as,
7 (¢,0) = (sin(¢) cos(0), sin(¢) sin(), cos(¢)),0 < ¢m,0 < 6 < .
we have,

_>
ty

= (cos(f) cos(¢),sin(f) cos(¢), —sin(e)),
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ty = (—sin(¢)sin(f),sin(¢) cos(),0).
Then,
7 7 X
736 X _t>y = | cos(f)cos(¢) sin(f)cos(¢p) —sin(¢)
—sin(¢) sin(f) sin(¢) OS( ) 0

Therefore, we get,

/ /S curl F.dS

Explication.

The (=) between the computing of //

— T(0 4 sin®(¢) cos(8)) — J (0 — sin?(¢) sin(6))
+ K (cos?(6) cos() sin(6) + sin(8) cos() sin(6))

= (sin?(¢) cos(h), sin?(¢) sin(f), cos(¢) sin(¢))

// curl? 7 (z,9)) (?x X ?y)dA

ffiss

_ / / sin® () cos(0) + sin () sin(0) + cos(6) sin(¢))dA

/ / ( (1 — cos(2¢)) cos(f) + ; (1 — cos(2¢)) sin(6) + %sin(qu))
deodb

[ 82 - ]
do

_ /0 i (g cos(0) + = sin(6) ) df
—g [sin(6) — cos(0)]g
—S(1+1D)

—T

(sin?(¢) cos(#), sin?(¢) sin(), cos(¢) sin(¢))d A

curl ? d? and

? d7 should be the orientation

of C, which was in clockwise direction instead of counterclocszse direction.
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Solution of exercise 9.

1. o The work done along the parabola x = y>.
We note that the parameterization of x = y? from (0,0) to (1,1) is 7(t) = (12,1),
0<t<1, then,

/ ?d? = / (2% — 3 + 2)dx — (2zy + y)dy
c C1
= / (t' — ¢+ t%).2tdt — (2¢° + t)dt

1
= / (2t° — 2t° + t)dt
0

e The work done along the parabola x = y>.
We note that the parameterization of x = y from (0,0) to (1,1) is 7 (t) = (t,t),
0<t<1, then,

/C?d? = /C(ar:'2 —y* 4+ x)dr — (2xy + y)dy

1
= / (t* — 2+ t)dt — (2t° + t)dt
0

1

= /—2t2dt
0

— f

2
3
The work done does not depend on the path followed.

2. The parameterization of S is,

7 (u,v) = (asin(u) cos(v), asin(u) sin(v), acos(u)),0 < u < =,0 < v < 27.

bo |
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The tangent vectors 1is,

7 7 4
TuxX Ty = |acos(u)cos(v) asin(v)cos(u) —asin(u)
—asin(u)sin(v) asin(u) cos(v) 0
= (a*sin®(u) cos(v), —a® sin?(u) sin(v), a* cos(u) sin(u))

which gives,

|70 % 70| = a®sin(u).
Then,

U = dA—a/ / —_%sin(u)dudv
// \/x2+y + z+a 2a cos ( %) ()

- aa/%/2 28111 COS (%) dudv = 27ra0/ ( )
2acos

= 27ma[ 200S(2>]0 —27raa(2—\/§).

IS

Solution of exercise 10.

1. e The Green’s theorem.
We have P(x,y) = 3z — 5y and Q(z,y) = x — 6y, then, % =1, 88—1; = —6. Then, we
apply Green’s theorem where D is the interior of C : 3‘%42 +y?2 <1

[ @e=spdr+@onay = [[- ()i
¢ = 6 x (Area of the ellipse )
= 6.27
= 12m.

o The parameterization of C is given by,

7 (t) = (2cos(t),sin(t)),0 < t < 2r.
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Then,
/ (3x — by)dz + (x + 6y)dy
c

= / (6 cos(t) — bsin(t)). — 2sin(t)dt + (2 cos(t) — 6sin(t)).2 cos(t)dt

O

= / —18cos(t) sin(t) + 10sin?(t) + 2 cos?(t))dt

O

_ / —9sin(2t) + 5(1 — cos(2t)) + (1 + cos(2L)))dt

2

o <

5) 1
= |=cos(2t) + 5t — —sin(2t) + t + = sin(2t)
2 2 2 .
6.2

= 127.

2. Let P(x,y,z) =2x — 4y — 52, Q(x,y, 2) = —4x + 2y, R(z,y,2) = —bz + 6z. We have,

oP_ 0900 __onon_ __or
oy or’ 0z Oy’ ox 0z

Then, ? is conservative. Now, suppose ?f = ?, therefore,
fo=2x —4y — 5z, f, = —4x + 2y, f. = —5x + 6z.
If we integrate f, with respect to x, we get,

flz,y,z) = /(Qm — 4y — 52)dr = 2* — 4yx — 5z + h(y, 2),

with K : R? — R is a function. Since ? is conservative, we have,

fy=—4x 42y = —4dx + 2y = -4z + hy(x,y) = hy(y,2) =2y = h(y, z) = v+ C(z),

with C': R — R is a function. Then,

f(z,y,2) = 2° — dyx — 5z +3° + C(2).
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Since ? s conservative, we have,

fz:

—51+62 = —5r+62 = —5r+C"(2) = C'(2) = 62 = C(2) = 32°+K. K is a constant.

By taking K = 0, we obtain,

flz,y,2) = x? — dyx — bzx +y? + 322

Solution of exercise 11.

1. .

Since ef = ?, we have

ox’ Oy

Then, using the integrating with respect to x, we obtain

15}
8—£dx = /12x2 + 3y? + bydr = f(x,y) = 42° + 3y’ + 5yx + K(y),

with K : R — R is a function. Now, w differentiate f(x,y) with respect to y to have,

—8f(;’ y) = 6xy + 5z + K'(y).

While f is the potential function of ?, we have 6zy + 5z + K'(y) = 6zy — 3y* + bz,

then,
K'(y) = =3y°,

which gives by integrating with respect to vy,

K(y) = —y* + C, Cis a constant.

Therefore,
f(z,y) = 42° + 3y*x + 5yx — y* + O, Cis a constant.

If we take C' =0,
f(z,y) = 42° + 3y*x + Syz — y°.
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« We have 7(t) = (t, 2,1 <t < 4. Then, using the Fundamental theorem of line

integral, we obtain,

[Fav = [ Frav = 52wy - 57 = s - sn) = 5

2. Use Stokes theorem. We parametrize the surface as
7 (u,v) = (u,v,12 — 6u — 3v).

We have Ty X Ty = (6,3,1). The curl of the vector field is (0,0, 7e"). Integrating gives

4—2u
/ / T dvdu = —42 + 14¢€2.

3. Since dz’v? = y? + 2% + 22, the surface integral is equal to the triple integral

// (y* + 22 + 2?)dV
B
where B is ball of radius 3.

To evaluate the triple integral , we can change variables to spherical coordinates. In spherical
coordinates, the ball is
x = psin(¢)cos(d), 0
y = psin(¢)sin(d), 0
z = pcos(¢p), 0<¢<m.
Therefore, the integral is

3 2 s
// (y° + 22+ 2%)dV = / / p°.p* sin(¢)dpdidp
B 0 0 0
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Chapitre 2

Series.
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Exercise 1: Compute the value of the following series

= 4 . 2 4t = /3\"
' nz:%(—:s)”_?’1 ’ P g ;(3) ’

n=0
3 4 =, 3+l = 3"
2. E%Q_n+5_n’ 4 2277#1’ 6. 2215n+1'

Exercise 2: Use Comparison test or limit comparison test to determine whether each series

converges or diverges,

> 1 ) LN | =1

1. S 3. 5.
;2712—1—371—5’ nz:; 3 nz:;ln(n)’
= 3n?+4 = In(n) =4

2. S . 6. .
;2n4+3n—|—5’ 4 HZ:; n3 ’ ;2”4—3”

Exercise 3: Use Integral test to determine whether each series converges or diverges

=1 =1 =1

n=1 n=1
2. glnégl)’ 4. gnﬁ(n), 6. gmil
Exercise 4: Determine whether each alternating series converges or diverges.
1 g% 3. g(—l)”—lgniz, 5. g(—m“nLH,
S S S

3
Il
b
3
Il
—
3
Il
—_

Exercise 5: Determine whether each series converges absolutely, converges conditionally or

diverges.
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1. Z(_l)n—lﬂ’ 9. Z(_l)n—lw’ 5 Zcoz(;z)}

— 2n?2 +3n+5 — n3 —

> . 3" > n11n(n) = i arctan(n)
Iy Y Y S

n=0 n=1 n=1

3n = n’ = (n? + 3n)"
-1)"— 3. E d. E —_—
( ) 517,7 nn; (477/2 + 5)

n! =L (n!)? =~ n
-, . , 6. —_—
nr 4 nz; nn ; (In(n))™

n=0 n=1 n=1
= " = n! = (x4 5)"
Q;F 4. ;Ex—Q 5.; "D

Exercise 8: For each function, find the Maclaurin series or Taylor series centered at a, and

the radius of convergence.

1. cos(zx),a =0, 3. i,a:5, 5. =5,a=1,

2. €°, 4. In(z),a =2, 6. =
Exercise 9: Using the power series, resolve the following differential equations

1. (22 = 1)y" + 62y + 4y = —4,

2. y" —2xy' +y=0,y(0)=0,y'(0) =1,
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8. (x—=3)y +2y=0.

Exercice 10. (Ezam)

Study the nature of the following series

— (—1)" ! A ((n+ 1?2~ 1 =~ 1
LY s . 2n —1)! 3;m 42 =

n=1 n=1

B
H.

S
Il
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Solution of exercise 1.
Reminder.
Geometric series : A geometric series is a series of the form

o0
E ar" P =a+ar+art+ar®+---.
n=1

If |r| < 1, the series converges, and

a

o0
Zar”_l = for |r| <1.
n=1 -r

1
If |r| > 1, The series diverges.

Solution.

3. :04;:1:4712(% n:41i§:20
4 ii::—gi@)n:%lif%
n=0 n=0 7

o ;(g)n:fg:g
SIS

Solution of exercise 2.

Reminder.



N.AISSAOUI Analysis 3 50

o Comparison test :

i. Suppose there exist an integer N such that 0 < a,, < b, for allmn > N. If an

n=1
(o)

converges, then E a, converges.

n=1

1. Suppose there exist an integer N such that a, > b, > 0 for all n > N. If an

n=1

diverges, then Zan diverges.

n=1

o Limit comparison test : Let a,,b, >0 for alln > 1.

Gy - C .
i. If nh_)rgo b =L #0, then Zlan and Zl b, both converge or both diverge.

o0 oo
.. . Gn
it. If lim — =0 and E b, converges, then E a, converges.
n—oo b, - -
n= n=

oo oo

S Qp, . .

1e. lim — = oo and E b, diverges, then E a, diverges.
n—oo by, - -

n= n=

Solution.

- 1 =1 =1
1. Z CPCRT Compare to Z o2 Since Z 2 s a p-series with p = 2, it converges,
n=2 n=2

1
then, Z e converges. Further,
n

1
—— < —, VneN
2+ 3n—5 2m2
Therefore, we can conclude that ;O N converges
’ = 2n*+3n—5 Jes:
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> 3 4 >, 3
2. E 5 s Compare this series with E oz We see that
n=1

— 2t +3n+5
3n2+4
li ZIE gy, SPOEA 208
n—o00 Iz n—oo 2n4 -+ ?)TL -+ 5 3
=3 3n? +4
By the limit comparison test, since —— conwverges, then ———————— conwverges.
Y b 2_32712 J ;2n4+3n+5 J

o0

2"+ 1 = [2\"
3. Z + . Compare with Z <§) . We see that
=1

3n
241 n
- 2" 41 3° 1
lim -2~ = lim 0 i l1+(—)]:1.

n=1

n
Therefore, since E (g) is a geometric series with r = % and ‘%‘ < 1, it converges, we

n=1

=2
conclude that Z

CONVETGES.

In 1
4. Z 753 ) Compare with Z . Since Z e is p-series with p = 2, it converges. Further,
n=1 n=1

1 1
n(?) < — n € N.
n n

In(n
Therefore, we can conclude that Z % converges.
n

n=1
5 i ! Compare to il Since
- = n(n) b =
1 1
>— n>2,
In(n) = n
and Z — diverges, we have then Z n(n)
n n(n
= n=2



Analysis 3 52

N.AISSAOUI

I An ) A\ "
6. ngﬂ TR Compare with 321 (g) . We see that
4TL

o0 n
: 4 : . . -
Therefore, since E (§ a geometric series with r = % and |%’ > 1, 4t diverges, we
n=1
n

conclude that Z .
— 2"+ 3

Solution of exercise 3.

Reminder.

Integral test.(Theorem)
Suppose Z ay, 18 a series with positive terms a,. Suppose there exists a function f and a positive

n=1
integer N such that the following three conditions are satisfied:

i. f is continuous,
1. f is decreasing,

iti. f(n) = a, for all integers n > N.

Then, Zan and / f(z)dz both converge or both diverge.
N

n=1
Solution.
1 E —. Compare E — and —=dx because - is continuous and decreasing forn > 1.
n4 T ni 1 X7 nt
-

> ] b 1 1° 4 1
/ —dx = lim —dx = lim l W_4] = lim [—_4 — 1} = 00.
1 T4 b—o0 1 T* b—oo |4 — 7 A N b
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> 1 1
Thus, the integral / —dz diverges, and therefore, the series Z — diverges.
1 x4 —/ n4

=1 =1 >]
2. Z n(;m) Compare Z nrf;l) t0/2 n(z )dx because ™ ‘Q) is continuous and decreasing for
n=1 2

n = x?
> 2. Then, we have

oo b .
/ ln(j)da; = lim / ln(;v)d:v = lim [ In(z)
2 €T b—oo [o X b—ro0 xT

L n(d) W2 1"] . In(d) In(2) 1 1
- R s R
In(2) +1
= < 00.
2
1 |
which implies that/ n(;y) converges. Therefore, Z n(?) converges.
s ~ n
3 ii Compare ii to /Ooidx We have
. n=1 er . g n=1 er 1 e '

| b , TS L, 1 1
—dx— lim e "dr = lim [—e ﬂlz lim |—e "+ —-| = - < 0.
1

e’ b—oo 1 b—oo b—oo

1
which implies Z — converges.
en

n=1

[e.o] [e.9]

1 1 < 1
. . t dx. h
4 nz; o Tn(n) Compare ; o Tn(n) 0 /2 2Tn(2) x. We have

00 1 b 1 b 1
/ dr = lim ———dz = lim —L __dx
2

xIn(x) b—oo o xIn(x) b=oo o In(z)

= lim [In(In(z))}} = Jim [In(In(b)) — In(In(2))]

b—o0
= OQ.

1
nin(n)’

<1
Then, /2 a:ln(a:)dm diverges and we conclude that Z
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o0

1 =1 |
d. Z RUBR Compare Z O and /1 o 1dx. We have
n=1 n=1

< 1 ) b ) b ] T T T 0w
/1 o ldx = blgglo o ldsc = blirglo larctan(z)|| = blggo arctan(b) — Z] =511
| =~ 1
Since /1 o 1d:c converges, then, ; ] converges.

= n = n <
6. ;n2+1. C’omparenz:;n2+1 150/1 x2+1d$. We have

b

00 b 2
1 1 1
/ 2x dr = lim Y _dr = lim In(z" +1) = — lim [In(b* + 1) — In(2)] = oo.
1z +1 b—oo Jq 72 +1 b—oo 2 1 2 b—oo
Then, ; 77,27?{— 7 is divergent because /1 o 1d$ diverges.

Solution of exercise 4.
Reminder.

Leibniz’s test

An alternating series of the form Z(—l)"“bn or Z(—l)"bn converges if
n=1

n=1
. 0<by1 <0b, foralln>1.

gi. lim b, = 0.
n—oo

Solution.

(_1)n+1 ) L
m. S’an@ 7

1
2n+5

< and =~ — 0, as n — oo, the series converges.
2n+5 ’ ’

. 1 .
T Since s < s and o= 0, as n — 00, the series converges.
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32 3n—2 -

n
test. Now, we use the n'" term test for divergence. Since lim 5 = 1 # 0, the series
n—oo HN —

diverges.

[e.9]

1
4. Z(—l)"‘lw. Since @ is decreasing for n > e and @ — 0, as n — oo, the series
n

n=1
converges.
> n
. —1)"Tt—— . Since 2~ — 1 #£ 0 as n — 00, we cannot apply the alternating series
7?5 ) m— o # pply g
n
test. Then, we use the n'* term test for divergence. Since lim 1 1 # 0, the series
n—oo 1
diverges.
0 ( 1)n+1
6. g — Since o )2 < 2 cmd 5 — 0, as n — o0, the series converges.
n
n=1

Solution of exercise 5.

Reminder.
(e.9] [e.9] o0
o A series Z a,, exhibits absolute convergence if Z la,| converges. A series Z a,, exhibits
n=1 n=1 n=1
oo oo
conditional convergence if Z a, converges but Z la,| diverges.
n=1 n=1

o o
o If E \a,| converges, then E a, converges.

n=1 n=1
Solution.
. 3n% +4 3n% +4
1. ;::1(—1)”1% Since nh_>ngo m =3 # 0, by the divergence test, the series
3n” + 4 = 3n? + 4

diverges.

WK

(—1)”_1m diverges, therefore, Z (=)t
n n

« — 2n2 +3n+5

n
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7’1

2. Z 2n+5n. We have

n=0
n=0 =
We compare Z 3 to i § ' We see that
d o5 2=\5)
3n
SnFn 5" 1
lim 2550 = i = lim ———— = 1.

— lim ——— = 1
noeo (2)7T T nbeo 27 5T moeo (2)7 41

n
Therefore, since E (5) a geometric series with r = % and |§’ < 1 converges, we conclude

(e 9] n

— 3" 3
that Z 5 hence, Z(—l)"zn T is absolutely convergent.
n=0

n=

> 11
3. Z(—l) nn(g) We have
n=1

Vn € N* and by comparison test, Z

) to Z . Since ln(”) <
n=1

nz;
= n=1
- In(n) 1 ()
converges, then, Z 5 converges, therefore, Z(—l) —— converges absolutely.
n n
n=1 n=1
- 1
4. Z(—l)"q#. We have
n=1
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1 >
We compare Z % to / n;x)d:v. We have

n—e

/°° ln{iﬁdx = blﬂ?o/ 1nix)dx = %bhm [(m(x))ﬂz ~

< In(x) = In(n) - _1In(n)
Th dx di th E—d' dh E - —=
en, /e  dz diverges, erefore 2. werges and hence, n:1( ) s
S _1In(n)
not absolutely convergent. Now, we study the nature of E (— ——=. For that, we
n
n=1
apply Leibniz’s test. Since ln7(1n) is decreasing for n > e and ln(” — 0 as n — oo, then,
- _,In(n) - _,In(n) - _1In(n)
—1)nt—== th S ) [ . H S [ p—_——
523( ) L~ converges, erefore, nEZI( ) — converges. Hence, 321( ) "

is conditionally convergent.

= cos(n
d. Z ( ) Noting that | cos(n)| < 1, to determine whether the series converges absolutely,

compare Z cos(Qn) with the series Z — . Since Z — converges, by the comparison test,
n n n
n=1 n=1 n=1
=< | cos(n) =< cos(n)
Z 5| converges, and therefore Z 5 converges absolutely.
n n
n=1 n=1
= t
6. Z(—l)”l%n(n). We have
n=1

_,arctan(n)

(—1)" _ Z arctin(n).

[e's)
n=1

n n=1
o

arctan %

We compare E E <. We see that
n=1 n=1 n

arctan(n)
lim —2— = — lim arctan(n) = 1.
n—o00 T n—o0

3 poln
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diverges. Therefore, the se-

i arctan(n)
n

(e.)
1
Therefore, since 5 E — s divergent, then,
n
n=1

n=1
- arctan(n
ries Z(—l)"‘l—() does not converge absolutely. Now, we study the nature of
n=1 n
- arctan(n
Z(—l)"‘l4 and we apply the Leibniz’s test. Since %n(”) 1s decreasing forn > 1
n
n=1

= ._jarctan(n) ._jarctan(n)

and%n(") — 0, asn — oo, then, Z(—l) converges. Thus Z(—l)

n=1 " n=1 n
is conditionally convergent.
Solution of exercise 6.
Reminder.
oo
« Ratio test : Let Z a, be a series with nonzero terms. let
n=1
. Ap+1
p = lim .
n—oo an
Then,

i. If0<p<1, then Zan converges absolutely.

n=1

i. If p>1 or p=o00, then Z a, diverges.
n=1

ii. If p =1, the test does not provide any information.
e Root test : Consider the series Zan. Let
n=1
p= lim /|a,|.
n—oo
Then,

i. If0 < p <1, then Zan converges absolutely.

n=1
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it. If p>1 or p= o0, then Z a, diverges.

n=1

ii. If p =1, the test does not provide any information.
Solution.

(e.9]
37’1,
1. E (=1)"—. From the ratio test, we can see
jn
n=0

. F1
= lim o
p n—oo

0%

3t gn 3
= 1i =

5n

<—1>n+lﬂ'

n—oo Hnt1 3” o

5

Since p < 1, the series converges.

(o]
n! )
2. E —. From the ratio test, we can see
n
n=1

(n+1)! n n
TS Ea! . (n+1)! n ) n .
p = lim — = lim . = lim =1 1—
Since p < 1, the series converges.
3. Z —. From the root test, we can see
n=1 nt
5 ne
p=lim {/— = lim — =0
n—00 nn n—oo N
Since p < 1, the series converges.
— (n))?

. From the ratio test, we can see

n+1)32

o D+l
p = lim —p— = lim il

n—o00 2 n—00 nn!

, no\"
(1)t Jim (n +1) ( )
Since p = 00, the series diverges.




N.AISSAOUI Analysis 3 60

e 2 In)"
d. Z % From the root test, we can see

L[ (n?43n)" . n*+3n 1

P\ @25 “ b an2 15 4

Since p < 1, the series converges.

n

M

—~. From the root test, we can see

7 (In(n))

3
Il

p=lim ¢ () i (In(n))

Since p = 0o, the series diverges.

Solution of exercise 7.
Reminder.

Radius of convergence.
o0

Consider the power series E cn(x —a)". The set of real numbers x where the series converges

n=0
is the interval of convergence. If there exists a real number R > 0 such that the series converges

for |x —a| < R and diverges for |x — a| > R, then R is the radius of convergence. If the series
converges only at x = a, we say the radius of convergence is R = 0. If the series converges for all

real numbers x, we say the radius of convergence is R = oo.

Solution.
1. Zna:" To check for convergence, we apply the ratio test. We have
n=0

. n+1
= lim |z| = |z|.
n—oo n

(n+ 1)z"*

p = lim
nx"

n—oo

The ratio p < 1 if |x| < 1. Since |z| < 1 implies that —1 < x < 1, the series converges
absolutely if —1 < x < 1. The ratio p > 1 if |x| > 1. Therefore, the series diverges if v < —1
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orx > 1. Now we need to test the convergence at the endpoints. For x = —1, the series is

given by Z . Since this series is alternating series which diverges by the divergence

oo
test. Thus, the series diverges at x = —1. For x = 1, the series is given by Zn, which is

n=0
divergent. Therefore, the power series diverges at x = £1. We conclude that the interval of

convergence is (—1,1) and the radius of convergence is 1.

[e.9] n

x
2. Z —- To check for convergence, we apply the ratio test. We have
n!

n=0
Jjn+l 1
R RCEsYI . "t nl .
p= lim (n;n) = lim — | = |z| lim =0<1.
n—oo | T n—00 (n + 1)' m n—oon + 1

for all values of x. Therefore, the series converges for all real numbers x. The interval of

convergence is (—00,00) and the radius of convergence is R = oc.

n!
—a". To check for convergence, we apply the ratio test. We have

to
WE
3

1

3
Il

n+1)! n n
, (n5r1J)r(n)+1> ! , (n+1)! n™ "t , 1 ||
p = lim , = lim —. = |z| lim {1— = —.
n—o0 :_” n n—oo | (n 4 1)(”+1) n! " n—o0 n+1 e

Therefore, the series converges for |x| < e. At the endpoints, x = +e, the series is divergent.

Then, the interval of convergence is (—e,e) and the radius of convergence is R = e.

4. E —(x —2)". To check for convergence, we apply the ratio test. We have
nn
n=1

n+1)! n
e (@ = 2)

T?—TL(QJ —2)n

(n+1)! n" (z—2)0+D
(n+ 1)+ nl" (2 —2)»

, L\
= |z —2| lim (1——)

1
= |z —2|-
e

= lim

n—oo

lim

n—oo
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The series converges for |x — 2| < e. At the endpoints, © = 2 + e, the series is diver-

gent. Therefore, the interval of convergence is 2—e < x < 24 e and the radius of convergence

15 e.
— (n))? n :
d. Z (x —2)". To check for convergence, we apply the ratio test. We have
nn

n=1

n+1)?2 n
. . (7(1(4_—3(,)%21) ($ — 2)( +1) B ((n + 1)!)2 n" (.CL" . 2)(n+1)
G B ne [ (n+ O ()2 (= 2)

1 n
= — 2| li H{1-
o2/ tim (0 +1) (1= )

= OQ.

Therefore, the series diverges for all x # 2. Since the series is centred at x = 2, it must
converge there, so the series diverges only for x # 2. The interval of convergence is the

single value x = 2 and the radius of convergence is R = 0.

o0 5 n
0. Z u . To check for convergence, we apply the ratio test. We have
n(n+1)

(x+5)(n+1)

n n 1 5)nt1
p— tim || _ gy |00 D) AT gy 2
e n(n+1) oo (TL + 1>(n + 2) (iL‘ + 5) n—oo N + 2

The ratio p < 1 if |x + 5] < 1. Since |x + 5| < 1 implies that —6 < x < —4, the series
converges absolutely if —6 < x < —4. The ratio p > 1 if |[x + 5| > 1. Therefore, the series

diverges if v < —6 or x > —4. Now, we need to test the convergence at the endpoints of
(="

x separately. For x = —6, the series is given by Z
“—~ n(n+1)

series which converges. Thus, the series converges at x = —6. For x = —4, the series

. Since this is the alternating

=~ 1
is given by Z m Since this series is telescopic series convergent. therefore power
n=1

series converges at x = —4. We conclude that the interval of convergence is [—6,—4] and

the radius of convergence is R = 1.
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Solution of exercise 8.
Reminder.

Maclaurin and Taylor series.

o If f has derivatives of all orders at x = a, then the Taylor series for the function f at a is,

~ (n)a //CL (”)a
Zf 1( )(w—a)":f(a)+f'(a)($—a)+f—()<x_a>2+m+fn!( )

(@ —a)"+ -

n 2!
The Taylor series for f at 0 is known as the Maclaurin series for f.

e If f has n derivatives at x = a, then, the n'* degree Taylor polynomial of f at a is,

"(a "(q (n)a
f()<x—a>2—|—f(>(l’—a)3+"‘ f ()(x—a)"

o1 R

po(x) = fla) + f'(a)(x — a) + 3l

Then, n'" degree Taylor polynomial for f at 0 is known as the n'* degree Maclaurin

polynomial for f.
Solution.

1. e For f(x) = cos(x), the values of the function and its first four derivatives at x =0 are

given as follows,

flx) = cos(z) = f(0)=1,
fl(x) = —sin(z) = f(0)=0,
f'() = —cos(z) = f"(0)

f"(@) = sin(z) = f"(0)=0,
fO) = cos(z) = fHP0)=1.

Since the fourth derivatives is cos(x), the pattern repeats. That is, f*™(0) = (—1)™
and fC™(0) =0, for m > 0. Thus, we have,
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() = 1+0=1,

1 1

po(r) = 1+0— ﬁxQ =1- ﬁxQ,
Lo Lo,
1 1 1 1

pa(z) = 1—1—0—51’2—1—04—@354: 1—5352—{—5354,
Lo [ Ly 14

ps(@) = 1+0— g2 +0+ ot +0=1— a* + 1o,

and for m > 0,
1 1 $2m m ka
m 1— — 2 a4 —1)m — -1 k
Pam () STRERTR U G ;( UNETAI
Then,
0 r2n
cos(x) = Y (1) O
n=0
e To find the radius of convergence, we apply the ratio test. We find
_1\n+1
. |ant : ((271;,)+2)! gt (=)t (2n)! xR
p = lim = i -0 lim . 3
n—oo | a, n—00 ol 2n n—00 (—1)” (2TL + 2). xren
20 15 1
= |2*| lim =0< L

n—oo (2n 4+ 1)(2n + 2)

Therefore, the series is convergent for all real numbers x. The interval of convergence

is (—00,00) and the radius of convegrence is R = 0o.

2. e Since f(x) = €*, we know that
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pi(z) = f(O0)+ f(0)z=1+ux,
pe) = FO)+FO+ P
10 o 510)

1
x2:1+x+§x2,

ps(x) = F(0)+ £(0) o1t a ot sa? g

" "(0) . (n);
pa(z) = f(0) _|_f/(0)$_|_ f2(10>$2 + f 3(!0):[5 4t f n'(0>$n

1, 14 "
= 1—|—:c—|—§:1: +§:c +--~+H

n xk
- Z k'
k=0

Which gives,

e To find the radius of convergence, we apply the ratio test. We find

xn+1
. an .| Togy nl gt . 1
p=lim | 2= = lim (n%) = ———— . ——| = |z] lim =0<1

Therefore, the series is convergent for all real numbers x. The interval of convergence

is (—o0,00) and the radius of convegrence is R = 00.

3. e For f(x)= %, the values of the function and its first four derivatives at x =5 are given
as follows,
1
@) = = = fe)=¢
1 1
fla) = % = 6= 5,
2 2
o) = 5 =105
6 6
f///(x) — _; = ][‘I//<5) — _g’
24 24
4) _ 4 _
@) = 5 = f0E) =5
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/.

Therefore, we have,

pol) = 1) = ¢,
n) = J5)+ FG)e—5) =5 — (e —5)
pa() = F6)+ PO -5+ T @ mr =l L5+ L5
pa@) = 16)+ 765+ L w52+ LD sy
11 1 , 1 ,
pi@) = 16)+ 765+ L5 TP sy L0 gy
11 1 s 1 g, 1 1
= o) a5 S5+ (e )Y
' " " (n)
pole) = )+ PO -5+ L @5 L g IO gy
11 1 . 1 3 n 1 n
= g—?(l‘—5)+5(l‘—5) —g(x—5) + -+ (—1) 5n+1(3c—5)
= Y

Which gives,
1 (@ —5)"
—=D ()

o To find the radius of convergence, we apply the ratio test. We find

—1)nt! (z—5)"*! — )l mntl
p= lim Intll — i ) 5?5 = lim (z=5) —
= |x_5|1im1:u'

This series is convergent if |x — 5| < 5. Therefore, the radius of convergence is R = 5.

o For f(z) =1In(x), the values of the function and its first four derivatives at x = 2 are
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given as follows,

Therefore, we have,

pi(z)
pa(7)

p3(z)

pa(m)

f@) = = =f@=y
1 1
fl2) = —= = ['2)=-

f///(x) — % = f///(2) — %’

@) = — =)= -2
, 1
F@) -2 = gz -2),
-2+ T e 0y = L9 - o2,
r@ -2+ 52w 22+ LB oy
1 1 , 1 ,
5@ =2) = 5@ =20+ 552 (2 - 2)%,

1" " (4)
r@e-2+ 2w -2y + T gy T gy
1 1 , 1 , 1 A
§($—2)—%($—2) +ﬁ($—2) —m(fﬂ—Q%
1)+ r @) -2+ D22 T oy
1 1 , 1 , 1 A
5@—2)—%(33—2) +ﬂ(3§—2) —ﬂ(x—@ +--
()" oz~ 2)"

- 1k+1 1 2k
D) gl
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o To find the radius of convergence, we apply the ratio test. We find

e (_1)n+2—2n+1%n+1) (v —2)*! n \x — 2|
p = lim = lim : = |z — 2| lim

This series is convergent if |x — 2| < 2. Therefore, the radius of convergence is R = 2.

5. e For f(x) = $—12, the values of the function and its first four derivatives at x = 1 are

given as follows,

Fla) = —= = f)=-2
Py = % ==
ey = 5 = ) =24
@) = S = 0 =120

Therefore, we have,

po(z) = f(1)=1,
p(z) = fO)+fDE-1)=1-2-1),

—_

pae) = 50+ e -1+ T @ 12 =10 5) 3 -5y,
pa) = F0+ 7@+ D12 T gy

= 1-2(x—1)+3(x—1)* —4(x — 1)

" " (4)

pite) = FO+ PO -1+ T e Ty 20y

= 1-2@—-1)+3x—1)* —4(x —1)> +5(x — 1)*,

. : " " (n)

pole) = FO+ PO -0+ I @ D gy Dy

= 1-2x-1D)+3x—-1)2 -4z —-1>*+5x )"+ + (=D)"(n+1)(z - 1)
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n

= (=DF(k + 1) (x — 1)~

k=0
Which gives,
Z "(n+1)(x—1)"
n=0
o To find the radius of convergence, we apply the ratio test. We find
(_1)n+1(n + 2)(1. _ 1)n+1 B
(=D™(n+ 1)z —1)"

Ap+1
Qnp,

= lim

n—oo

p = lim

n—oo

This series is convergent if |x — 1| < 1. Therefore, the radius of convergence is R = 1.

6. o For f(x) = ﬁ, the values of the function and its first four derivatives at x = 0 are

given as follows,

@) = ——— = fO)=1
/ _ 1 / _1
F@) = gy 0=
1 3 1! §
@ = s 2 0=
" 15 1" E
@ = gy 2 0=
@ 105 @ 105
) = o = S0 =55
Therefore, we have,
po(z) = f(0)=1,
n) = SO+ 70 =1+ 5z,
pa() = SO+ 7O+ I — 14 L +2
’ 2! 3! 2" "8
" " (4)

2! 3! 4]

5
16
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B 1 35 5 4 35 4
= 1+2x—|—8a: +16:c +128a:,

//O ///O
pa(z) = f(o)—i-f'(O)x—i—fQ(')xQ—i—fg(‘ )ZE?’—{—---—{— " "
1 3 5 35 (2n)!
= 1+ et St et n
+ 2:B+ 37 + 6" + 123”7 +- (2”n!)2$
_ Z”: (2k)!
kL-1)2 '
prd (2kE!)

Which gives,

1 (20,
m_Z(Q”n!)Qx

n=0

o To find the radius of convergence, we apply the ratio test. We find

(2n+2)! n+1
— i Ant1| li (2nt1(n41)!)2 " _ 1 2n+1 B
p = lim = lim ) |z| lim 5 ] |z].
n—00 | Gy n—o00 (2"n!)2xn n—0o00 (’n, + )

This series is convergent if |x| < 1. Therefore, the radius of convergence is R = 1.
Solution of exercise 9.

1. (2% = 1)y + 6zy + 4y = —4.

Suppose that there exists a power series solution ,
oo
y(x) = Z cnt™ = o+ 1 + cx® + c37° + eyt + Csr® 4
n=0

Differentiating this series term by term, we obtain,

y'(x) = Z ne, "' = ¢ + 2cox + 3ez2” + degx® + Besrt + o
n=1
y'(x) = n(n — 1)c,x™? = 2¢y + 6c3x + 12c42 + 20c52° + -+ - .
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If y satisfies the differential equation, then,

2y//_ "+6xy’+4y — 4
oo o0
xQZn(n—lcn Znn—lcn " 2+6x2ncnx" 1—|—4ch = —4
n=2 n=2 n=1 n=0
Zn epz™ —Znn—lcnx"2+62ncnaj +4ch = —4
n=2 n=2
Z (n(n—1)+6n+4)c,z" — Zn(n — 1)@ 2 + (6cy +4cp)x + 4y = —4
n=2 n=2
Z n? +5n + 4 cnx — Zn(n — 1) z" 2+ 10c1z +4cy = —4
n=2 n=2
Z (n® +5n +4) cpa” — Z(n +2)(n+ 1)cpo2”™ + 10c12 + 4cy = —4
n=2 n=0
Z (n2 +5n + 4) " — Z(n +2)(n 4+ 1)cprox™ + (10¢) — 6¢3)x + 4eg — 2¢o = —4.
n=2 n=2

Using the uniqueness of power series representations, we know that these series can only be

equal if their coefficients are equal. Therefore,

400—202 = —4,
(n2 + 5n + 4) ¢n = (M+2)(n+1)cppo,Vn > 1.

which gives,

Coy = 2CO+2,
n? +5n +4
R N IR D
That is,
) 3
02:2co+2,03:gcl,nzl,al:502:3co+3,n:2,--~.
Therefore,

5
y(x) = co + 1w + (2¢o + 2)* + gclxg + (3co + 3)z* +
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2. y" —2xy +y=0,y(0) =0,y(0) = 1.

Suppose that there exists a power series solution ,

= g Cnt™ = co+ 1 4 cox? + ez + gt + - -
n=0

Differentiating this series term by term, we obtain,

y'(z) = Z ne,x" ' = c1 + 2cpx + 3esr? + degr -

y'(z) = n(n — 1)c,2" 2 = 2¢cy + 6c3x + 12c42 + - - - .
n=2

If y satisfies the differential equation, then,

inn—lcn —inncn:cnleicnx” =0
n=2
in(n—lcn —Qchn:c +chm" =0
n=2
in(n — 1)epa™ 2 + Z(—Zn +1)epa" +cp = 0,
n=2 n=1

which gives,
(2¢o + 6c3w + 12¢42% + -+ ) + ¢g = (1@ + 3cz” + Beza® + Tegx® + 9esz® + -+ ).

Using the uniqueness of power series representations, we know that these series can only be

equal if their coefficients are equal. Therefore,

2c0+cy = 0,
603 =
12C4 == 302

20cs = bes
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Using the initial conditions , we obtain,

Co = 07
i = 1.
Then,
Cy = 07
1
G = 6
Cy = Oa
1
;s = —.
i 24
Therefore,
(z) i1 +]' +
=r+-2’+ —=x
Y 6"

3. (x—3)y +2y=0.

Suppose that there exists a power series solution ,
= chm" = ¢y + 1T + o1 + 32 + et + - -

Differentiating this series term by term, we obtain,
Z nea " = ¢ + 2c0x + 3c3x? + degx® + - -

If y satisfies the differential equation, then,

(x —3) i ne,z" "t + 2 i = 0
n=0



N.AISSAOUI Analysis 3 74

which gives,
(3c1z + 4ear® + besr® + 6cgz® + -+ ) + 2¢9 = 3¢1 + 6cox + 9eza® + 12¢42° + - - -

Using the uniqueness of power series representations, we know that these series can only be

equal if their coefficients are equal. Therefore,

200 = 361,
301 = 602,
402 = 963,
563 = 12C4,
Then,
2
G = 500,
1 1
Co = =C = =¢C
2 9 1 3 05
4 4
3 = —Cy= —cC
3 9 2 27 0
cy = 50 _ 0 ¢
R DR T
Therefore,
2 1 4 5 2 1 4 5
y(x) = Co+500x+560x2+2—760x3+g00x4+- =0 (1 + 3o+ §x2 + 2—7:133 + §$4 + ) .
Solution of exercise 10.
ziﬂ Since 0 < —L— < L and & — 0, by Leibniz’s test th '
. - Since 0 < oy < op and , by Leibniz’s test the series converges.
n=1
0 gn+1 112
2. Z ((n+ 1)) . the ratio test don’t say anything about the nature of the series because
(2n —1)!

p = 1. Using comparison test with %, we find the series is divergent.
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3. We compare our series with dx. Since,

- 1 ]

1 .
/1 T = m / ﬁdx—blir&m"

As the integral diverges, the series diverges too.

=1 SN S| ﬂl - .
4. Z . We compare Z ——F— to Z —. As lim =1, by the limit comparison
n=1 \/ﬁ + 1 n=1 \/ﬁ + 1 n=1 \/ﬁ oo T

oo 1 o
test, Z — diverges, then, Z
n=1 \/ﬁ n=1 \/_

diverges.
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Fourier series.
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Exercise 1.

1. Find the Fourier series for the function f(x) = x + 2% in the interval —m < x < 7. Hence

show that
1 1 1 1 _ n? 1 1 1 1 _
CETETET R T T cuETmTEtE T T by
2. If f(x) = (u) in the interval 0 < x < 27, show that f(x) = ”—2 Z . Hence
=1

obtain the following relations:

3

1 1 1 1
‘ﬁ+ﬁ+§+ﬁ+m:

F.
1 _ 2
1 w2
i 1—24—3—2—1—5—2—1—%4—"':?.
—x+1 for —7m<z<0
3. Given f(x) = / - s the function even or odd?
x+1 for 0<z <

Find the Fourier series for f(x) and deduce the value of

11 11
Ttmtatot

4. Ezpand the function f(xr) = zsin(z) as a Fourier series in the interval —m < x < w.. Deduce

that
1 1+ 1 1+ =2
1.3 35 57 7.9 4

Exercise 2.

-, —nw<z<0,
1. Find the Fourier series expansion for f(x), if f(x) = { g T
z, O<x<m.

Deduce that 1 5 + 32 + 52 + - %2.

r, —m<x<O0,
2. Obtain Fourier series of the function f(x) = {
-z, O<z<m.
2

Show that 1 + 32 + 52 +e= 5
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3. Find the Fourier series for the function

-1, T <T<—3,
f(x) = 0, —F<z<i,
1, 7 <z<m.

Exercise 3.

1. Find a Fourier series for f(t) =1 —t* when —1 <t < 1.

0, —-2<x<0,

2. Develop f(x) in a Fourier series in the interval (—2,2) when f(z) =
1, 0<x <2

3. Ezpand f(x) = e as a Fourier series in the interval (—I,1).

t, 0<t<l,
11—t 1<z<?2.

4. Ezpand f(t) = {

Exercise 4.

1. Find the half range sine series for f(x) = % —r, 0<x<l.

2. Find the half range cosine series for f(x) = xsin(z), 0 < x < 7.

kx,
E(l — x), é

e}

3. Obtain a half range cosine series for f(x) =

IN N
T~ NI~

<
<
Deduce the sum of the series 1% + 3% + 5% + .-

wr, 0<x<i - " (2n + 1)7x
4. Let f(z) { o . Show that f(x) = % E:O 5 sin ( ; >

| —x), %g < n—l—l
the s

Hence, obtain the sum of series 1 + 32 + 52 + -

~

Exercise 5.

C 2n — 1
1. Prove that in the range (0,1), © = £ — 4—2 Z B )2 cos (( 1 )W:v> and deduce that
n j—

L
2 [
1
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2

2. Show that for0 <z <, x(n—1x) = & — <COS(2$) + COS(4I) + COS3(26$) +-- ) and hence evaluate
1

nt’
n=1

o0

3. Find the Fourier sine series for unity in 0 < x < 7 and hence show that 1—1—3%4-5%—1—7%—1—- ce=

2

-
4. Find Fourier series of x* in (—m, ). Use Parseval’s identity to prove that % = 1+2i4+3i4+- X

Exercise 6. (Eram)

Consider the m—periodic function defined by f(x) = |cos(z)].

1. Represent the graph of f on [—3m,3m].
2. Apply the Dirichlet Theorem to f.

3. Find the general form of Fourier series of f.
> n+1)

4 2 cos (nz).
n

4. Deduce that for x € R, |cos(z)| = == 4 &

n=1

5. Deduce the Fourier series of g(x) = |sin(x)|.

Exercise 7. (Eram)

Consider the m—periodic function defined by f(x) = |sin(z)].

1. Represent the graph of f on [—3m,3n].
2. Apply the Dirichlet Theorem to f.

3. Find the general form of Fourier series of f.
= sin?(nx)
4. Deduce that for x € R, |sin(z)| = %Z —.

5. Deduce the Fourier series of g(x) = | cos(z)].
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Exercice 8. (Ezam)

Let f be a function defined by f(t) = max(cos(t),0),t € R.
1. Sketch the function of f.
2. Apply Dirichlet theorem to the function f
3. Determine ag, an, b, the coefficients of Fourier series of f.

4. Give the form general of Fourier series of f.

5. Deduce the sum of

o o ( 1p+1 oo 1
. « T = .
Z 4]92 — 1 Z 4p2 -1
p=1 p=1
6. Calculate the sum of V = Z ;
‘ (4p? —1)2°

7. Deduce the Fourier series of g where g(t) = max(sin(t),0),t € R.

Exercice 9. (Ezam)

Let f be a function defined by f(t) = max(sin(t),0),t € R.
1. Sketch the function of f.
2. Apply Dirichlet theorem to the function f
3. Determine ag, an, b, the coefficients of Fourier series of f.

4. Give the form general of Fourier series of f.

5. Deduce the sum of



Series of exercises

8 May 1945 University

81

o0

1
. S:;W—_l,

6. Deduce the Fourier series

o (=1
) T_Z4p2—1‘

p=1

of g where g(t) = max(cos(t),0),t € R.
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Solution of exercise 1.

Reminder.

o The Fourier series for a function f(x) in the interval ¢ < x < ¢+ 27 is given by

= % + Z a, cos(nx) + Z by, sin(nx)
n=1 n=1

where,

™ ™ ™

c+2m c2m c+2m
ap = l/+ f(z)dz, a, = l/+ f(z) cos(nx)dz, b, = _/+ f(z)sin(nz)dz.

o The Fourier series for an even function f(x) in the interval —m < x < 7 is given by

= % + Z a, cos(nz) + Z b, sin(nzx)
n=1 n=1

ag = %/_:f(x)dx:z/wf(x)dx
a, = l/7T f(z) cos(nz)dx / f(x) cos(nz)
b, = / f(x)sin(nz)

o The Fourier series for an odd function f(z) in the interval —m < x < m is given by

x) = % + Z a, cos(nz) + Z by, sin(nz)
n=1 n=1

where,

where,
1 ™
ap = —/ f(x)dx = 0.
L -
1 K
a, = —/ f(z) cos(nz)dzx = 0.
™ —T

by, = = / " Fw) sin(na)ds = 2 /0 " f(a) sin(na)da.
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Solution.

1. o The Fourier series of f(x).

® (g !

™

an, = %/W (z + 2°) cos(nz)dx = % {(m + mz)w} : L (1 + 2z) sin(nz)dx

1 ™ 2 ™ 2 ™
_ {_M] _ [_Q;M] -— cos(nz)dx
™ n . ™ n o2 )
4 2 [sin(nz)]” 4 "
= ﬁ COS(TLT(') — W |: o :|_7r = ﬁ<_1) .
e b,
1 1 o1
by = —/ (z + 2%) sin(nz)de = = [-(fﬁ + IEQ)COS(mj)} +— [ (1+2z)cos(nx)dx
I — v n o ™ J_n
2 1 . ™ 2 . ™ 2 ™
= 2 ostnm) + - [sm(nx)} L2 [xsm(nx)] 2 sin(na)dz
n ™ n ™ n | __ m)_,
2 2 cos(nz)]” 2
n< ) ™ { n }_W n( )
Then,

2

f(2) = (z+2%) = % + 42 (=1" cos(nx) — 22 (=1" sin(nx).

n? n

e Putting x = 0, we get,

0_7r241 1+1 1+ :>7r2_1 1+1 1+
3 12 22 32 42 12 12 22 32 42
e Putting x = 7, we get,

s T (1) 2 =1 7 7 1 1 1 1
™+ _§+4Z—:W+__4Z;_:Z+E_ﬁ+§+§+ﬁ+.”
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2. e The Fourier series of f(x).

® (g !
1 [ 5 1 (m—z)31* 1 [x® = w2
— R — d = — | — = — | — _— = —
“© =) @ x)xzm{ 3 |, @ |3 73|
°a, :
2 1 : 2m 1 2
a, = — (1 — x)*cos(nx)dr = — | (7 — aj)2sm(nx) +— (m — x) sin(nzx)dx
4 Jo 4m no |, 2w
1 27 1 2
= l_(w_a?)cos(nz)} — / cos(nz)dx
21 n o 2mn? J,
1 1 [sin(nz)]”"
= 5 (7 cos(2nm) + 7| — 52 [ " L
1
o
e b, :
1 I 1 2m 1 27
b, = o i (7 — x)*sin(nx)dr = o {—(7? — x)ZCOSElnI)]O 5 ; (m — z) cos(nz)dx
1 1 sin(nx) " 1 o
= EO — % |:(7T — .fL')T:|O — m/o sm(n:c)d:c
B 1 cos(nz)]* 1 1 N N 0
~ 2mn? n o 23| noon]
Then,

o Putting x = 0, we get

? ™ =1 2 1w 11 1

e Putting x = m, we get
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e we do the addition of the first and the second sum to get

7r2+772_2 1+1+1+ :>7r2_1+1+1+
6 12 12 32 52 8

3. e f(—x) = f(x), for —m < x < 7. Then, f(x) is even. and its Fourier series is

f(z) = xsin(x) = % + i a, cos(nzx).

® Qg .
" 2 [(x+1)2]" 2 [(x+1)? 1] 2
_ Ve = = _z B —
o W/O(SH)‘T w{ 2 ]0 w[ 2 2 2+7T T
°qa,
2 [T 2 i " 2 ["
a, = —/ (x + 1) cos(nz)dr = — {(ijl)sm(nx)] ——/ sin(nx)dz
T Jo T no |, ./
_ 2 {_ cos(nav)}7r _ 22 fcos(nm) — 1] = 4O, if n is even,
™ n g TN ——, if n is odd.
Then,

. 4 K cos((2n — 1)a)
f(l')—g—i-l—;; (27’&—1)2

e Putting x = 0, we get

I R B B
o2 m\1? 3 5
S 1,11y
8 123 B
4. e The Fourier series of f(z) = xsin(z).
Since xsin(x) is an even function (—xsin(—z) = —x. — sin(z) = xsin(x)), b, = 0 and
f(z) = xsin(x :EO—I—Zancos nx)

n=1
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® (.
2 [T . 2 . 7w [T T ”
ay = — [ wsin(z)de = —[—zcos(z)|y + = [ cos(z)dr =2+ - [sin(z)]; = 2.
T Jo T 2 J, 2
e,

2 (7 1 (" 1 22)1" 1 (7
a = —/0 xsin(x)cos(a:)dx:;/o xsin(Qx)dx:;[—xWL—F%/o cos(2z)dx

il 1 [sin(2x)]7r _ _1

2 o2r | 2 2
a, = %/OF xsin(z) cos(nz)dr = %/OF x(2 cos(nx) sin(z))dz, n>1
_ ! /7T$ [sin((n + 1)z) —sin((n — 1)z)] dx
T Jo
_ 1 {:c (_cos((n +1)x) N cos((n — 1)x))} N 1 /” <Cos((n +1z)  cos((n— 1)x)) i
s n+1 n—1 o TJo n+1 n—1
_cos((n+ 1)) cos((n—1)w) 1 [sin((n+1)z) sin((n—1)z)]"
T 41 * n—1 +;{ (n+1)2  (n—1)2 10
~cos((n+1)m)  cos((n—1)m)
= — 1 + — , n#1L
B ﬁ - #1, n is odd,
a n_Tl + n%l, n s even,
B n22_1, n s odd,
B ——7, N s even.
Then,
. 1 cos(2x)  cos(3z) = cos(4x)  cos(5x)
f(g:):1—§cos(x)—2(22_1 TEo1 T Eo1 mod +)

e Putting x = 5, we get

= 1-2 L + L L +
N 22 1 421 62-1

bo | 3
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m™—2 ( 1 1 1 )
= = 2 — + + ..

4 22—-1 42-1 62-1
Lo 111

4 13 35 57
Solution of exercise 2.
Reminder.

<z <X, . . .
let f(x) be defined by f(x) = Hi(@), csrst where xy is the point of finite
fa(x), o < T < c+2m,

discontinuity in the interval (c,c + 2m). The value of ag, ay,b, are given by

ag = % _/IO fi(z)dx + /C+ 7rfg(x)dx] :

a, = % _/xo fi(x) cos(nzx)dx + /C+27r fa(x) cos(nw)dw] ,
- cxo x2+27r

b, = % / fi(z) sin(nm)dm—l—/ fo(z) sin(nx)da:} :

At x = xg, there is a finite jump in the graph of the function. The limits f(xg —0) and f(xo+ 0)

exist but are unequal. The sum of the Fourier series is equal to 3 [f(zo + 0) + f(zo — 0)].

Solution.
1. o The Fourier series of f(x).

® (.

1 0 1 ™ . 0 1 . -
an = —/ —n cos(nx)dx + —/ z cos(nz)dr = — [Sm(nx)} + = {xsm(nx)}
_ ™ Jo n —Tr T 0
T [ .
—— | sin(nz)dx
™ Jo
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™ n mn?

S )

0, if nis even
— 2 if nis odd

7TTL2 )

o b,
1[0 I 1
b, = —/ —wsin(nx)dw+—/ zsin(nz)dr = [Cos(nx)l + = l—xcos(nx)}
TJ s 7 Jo no | 7 no
1 ™
+— [ cos(nx)dx
™ Jo
1 1 1 [sin(nz)]™ 1 1
= —[1—(-D"+=-(-D)""" — |/ =—[1—-(=D)"+ (="
L= (0 ey SR Ly )
_ l+2(—1)n+1:{ %1, .z'fn.is odd .
n n —=, if nis even
Then,

o 2cos((2n—1)z) o= [,sin((2n — 1)z)  sin((2n)z)
f@) ==3-72 (2n — 1) +;{3 2n—1)  2n
e Putting x = 0, we get

[e.9]

1 T 2 1
S FO=0)+fO0+0)] = —Z—;;m
T T - 1
~5(5+1) - Zaow
w2 - 1
5 T Loy

2. e The Fourier series of f(x).

® (g .
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°q,
1 [° 1"
a, = — xcos(nx)dr — — [ xcos(nx)dx
TJ s T Jo
1 [ si 1 si S e 1 ("
= = {xw] - — [a:w] ——/ sin(nx)dx + — [ sin(nz)dx
7r n | _ 0w nol, m™J) . ™ Jo
1 [ cos(nx) 0 N 1 [ cos(nz)]”
o n | 7n no |,
= S ()T (1) 1]
- mn? ™2
2
- T 14—
2 (-
B 2 0, if nis even
mm? | =2, ifnisodd
o b,

I I 1 | T
b, = —/ zsin(nz)dr — —/ xsin(nz)dr = — {—xM} - — {—xM}
0 m -7 0

T™J)_x ™ n ™ n
I 1 [
+— cos(nx)dr — — [ cos(nz)dx
™ J_, ™ Jo
_ _(—1)”+(—1)”+L{sin(nx)]0 _i{sm(m)r
n n ™ n - m™mn n 0

Note: As f(x) is even, we can calculate ag and b, with the formulas in the reminder of exercise
1 with b,, = 0.
Then,

T 4= cos((2n — 1)z)
fr)==3 %g 2n—1 '
e Putting x = 0, we get

s T 4 1
SF0=0)+ f0+0)] = —§+—Zm

Wn:l(



N.AISSAOUI Analysis 3 90
T - 1
= —.— et
2 4 ; (2n —1)
2 - 1
= — =
8 nz:; (2n —1)2

3. ® The Fourier series of f(x).

® (g’
-2 T 1 T
ay = —/ —1ldz + / Odx + — / 1dx=—[——7r}+0+—[7r——]:0
L - z T T 2
°q,
1 [ I
a, = —/ — cos(nx)dx + — / 0. cos(nx)dx + — / cos(nx)dx
™) _rn s T J=
2
_1[ sin(na) r l sin(nx)|™ _ sin(na/2)  sin(nm/2) _ 0
o7 n . 7r n z ™ ™ e
e b, :
e LorE o L
b, = — —sin(nz)dz + — 0.sin(nz)dx + — | sin(nx)dz
™ J)_x ™ % ™ %
~ 1 [cos(nx) B N 1 [ cos(nz)]”
o n |, 7 n x
= — feos(nm/2) = cos(nm)] + — [~ cos(nm) + cos(nn/2)]
= — [cos(nm cos(nm)] + — [~ cos(n) + cos(nm
%, if n is odd,
= 0, else if n is even and multiple of 4,
—%, else.
Then,
2 2 2 2 2
_ 2. 2.0 2 2 2
f(x) - sin(x) - sin(2z) + 0 sin(3z) + B sin(57) a0 sin(6x) +

Solution of exercise 3.

Reminder.
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« The Fourier series for f(x) in the interval ¢ < v < 2l + ¢

+Zancos (—a:) Zb SlIl( )

where,

1 c+21 1 c+21 ni 1 c+21 ' niw
w=7 [ t@ina =1 [ f@eos(Fa) b =7 [ sy (Fa) do

o If we put c = 0, the interval becomes 0 < x < 2l and the above result reduce to

1 [ 1

ap =7 i f(x )dxan: f()cos(nl >da:b 1

f( ) sin (?1‘) dzx.
o If we put c = —I, the interval becomes —l < x <l and the above result reduce to

=1 [ st = [ e (Tayans= [ sersm (F)a

— If f(x) is an even function, we have

_%/Olf(x)dx, an:%/olf(a:)cos (nl )da: b, = 0.

— If f(x) is an odd function, we have
2 l
a=0, a,=0, b,= 7/ f(z)sin (@x> dx.
0
Solution

1. We note that f(x) is even, then, b, =0 , and, we have

® (g .

1 1 371
2 4
ao:/ (1—t2)dt:2/(1_t2)dt_2[t_t_} _9 2 _ =
-1 0 3 3 3
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®qa,
1 1
- / (1 12) cos (nrt) dt — 2/ (1 12) cos(nt)dt
-1 0
. 1 1
t 4
_ {(1 —t2)w} —/ t sin(nt)dt
nt |, nm)
4 cos(nmt) ] 4 !
_* [—t (nm )} +— 2/ cos(nmt)dt
nm nm n?n? J,
4 4 [sin(nmt)]!
= — 5 cos(nm) + 2 [ e L
4
_ n+1
- n27r2 (_ )
Then,
2 4 o0 (_1)n+1
fit)y=1—t*= 3 + = e cos(nt).
2.
[ J a,o
I 1 [?
= - Odx + = ldx = 1.
ag 2/2 :):—1—2/0 X
®qa,
2
1 [0 1 /2 1 [2 1 |sin (2
anzi/_QOCOS <%as> dw—i-é/o 1cos (%x) d$:§/0 cos <n§aj> dx:i [ EL?: )]020.
e b,

1

1
nmw

L cos(um) + 1] = = [(~1) 4 1] =

0 2

nmw 1 nmw 1
, sin 5 x| dx + 2/0 Sin 5 x| dx 5
if n is even,

nm if n is odd.
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3.
® (g’
1 T 2sinh(1
ag = 7/4@ d:czj[—e lei[el—irel}: l()
®qa,
l
anp = —/ e " cos (nlx) dr = - |e o2 Sm'rl x) +— [ e "sin (nlw) dx
l -1 l T 4 nm —1 l
l
1 nx L
= — [—e 2208 Eml a:)] - = 2/ e’ cos (—:U) dx.
nm T 3 nem 1
Then,
1 l : l
= (75 [ oo (Fo) e = g [ teostnm) -l costor)]
= l e " cos (Ta:> dr = L cos(nm)(e —e™)
y T o2 42 @
l 2[2
= g 6_2 COS (nl—ﬂ-x> der = m(—l)"smh([)
Hence,
21 "
= 12(—1) sinh(1).
o b,
!
1 1 nr 1 !
b, = —/ e *sin (nlx> dr = - —e_mM —— [ e “cos <Ex> dx
l 1 l l nl_ﬂ- B nm 1 l

!
in (2= !
= i [—e_l cos (nm) + ¢! coS(?”L?T)] - i le_xsm '<n7'rl 93)] - l / e " sin (nTﬂx> dx.
-1
-1
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Then,

Hence,

Finally,

Ay =

e b,:

b, =

apg =

! 2 sin(nwt)]" 1 (!
tcos(nmt)dt + [ (1 —t)cos(nmt)dt = |t — — [ sin(nnt)dt
0 1 nm.Jo

nmw 0

Sin(mﬂf)} S|

+ [(1 —t) 1 + — /12 sin(nmt)dt

L [emm), 4T estor ]

nm

nm nm 0 nm nm L
1 N .
_n27T2 [_(_1) + 1] + n27r2 [_1 + (_1) ]
2 O . .
= 14 (=1)"] = . if n is even,
nem ———, if nis odd.

oot

1
+—/ cos(nmt)dt
0

0 nim

/O 1tsin(n7rt)dt + /1 2(1 — t)sin(nnt)dt = [_t

ni
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i {_(1 _ t)Mr - /12 cos(nmt)dt

nmw ., nm
1 1 [sin(nmt)]' 1 1 [sin(nrt)]?
SRR £1CL0) R Y L
nm nm nm o nmoonm nmw 1
1 (1) 4 I 0, if n is even,
onm nmw o — if n is odd.

Then,

Solution of exercise 4.

Reminder.

If the range is 0 < x < m, then,

o The half-range cosine series is f(x) = % + Zan cos(nx), where

n=1

s 2 ™
ap = —/ f(z)dx ) a, = —/ f(z) cos(nzx)dx.
T Jo T Jo
o The half-range sine series is f(x) = Z b, sin(nx), where
n=1
2 [T )
b, = —/ f(z) sin(nz)dz.
T Jo

If the range is 0 < x < I, then,

o The half-range cosine series is f(x) = % + Zan cos (nl—wx), where
n=1

agp = %/Olf(x)dx , a, = %/Olf(x) cos <n77rx> dzx.
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o The half-range sine series is f(x) = Z b, sin <n77rx>, where
n=1

9 i
by, = 7/0 f(z)sin (?m) dx.
Solution.

1. The half range sine for f(x).

o b, :
2 ! [ nm 2 [ COS (mx) ! ) l n
b, = —/ — —x Sin(—x)dx:_ (< ] o /COS( x>dx
: 0 : l ¢ 2 % 0 nm Jo l
l
2 |1 [ 2 in (2T I 0 . < odd
—_ |:— COS(’I?,’/T) + —:| - [w‘ — [(_1)71 _|_ 1] _ { 27l Zf n s oaa,

= if n is even.

Then,

2. The half range cosine for f(z).

® dg .
2 T . 2 ™ 2 " 2 1 T
ap = _/ wsin(x)dr = — [~z cos(z)]; + _/ cos(x)dx = —2 cos(m) + — [sin(z)]; = 2.
™ Jo ™ ™ Jo i
® (1 .
2 (7 1 (" 1 20)1" 1 [T
a, = —/ xsin(z) cos(z)dr = —/ zsin(2z)dr = — [—IM} +—/ cos(2x)dx
T 0 e 0 T 2 0 27( 0
11 [sin(2z) " 1
o2 2n | 2 |, 2
e a, (n>1):

a, = 2 /Oﬂxsin(w) cos(nx)dr = 1 /Oﬂx [sin((1+n)z) +sin((1 —n)z)| dx

™
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A ] (e
S )dx
N R e

1_2n2, if n is even,
— 2 if nis odd.

0

Then,

flx)y=1- %cos(x) +2 Z 1(__12; cos(nx).

3. The half range cosine series for f(x).

® (g

1
I
8
[\
—_
N
+
~ N
|
5
=
|
8
~
[N}
—_
|
=
=
5™
~

nmw l [

N L
= % [x—sm (Tx>] — % sin <n_7rx> dx + g
0

2
2 nr l
()2 [_ﬂ] I () 2 [_ (Tz)]
0

nmw nmw o nmw 2 nmw o .
2kl nmw 2kl nmw
= T [— cos <7> + 1} + 2 [— cos(nm) + cos <7>]

l
. M l
k(l — z)M] + 2k l sin (nTﬁx
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0, if nis odd,
= 0, else if nis even and it is multiple of 4,
—n%]jfz, else.

Then,
flz) = ﬂ — S—M i cos 2_7rx + l cos 6—7T:z: + Lcos m—ﬂa: +
4 2|22 [ 62 l 102 l

e Putting x = [, we get

0 ﬂ_S_’d[i+i+L+...]
4 w2 122 62 102
=0 = ﬂ_g_kl|:l_|_i+i+:|
4 2272 |12 32 52
8 12 32 52

4. The half range sine series for f(x).

b,
B !
9 1 !
b, = - /2 wx sin (njx> dx +/ w(l — x)sin (nlx> dm]
L1Jo l L l
_ L 1
9 nm 29 3 2 or
= = —wxw +2 Ccos (n—ﬁx) dr + < | —w(l — x)w
| 3
9 l
=0 cos (—Wa:> dx
nmw J1 [
2
L !
w nm 2w |sin (%z) | l nm 2w |sin (%Fx)
= ———CO08 (—) — poges + —co (—) - — poyes
nmw 2 nm o nm 2 nmw 0 !
0 3
2wl (mr) 2wl (mr)
= sin (| — S (| —
n2m2 2 n2m? 2
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Then,

4wl (=)™ . (2n+1)n

J@) =5 2 (20 + 1)? Sm( !

e Putting x = %, we get

wl dwl |1 1 1 .

2 w2 |12 32 R

S 1 11y
8 1232 5

Solution of exercise 5.

Reminder.

o Theorem : If the Fourier series of f(x) over an interval c < x < ¢+ 2l is given as

2504—50:{&“(:08( >+bnsin(n77ra:)}

3
-

then,

(as —|—b2

S

r\

3

no

B
~
—

8
SN—
\_/

||

»hlo%
l\DIr—t
||M8

o Ifc=0, the interval becomes 0 < x < 2l and Parseval’s identify reduces to

20 2
1 ao

100 2
2 ), (f(x))*d T=r 520 +b;,)

o Ifc= —I, the interval becomes —l < x < | and Parseval’s identify reduces to
1 [ 2 a1~ o,
3 (f(2)) x_ZJFEn, (a5, +by,)
l 2 &
o If f(x) is an even function in (—I,1), then %/ (f(x))dw = 50 + Zai
0
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l oo
o If f(x) is an odd function in (—1,1), then %/ (f(x))*dx = Zbi
0 n=1
00 1 0o
o If f(z) =%+ Zan cos (?m) in (0,1), then %/0 (f(x))%dr = 5 Zai.

o If f(x Zb sin <T:c) in (0,1), then 2 /l(f(x))2da: = ibi

n=1

Solution.

1. The half range cosine series for x.

® (g
2 [t 2 1_21 212
S de =212 2422
0 /Oxa: 1{210 12
°aq,
: l
2 [ 9 . 5 i , -
a, = —/:ECOS (Em> dr = — xw __/Sin<mx> dr — — 2 _M
L Jo [ l % nr J, ] — "l_ﬂ
’ 0
2 2 ~ 4 i nds odd
= —cos(nm) + 1| = — (=) +1] = s ;
n271-2[ ( ) ] n27T2[( ) ] { O, z’fnis ven,
Then,

(2n—1)m
l 41 > COS (—l l’)
2 w4 (2n- 1)

e Applying the Parseval’s on half range cosine series for x in (0,1)

2 ) — 161 212 2] 7t & 1 =
dr = S N
1/ v +Z (2n — 1)int {3 2] 162 Z(Zn—l ;271—1

n=1

2. The half range cosine series for x(m — x).
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® (.
2 s 2 T 9 2 377 2 3 3 2 3 2
ao——/ x(w—x)dx:—/ (rz — 2%)dw = = |:7Tx——x—:| = — {W——W—] T
T Jo T Jo T 3]y w2 3 6 3
°q,
2 [T 2 i i 2 [T
a, = —/ x(m — x) cos (nx) de = — [ZB(TF — x)sm(mc)l — — [ (7 —2z)sin(nz)dx
T Jo 7r n |, nmjy
2 " 4 T
= —-= [—(ﬂ' — Qx)cos(nx)] + = / cos(nx)dx
nm no |, n*rJ
B _3(_1)n 2 4 [sin(nz)
n? n?  n’m no ],
2 2
= etV
B —%, if n is even,
B 0, if nis odd.
Then
72 = cos(2nx) 7w = cos(2n)
GO kD D o D D CE

o Applying the Parseval’s theorem on Fourier constants with ¢ = 0,1 = 5 for x(m — x) in (0, )

1 (" ) ™ I 1
— — dr = — 4+ = _
W/O rlm = ol = g5+ 5 20
at ot 1 1
30 36  24nt
67t B =1
1080 4=nt
:>7T4 B =1
90  “nt

3. The Fourier sine for unity in 0 < z < 7.
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b,
2 [T 2 T 2
by = —/ 1sin(nz)dr = = {—COS(”‘”)} = 21— (=1,
T Jo 0 n o nm
Now,
0, n is even,
b, = A )
prom n is odd.
Then,

[e.o]

1= Z ﬁsin(@n —1)x).

o Applying the Parseval’s theorem on Fourier constants with ¢ = 0,1 =% for 1 in (0,)

—_

Léﬂﬂydx - (553 2n—-1%ﬂ>

8 — :
- ;z:: 2n —1)2

é7r_001
8 (2n —1)%

1

3
I

4. The Fourier series of x* in (—m, ). Since x* is an even function, then, b, = 0.

L
2 T 2 T 37 9
o = —/ (x)dx = —/ 2idr = {—} = -7?
T Jo T Jo T 0
[ ] an
2 ™ 2 T 2 . s 4 T
a, = - (x) cos(nz)dx = —/ x cos(nz)dx = = {:Egsm(n:c)} - x sin(nx)dx
™ Jo T Jo s n o ™ Jo
2 4 i 4 Q 4 4 . T
= —0-—— {_wcos(mc)} — 2/ cos(nz)dr = — cos(nm) — — [sm(nx)]
T ™m n o ™2 Jy n ™m n 0
4 n
= (1)
Then,
2 o —1)"
flz) = % + 42 ( n2) cos(nx)
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e Using Parseval’s identity, we get

T A 7T4 o0 1
ridr = 27 r + 82 —
- n=1
2 . 2 . =1
= g’ﬂ' = §7T + 167T Zl E
8 = 1
=T = 16W;ﬁ
N m B =1
90 nt’
n=1
Solution of exercise 6.
1. FEasy.
2. As f(x) = |cos(z)| is piecewise continuous and mw—periodic, then, the Fourier series of f
converges to f.
3. The Fourier coefficients of f.
[ eostotar =2 | [ contare — [ costopa| = 2 snef - 2 snio)
ag = — cos(x)|dx = — cos(z)dx — cos(z)dx | = — [sin(z)|; — — [sin(x)]= =
0 T Jo T | Jo z ™ 0 ™ 2

a; = / | cos(x)| cos(x)dx = 72T [/og cos(z) cos(x)dx — /; cos(x) cos(x)dx]

_ 2 [5/ (1 + cos(2x))dx — %/W(l + Cos(2x))dx]

s 0 %
1 in(22)]2 1 in(22)]"
_ _x+s1n(3:) 1 $+M
T 2 o T 2 z
2
1 1
— Z_14-=
2 +2
= 0.
2

21 (2 i
a, = / | cos(x)| cos(nz)dr = — [/2 cos(x) cos(nx)dx —/ cos(z) cos(nx)dw] ,n>1
T 1Jo

NIE]

3|
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™

5=

(cos((1+n)x) + cos((1 —n)x)) dx]

™
2

- [Sm((f ++nn)9c) . Sin((ll_—nn)x)r

(ME

[/0 (cos((1 4+ n)z) + cos((1 —n)x ))d:p—/
=

sin((1+n)z sm((l —n)x)
1+n 1—n

5=

0

NIE]

SEE®

sin ((1+n)%) +sin((l—n)%))

(2l
L

1)(n+1)

1 ———> NS even,
m 0, mnis odd.
b, = 0. f(x) isan even function.
Then
9 0 4 1)(n+1)
| cos(z)| = - + ; o cos(2nx). (%)

4. We put x =0 in (x), then,

0 n+1 0 4(_1)(n+1)

2—m
+Z 4n2—1 0= T +;7T(4n2—1)' (o0)

Therefore, (x) + (%) gives,

8 (1)
| cos(x)| 1 +§ZL

with, 2cos*(nx) = 1+ cos(2nx).

5. We have, g(z) = |sin(z)| = |cos (3 — ) | = f (£ —z). Then, we put x =% — x in (x),

2 = 4(=1)*+D s
= Lt 2n (3 =)
|cos(x) 7T+n:1 T@n? = 1) COS< nl{y—=
2 OO 4(_1)(n+1)
- = —9
- + ; (@2 = 1) cos (nm — 2nx)
2 o 4(—1 (n+1)
= - + E 7r((4n2 Y cos(nm) cos(2nx)
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) o 4 n+1)
— ; 2o 4n2 (—1)" cos(2nx)
2 4 i 1 (2n).
= ———» ————cos(2nx
T (4n? —1)
Solution of exercise 7.
1. Easy.
2. As f(x) = |sin(z)| is piecewise continuous and w—periodic, then, the Fourier series of f

converges to f.

3. The Fourier coefficients of f.

2 4
= )|dx = de = —[— 0=—.
agp / | sin(z)|dz = / sin(x)dx - [— cos(z)], -
2 /" .
a; = —/ | sin(z)| cos(z)dx = / sin(x) cos(x)dx = — [ sin(2z)dx
T 0 T Jo
11— 2
_ 1 { cos( x)] _o.
T
2 2
a, = —/ | sin(x)| cos(nz)dr = / sin(x) cos(nx)dx,n > 1
7r T Jo
1
= —/ (sin((1 +n)x) + sin((1 —n)x)) dx
T Jo
1 [=cos((1+n)x)  —cos((l =n)2)]|"
o I+n 1—n 0
_ 1 (_1)2+n (_1)27n 1 1
B ;(1+n 1—n +1+n+1—n
L (=1 (=12 2
B ;(14-71 * 1—-n +1—n2
1 nz_fl, n s even,
oo 0, mn s odd.
b, = 0. f(x)is an even function.
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Then,
—4

| sin(x)| = % + z; Sy TE— cos(2nx). (%)

4. We put x =0 in (x), then,

2~ A 2w 4
0=2> _ S0=-= S
T +Z1 m(4n? —1) - T +Z1 m(4n? — 1) (e0)

Therefore, (%) + (%x) gives,

, 8 sin®(nz)
| sin(z)| = ;ZW—_D

n=1

with, 2sin*(nx) = 1 — cos(2nx).

5. We have, g(z) = |cos(z)| = |sin (% — )| = f (2 —z). Then, we put x =% — x in (x),

|cos(z)| = %+§;7T(4n+4_1)cos <2n <g—x>>
- %+gmn+él_l)cos(n7r—2nx)
= % + nio; 7r(4n+4—1) cos(nm) cos(2nx)
— % + i 7T(4n+4_1)(_1)n cos(2nzx)
- %+%i%cos(2nx}.

1

3
I

Solution of exercise 8.

1. FEasy.

2. The function f is piecewise continuous and 2m-periodic, then, the Fourier series of f con-

verges to f.
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3. The Fourier coefficients of f.

2 ™
ag = —/ max(cos(t
m

a; = / max(cos(t), 0) cos(t)dt

_ ;/ (14 cos(26))dt =

™

2
s

1 [ sin
+

)

2 (2 T 2 x
),0)dt = %/ cos(t)dt + g/ 0dt = — [sin(z)]@
0

ki ™
2
/2 cos?(t)dt + g/ 0. cos(t)dt
0 3

( 1n 1
2 |, 72 2

2 (7 2 [® T
a, = —/ max(cos(t),0) cos(nt)dt = —/ cos(t) cos(nt)dt + g/ 0.cos(nt)dt,n > 1
™ Jo ™ Jo g

_ 1 /2 (cos((n + 1)t) + cos((n — 1)t)) dt

sin((n + 1)t)  sin((n—1)¢)]2
- { n+1 - n—1 L
_ sin ((n + 1)%) sin ((n — 1)’—2’)
n+1 n—1

0, if nis odd,

== 1 sin(£+p7r> sin(73+p7r)
™ ( 2;2)+1 + 2p2—1 )
B 0, if m is odd,
B fr((4;)p+l), if n is even.
b, = 0. f(x) is an even function.
4. The Fourier series of f(x) is,
1 COS

5. We put t =0 in (%), we obtain,

o0

1 1 2
l=—-—+-+—
7T+2+7TZ

p=1

(-1

4p? — 1

o0
-2
=1

1

1 p+1

Z cos(2pt). (%)
Ap? —
p:l

(-t N A
42 —1 2 T 2)

_ 1 (cos(pm) _ cos(pm)) _ (=17 (1
R 2p—1 ) — =« 2p+1

2p_1> ,if mois even.
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Then,

(=Pt 1
g — -<——1>.
24;92—1 2 \2

We put t = 7 in (x), we obtain,

2 = (—1)PH! 1 2K (-0 2 &K 1 1
-+ - =>0=—-+- —— = — ==
+7r¥14102 cos(pm) = 7T+7Tp;4p2—1 W;4p2—1 T
Then,
S
4P -1 2

L [z ag a% 1« 2
;/0 cos”(t)dt = 1—1—54—22@%
p=1
1 [z 1 1 2 1
— 1 UNdt = — 4+ -4+ -85
o (1 + cos(2t)) 7T2+8+7T2p§::1(4p2—1)2
T 1 1 2 1
i AP D
Then,
= /1 1 1 [ n?
V=) —— - (- )=Z(=——-1}).
S (e w) =2 (51
7. We have,

Now, we put t =t — % dans (x), we get,

1 1 ™\ 2= (1)
g(t) = - + 5 c0s <t — 5) + — pz:; 1 cos(2pt — pm)
1 2 o= (—1)Pt!
= - + 3 sin(t) + - Z 71 (—1)? cos(2pt)



Series of exercises 8 May 1945 University 109

1 1 . 2 1
= - + 3 sin(t) — - ; 71 cos(2pt)

Here, we used cos(a — b) = cos(a) cos(b) + sin(a) sin(b), where, a = 2pt and b = pt.
Solution of exercise 9.

1. FEasy.

2. The function f is piecewise continuous and 2m—periodic, then, the Fourier series of f

converges to f.

3. The Fourier coefficients of f.

I L[ 2
= ), t)dt = — in(t)dt + — dt = |— Hly = —.
ag / max(sin(t), t) 7r/ sin(t)dt + 7r/w 0 [— cos(t)]; -
g 1 2m
a; = / max(sin(t),t) cos(t)dt = —/ sin(t) cos(t)dt + — / 0. cos(t)dt
T Jo ™
1 [ cos(2t)]”
2%/0 sin(2t)dt = oy l 5 10 0
1 27 . 1 T . 1 2
a, = - max(sin(t),t) cos(nt)dt = — [ sin(t) cos(nt)dt + — 0.cos(nt)dt,n > 1
T Jo T Jo T Jn

= o ﬂ/ sin(t(n + 1)) +sin(t(1 — n))) dt
_ 1 [_COS(t(l +mn))  cos(t(l— n)):|7r

27 1+n 1—n 0
_ i{ cos(m 1—|—n)_cos(7r(1—n))+ 1 N 1 }
27 14+n 1—n 14n 1-—n
1 —=, if nis even,
B %{ if n is odd,
B { nQ oL if n is even,
0, if nis odd.

1 ™ 1 27
by = / max(sin(t),t) sin(t)dt = —/ sin2(t)dt+—/ 0.sin(t)dt
0 T™Jx

(e



N.AISSAOUI Analysis 3 110
1 [7 1 sin(2t) 1 1
= — 1-— 2t))dt = t— = —.T = —.
o J, (1= cos(0) 271'[ 2 L or " T 2
1 2m . 1 1 27 .
b, = — max(sin(t),t) sin(nt)dt = — [ sin(t) sin(nt)dt —|— 0. sin(nt)dt
T Jo T Jo ™
1 ™
= ——/ (cos(t(1+mn)) —cos(t(l —n)))dt
2 Jo
1 [sin(t(1+n)) sin(t(l—n))]"
- or 14+mn 1-n |,
= 0.
4. The Fourier series of f(x) is,
11 2w 1
f(t) = —+ 5 sin(t) = = ; ropeosnt), ()
5. We put t =0 in (%), we obtain,
2 — |2 S
= - — — — = —77
T n?2 -1 7 4n?2 -1 .
n=1 n=1
Then,
= 1 1
S = = -
nz_; 4n?2 -1 2
We put t = (%), we get
I 1 2 1 I 1 2 (- 2 o= (—1)" 1
l==4+=-—-= S1l==+-—-= = = =——=
T2 W;4n2_1cos(n7r) 7r+2 Tidn? —1 w4~ 4An? -1 2
Then
= (- a1 1 1 s
- BRI
; n?2—-1 2 \nm 2 2 2
6. We have,
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Now, we putt = 5 —t in (x), we obtain,

g(t)

1 1 2 —
—+§sm<——t>—;z4n2 cos(nm — 2nt)

™

n=1
1 1 2 w
;—1—5005 (t) — ;ngz e 1( 1)" cos(2nt)
11 2 o= (—1)n*t
S4c N cos(2
7T—i-2cos(t)+7T 2 g 1cos( nt)
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Chapitre4

Fourier and Laplace transforms.
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Exercise 1. Find the Fourier integral representations of the following functions

(0, <0, cos(z), —2<z<0,
1 flz)=4q z, 0<x<2, 3. f(x) =1 sin(z), 0<z<2,
[ 0, z>2. 0, |z|>2.
(2, —2<u<1,
2. flx)=¢ 1, 1<z<3, B eIl |z < 1,
L 0, elsewhere. 4 J(@) = { 0, elsewhere.

Exercise 2. Find the appropriate integral representation of the given function

1. Cosine representation :

22, 0<z<H5, sin(z), 0<z<m,
« flz) = « flx) =
0, T > . 0, T > T.
2. Sine representation :
f(x) sinh(z), 0<z <3, 0, 0<z<l,
[ ] xTr) =
0, x> 3. e flz)=¢ 1, 1<x<2,
0, z>2
3. Complex form of the Fourier integral representation :
cosh(z), |z| <a, 14+xz, |z|<1,
¢ fle) = P ¢ fle) = i
0, lz] > a. 0, |z| > 1.

Exercise 3. Find the Fourier transform of the following functions

1. H(t —3)e ™. 3.

1+¢2°

2. e~ g > 0. 4. 2731t sin(4t).



N.AISSAOUI Analysis 3 114

5 { —e® <0, 7 f) = { L, |z[<%,a>0,
e t>0,a>0. 0, otherwise.(Exam)
S(n+z), —n<z<0,
6. f(z) = n—lgn—x), 0<z<n, p f(x):{mx, |x|§%,m>0,
0, otherwise.(Exam) 0, otherwise.(Exam)

Exercise 4. Find the inverse Fourier transform of the following functions

e~ w 25w 1
1. 2(14iw) J. 34w’ J. 6+5iw—w?
2 e—(1—iw) 4 e—2iw 6 1 > 0
© 34w C o 44w? ©atwt? :

Exercise 5. (Exam) Using frequency convolution show that

1 /+°° dr 27
") @it Hiw)(240T)  4+iw

400
2 / '
oo (4 —iw)(4 —iT + iw)

Exercise 6. Use the time convolution to find the inverse of the following functions

1
1

Exercise 7. (Exam) Using Fourier transforms, find the solution of the following differential

equations.
1.y —4y=H(t)e ™.
2.y + 5y + 4y =o(t — 2).
Exercise 8. Find the Laplace transform of the following functions.

o For the following, use the definition of Laplace transform.
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1. 2t — 5. 8. 3t? —be % + 6.
2. cos(at +b). 9. etsinh(t).
3. cos(t) — sin(t). 2, 0<t<3

0. fty=< 7 "7
4. te?, 1) {0, t>3,

2t
5. te’. 11. €' cosh(t).
6. e 'sin(t).
cosh(t), 0<t<m,
N 12. f(t) =

76— 0, tzm

1.

2.

For the following, use the formulas of Laplace transforms of derivatives.

cos?(2t). 3. tsin(at). 5. tsinh(at).

te®. 4. tcos(at).
For the following, use the shifting theorem of Laplace transforms.

(t* — 2t — 3)e?. 3. t3 cosh(3t). 5. sinh(¢) sin(t).

toe~ 4, 4. cosh(wt) sin(wt). 6. e'sin(5t).

For the following, use the convolution theorem of Laplace transforms.

1xe 2, 3. e x bt

tx e, 4. sin(wt) * cos(wt).
Exercise 9. Find the inverse Laplace transform of the following functions.

2 s 6
2, 2. o 3 &
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s+3 _s—a — L
4- (s—1)(s+2) " 10. s2(s2+a?)" 16. (s—a)(s—b)"
5. 8 11 -1 )

s2—9 544353 17. perpema R

5242545 1
0. (5—1)(—;——2—)’_(3—3)' 12. $2+6s+15" s

. \ 18. (el
7w 15 wrees

55+6 19. —%—.

8. s3f95' 14. (s——"i)Q' (s+1)2(s+2)

w (S+1)2 1
9. m 15. (s—2)3" 20. m, a 7é b.

Exercise 10. Solve the following integral equations using the convolution theorem

1. fit)=t+ 6/tf(r)e(t_7)d7'.
2. f(t)+ /0 f(r)cos(t — 7)dr = e~". (Ezam)

t
3. f(t) = cos(t) + e‘t/ f(r)eTdr.
0
Exercise 11. Solve the following initial value problems.

1.y +2y =sin(t), y(0)=1.
2. 9" —6y +5y=¢€* y0)=1, ¢ (0)=-1.
3.y +6y+ 5f(f y(r)dr =1+t, y(0)=1. (Ezam)

) B _ )L 0<t<1,
5. 9"+ 5y + 6y =1—us(t) —us(t), y(0)=0, y'(0)=0. (Ezam)
6. y' +4y +5y=05(t—3), y(0)=0, ¥'(0)=0.(Ezam)

7y + 4y =86 (t — g) . y(0)=2, (0)=0.
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Solution of exercise 1.
Reminder : If f satisfies :
(Py) : f(z) is piecewise continuous on every interval [—I,1].
(P) : f(x) is absolutely integrable on the x—axis, that is /+oo|f(x)|d:n converges.
(Ps) : At every x on the real line, f(x) has left and right hand derivatives.
Then, the Fourier integral of f is given by,
flz) = %/000 [A(w) cos(wx) + B(w) sin(wz)| dw (4.1)
where,
Aw) = /00 f(t) cos(wt)dt, (4.2)
Bw) = /OO f(t) sin(wt)dt. (4.3)

Otherwise, if x is a point of discontinuity, f(z) in (@) is replaced by (f(xz™) + f(x7))/2.

Solution.
1. f(x) satisfies (Py) — (Ps). So, we have,

0 2 400
Alw) = / 0. cos(wt)dt—i—/ t.cos(wt)dt+/ 0. cos(wt)dt
0 2

2 : t 2 1 2
= / t cos(wt)dt = [tsm(—w)] - —/ sin(wt)dt
0 w o “WJo
2 1 [—cos(wt)]® 2 1
= - sin(2w) — " {%} ) == sin(2w) + = (cos(2w) —1).
0 2 400
Bw) = / 0. sin(wt)dt —I—/O t.sin(wt)dt + /2 0. sin(wt)dt

2 2 2
— 1
= / tsin(wt)dt = [tﬂ} —|——/ cos(wt)dt
0 0

W 0 w
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= _% cos(2w) + 5 [sinc(:ut)] : = —% cos(2w) + é sin(2w).
Therefore,
flz) = % h [(2w sin(2w) + (cos(2w) — 1)) cos(wx)
T 0

+ (sin(2w) — 2w cos(2w)) sin(wx)] dw.

2. f(x) satisfies (Py) — (P3). So, we have,

—92 1 3 400
Alw) = / O.COS(wt)dt—i-/ 2.cos(wt)dt+/ 1.cos(wt)dt—|—/ 0. cos(wt)dt
o - 1 3

= 2/1 cos(wt)dt + /13 cos(wt)dt = 2 [

(sin(w) + sin(2w)) + j} (sin(3w) — sin(w))

(sin(w) + 2sin(2w) + sin(3w)) .

2
w
1
w
3 400
Bw) = / 0. sin(wt) dt+/ 2. sin(wt)dt+/ l.sin(wt)dt—i—/ 0. sin(wt)dt
1 3

- 2/_2 s1n(wt)dt+/138m(wt)dt=2 {M} 12+ {ME

w w

= % (cos(2w) — cos(w)) + é (cos(w) — cos(3w))
1

= - (2 cos(2w) — cos(w) — cos(3w)) .
Therefore
flz) = % 000 [(sin(w) + 2sin(2w) + sin(3w)) cos(wz)

+ (2 cos(2w) — cos(w) — cos(3w)) sin(wz)] dw.
f(z) satisfies (Py) — (P3). So, we have,

2
/ 0. cos(wt)dt —|—/ cos(t).cos(wt)dt+/ sin(t). cos(wt)dt
oo 0
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+/2+OO 0. cos(wt)dt
= /_Z cos(t) cos(wt)dt + /02 sin(t) cos(wt)dt = (I) + (I1).
_ /_ Z cos(t) cos(wt)d Sm } L /_ Z — sin(t) sin(wt)dt

t= [oots
{sm pC } 41 / (;cos(t) cos(wt)dt]

1 1
= —cos(2)sin(2w) + —
w w w
1 , 1 0
= —cos(2)sin(2w) + — |—sin(2) cos(2w) + cos(t) cos(wt)dt| .
w w? o

Then, we obtain,

(1)

(1)

1
w?—1

_ /_ Z cos(t) cos(wt)dt —

[w cos(2) sin(2w) — sin(2) cos(2w)] .

sin(wt)

_ /0 " sint) cos(wi)dt = [sin(t) h 1 /0 " cos(t) sin(wi)dt

W w

— Len@)sin(ew) - * Hcos(t) - COS(“’”] L /0 " sin(t) cos(wt)dt]

W w W W

= sin(2)sin(20) + [cos(Q) cos(2w) — 1+ /0 () cos(wt)dt} .

Then, we obtain,

(11)

Therefore,

Aw)

= /0 sin(t) cos(wt)dt = wzl_ : [wsin(2) sin(2w) + cos(2) cos(2w) — 1].

| [w cos(2) sin(2w) — sin(2) cos(2w) + wsin(2) sin(2w)

+ cos(2) cos(2w) — 1]

E-T) ! Y [w (sin(2(1 +w)) —sin(2(1 — w)) — cos(2(1 + w))
+cos(2(1 —w))) +sin(2(1 + w)) + sin(2(1 — w)) + cos(2(1 + w))
(1+w))—2].

+ cos(2
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2 0 2
Blw) = / 0. sin(wt)dt + / cos(t). sin(wt)dt + / sin(t). sin(wt)dt
oo -2 0
“+o0o
—I—/ 0. sin(wt)d
0
= / cos(t) sin(wt) dt+/ sin(t) sin(wt)dt = (I11) + (IV).
2 0
0 o 1 0
(III) = / cos(t) sin(wt)d l cos(w } — —/ sin(t) cos(wt)dt
—2

w

W W

(=1 + cos(2) cos(2w)) — 1 “Sin(t) sin(wt)] - é/o_2 cos(t) sin(wt)dt]

0

€l— &lr

(—1 4 cos(2) cos(2w)) + — {sin(Z) sin(2w) + / cos(t) sin(wt)dt}

-2

Then, we obtain,

(I11)

(IV)

[w (cos(2) cos(2w) — 1) + sin(2) sin(2w)] .

_ /_ Z cos(t) sin(wt)dt

— cos(wt)

= /02 sin(t) sin(wt)dt = [sin(t) + i /02 cos(t) cos(wt)dt

_ —ésin(2) cos(2w)—|—£ {cos(t)sm(wt)r—l—é /0 " sin() sin(wt)dt]

w

_ —ésm(Q)cos(Zw)—i—élCOS(Q)Sin(Qw)—F /0 sin(t)sin(wt)dt}.

Then, we obtain,

(IV)

Therefore,

B(w)

1
w? —1

[—wsin(2) cos(2w) + cos(2) sin(2w)] .

_ /0 " in() sin(wt)dt —

— w21— N [w (cos(2) cos(2w) — sin(2) cos(2w) — 1) + sin(2) sin(2w)
+ cos(2) sin(2w)] .
1 .
— m [w (cos(2(1 4+ w)) + cos(2(1 — w)) — sin(2(1 + w))
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Finally, we get,

flz) =

—sin(2(1 —w)) —2) —cos(2(1 + w)) + cos(2(1 — w)) + sin(2(1 + w))
—sin(2(1 —w))].

1

(w2 — 1) /O [[w (sin(2(1 4+ w)) — sin(2(1 — w)) — cos(2(1 + w))
)

+cos(2(1 —w))) +sin(2(1 + w)) + sin(2(1 — w)) + cos(2(1 + w))
+cos(2(1 4+ w)) — 2] cos(wz) + [w (cos(2(1 4+ w)) + cos(2(1 — w))
—sin(2(1 + w)) + sin(2) sin(2w) — sin(2(1 — w)) — 2) — cos(2(1 + w))
+cos(2(1 — w)) + sin(2(1 + w) — sin(2(1 — w))] sin(wz)] dw,w # 1.

4. f(x) satisfies (Py) — (P3). So, we have,

1
Alw) = / 0. cos(wt) dt—l—/ e'. cos(wt)dt~|—/ e~ ". cos(wt)dt
- 0

Then, we obtain,

(1)
(2)

[e.9]

+oo
+ / 0. cos(wt)d
1

- /Oecoswtdt—i-/le cos(wt)dt = (1) + (2).
[,

0
ecoswtdt ecoswt 1+w/ esmwt

-1

0
= 1—M {esmwtdt w/ecoswtdt]
€ 1
cos(w) sin(w)
= 1l-—+4w —w [ e'cos(wt)dt| .
e e 1

0 ) ‘
= / et cos(wt)dt = . {1 . cos(w) n wsm(w)} .
-1 1 +w e e

1
e "sin(wt)dt

1
= / e cos(wt)dt = [~ cos(wt)}(l) —w
0

> S—

- Cis(w) +1—-w [[—e_t sin(wt)](l) +w

et cos(wt)dt}
0
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_oTeosw) g, {_Sin(w) —|—w/01 et cos(wt)dt] .

e

Then, we obtain,

(2) = /01 e~ cos(wt)dt = ! {1 _ cos(w) _'_wsin(w)}

w?24+1 e e

Therefore,

Aw) = — L cos(w sm(w)]
w +1 e

_ 1
B(w) = / 0. sin(wt) dt—l—/ e’ sin(wt) dt+/ e~ sin(wt)dt
0

/ 0. sin(wt)d
0

_ / sin(wt) dt+/0 "sin(wt)dt = (3) + (4).

(3) = e’ sin(wt)dt = [¢’ sin(wt)](il - w/ e’ cos(wt)dt

_ S > w {[e cos(wt)]” +w/ X

-1

sinfw) {1 cos(w) / D Sin(wt)dt]

€ -1

0

e’ sin(wt)dt]

which gives,

(3) = /0 e’ sin(wt)dt = ! {Sm(w) +wCOS(w) — w] .

1 w2 +1 e e

4) = /0 e~ sin(wt)dt = [—etsin(wt)}(l]—i-w/o e~ " cos(wt)dt

sin(w)

E— +w {[—et cos(wt)], — w /0 = sin(wt)dt}

e

_ _sin) +w l1 _coslw) w/ol e’ sin(wt)dt}

€ (&
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Then, we obtain,

(4) = /O le_tsin(wt)dt: ! {—Sin(w) COS(W)W]

w?+1 e e
Therefore,
B(w) = 0.
Finally, we get,
2 > cos(w) sin(w)
flz) = m/o [1 - +w . cos(wx)dw.
Solution of exercise 2.
Reminder : If f satisfies :
(Py): f(x) is piecewise continuous on every interval [0,1].
+o0
(Py) : f(x) is absolutely integrable on [0, 00|, that is / |f(z)|dx converges.

(Ps) : At every x € (0,00), f(x) has left and right hand derivatives.

o The Fourier cosine integral representation of an even function f(x) satisfied (Py) — (Ps) on

[0,00) is given by, .
f(z) = —/0 A(w) cos(wx)dw, (4.4)

™

where A(w) is defined by,
Alw) = 2/ f(t) cos(wt)dt. (4.5)
0

o The Fourier sine integral representation of an odd function f(x) satisfied (Py) — (Ps) on

[0,00) is given by, .
flx) = —/0 B(w) sin(wz)dw, (4.6)

m
where B(w) 1is defined by,

B(w) = 2/000 f(t) sin(wt)dt. (4.7)
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o The Complex form of Fourier integral representation of a function f is given by,

+oo
f(z) = %/_ c(w)e ™" dw, (4.8)
where c(w) is defined by,
+o0
c(w) = ft)e™at. (4.9)

Otherwise, if x is a point of discontinuity, f(x) in (@), (@) and (@) is replaced by (f(x™) +
f@m))/2.

Solution.

1. We have,
> 5 31° 125
flx dx:/ 22dx = l—] = —.
| r@ia= | 5=

Therefore, the improper integral / |f(x)|dx exists and f(x) satisfies the previous hypothesis.
0

To obtain the Fourier cosine integral representation, we compute A(w) as,

Alw) = 2/0OO f(t) cos(wt)dt = 2/5 t* cos(wt)dt

0
(w1 4 [P
= Q{tQSmw)} ——/ t sin(wt)dt
0

w w

0
in(5 407, — H1> 1 ("
_ pofinlw) 4 [tm} +—/ cos(wt)dt]
w w w o wJo
4
w

[ cos(hw) 1 [sin(wt)ﬂ

sin(bw)

w

= 50 5y~

w w

W 0

_ 5Osin(5w) N 2Ocos(gou) B 4sin(§w)
w w w
2
= = [(25w® — 2) sin(hw) + 10w cos(5w)] -

Therefore,

cos(wx) o

cNEN

/000 [(25w* — 2) sin(bw) + 10w cos(5w)] 3
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2. We have, N i}
/0 ()| dz = /0 sin(z)dz = [~ cos(z)]F = 2.

Therefore, the improper integml/ |f(x)|dx exists and f(x) satisfies the previous hypothesis.
0

To obtain the Fourier cosine integral representation, we compute A(w) as,
Aw) = 2 / F(t) cos(wt)dt = 2 / sin(t) cos(wi)dt
0 0
= 2[—cos(t) cos(wt)]y — Qw/ cos(t) sin(wt)dt
0

— 2 cos(wr) + 1] — % l[sin(t) sin(wt)]T — w /O " sin(t) cos(wt)dt]

2
= {2 [cos(wm) + 1].
Therefore,
2 [ 1
ft) = ;/0 % cos(wx)dw,w # 1.
3. We have,
0o 3 3|z _ ,—x 3 x _ -
/ |f(x)|dz = / |sinh(x)|dx:/ c-° dac:/ 7
0 0 0 2 0 2

x —X 3
= {i] = cosh(3) — L.
2 0

Therefore, the improper z'ntegml/ |f(x)|dx exists and f(x) satisfies the previous hypothesis.
0

To obtain the Fourier sine integral representation, we compute B(w) as,

Blw) = 2 /0 () sin(w)dt = 2 /O sinh () sin(wi)dt

— cos(wt

= 2 [sinh(t) ~

]3 2 /O 3 cosh(t) cos(wt)dt

- 2 sinh(3) cos(3w) + 2 [cosh(t)w] ) - l/0 sinh(t) sin(wt)dt]

W W W W
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2 2 2 [3
— 2 Sinh(3) cos(3w) + — cosh(3) sin(3w) — — / sinh(¢) sin(wt)dt
0

w w w?
2 . :
= i [cosh(3) sin(3w) — wsinh(3) cos(3w)] .
Therefore,
2 > 1 . : :
flz) = ) | [cosh(3) sin(3w) — wsinh(3) cos(3w)] sin(wz)dw.
4. We have,

/Ooo|f(:v)|dx = /121.dx: ()7 = 1.

Therefore, the improper z'ntegml/ |f(x)|dx exists and f(x) satisfies the previous hypothesis.
0

To obtain the Fourier sine integral representation, we compute B(w) as,

w

Bw) = 2/000 f(t)sin(wt)dt = 2/12 sin(wt)dt = 2 {_M]j

— [cos(2w) — cos(w)] .

w
Therefore,
2 [ 2w) —
flx)=—= cos(2w) — cos(w) sin(wz)dw.
T Jo w
5. We have,
+oo a
c(lw) = f(t)ewtdt:/ cosh(t)e™"dt
iwt ] 1 a )
= {cosh(t)eiw] - sinh(¢)e™"dt
h , , 1 wwt 8 1 [ ,
o (@) (e —e™™) — — Hsinh(t)e_ ] - — COSh(t)@Wtdt:|
iw iw w ] o, w ),

2 h wa __ ,—iwa 1 wa —iwa a ]
= COZ (@) <e 2; ) + "l [2 sinh(a) (%) —/ Cosh(t)el“tdt}

—a

2 2 1 [ A
= — cosh(a)sin(wa) + —; sinh(a) cos(wa) — —/ cosh(t)e™"dt

w w w2

—a
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= w22+ 1 [w cosh(a) sin(wa) + sinh(a) cos(wa)] .
Therefore, X
) = %/OO w cosh(a) sm(wjgilsmh(a) cos(wa) .
6. We have,
c(w) = - f()e™tdt = /1(1 +t)etdt = [(1 +t)€m}1 B
—00 -1 w |, iw
Therefore,

Solution of exercise 3.

Reminder :

o Let f(t) be piecewise continuous on (—oo,+00). Assume that f(t) is absolutely convergent,

“+oo
that is / |f(t)|dt converges. The Fourier transform of f(t) denoted by Z[f(t)] is defined

as,
+o00

FIf(1)] = Ft)e “tdt = F(w). (4.10)

—00

o Some useful properties of Fourier transform :

— Linearity.

If Z1f(t)] and Fg(t)] are the Fourier transforms of f(t) and g(t) respectively, then,
Flaf(t) +bg(t)] = aZ[f(1)] + bF[g(t)], (4.11)

where, a and b are constants.
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— Time shifting.
If Z1f(t)] = F(w) and to is any real number then,

Ff(t = to)] = F(w)e ™"
— Modulation.
If Z[f(t)] = F(w) and wy is any real number, then,
. 1
Ff@)sin(wt)] = 5 [F(w+w) = Fw—wo)],
1
F|f(t)cos(wot)] = 5 [F(w+wo) + F(w—wo)]
— Symmetry property of Fourier transforms.
Let Z[f(t)] = F(w). Then,
FF ()] =27 f(-w).
Solution.
1. H(t—3)e . We have,
1, t>3 >3
Ht-3)=ust)={ ° "= then, H(t—3)et={ = "=
0, t<3, 0, t<3,
and, we obtain,
+o00 ] +o0 ]
FH(t—3)e ] = / H(t —3)e *e ™dt = / e ety
—00 3
o) —(44iw)t] To° —(4+iw
_ /+ gy _ [ ORI entrd
3 441w |, 4+ 1w
2. e~ g >0.
+o00 -1 +o00
y[efa\ﬂr”] _ / efa|t+1\efiwtdt _ / ea(t+1)67iwtdt + / efa(t+1)€fiwtdt
o “ -1

_ 6a/ e(a—zw)tdt+e—a/ e—(a+zw)tdt

00 —1

(4.12)

(4.13)

(4.14)

(4.15)
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. ela—iw)t -1 . e~ (atiw)t +o0 .
= e - —|— [ I — ,CL —w > O
a—ww | _ a—+ww | _y

eiw eiw 2a eiw

— + — = — -
a — 1w a—+ 1w a® +w

3. ﬁ We know that 1+t2 = 114/-12'15 + 1 Zt, then, by the linearity () of Fourier transform, we
obtain,

1 12 1/2 1 1 17 1
F = 7 =7 - .
{1+t2} L+z’t+1—it} 2 [1+it}+2{l—it}

Now, we use the symmetry property () of the Fourier transform, we know that .Z [b(t)] =

FH(t)e ] = 5 = B(t) and F[c(t)] = F[H(—t)e'] = 15 = C(t) then,
F L _fl_ it} = 27b(—w) =21 H(—w)e”,
F L _1 it} = 2mc(—w) =27H(w)e™™
Therefore,

7 { ! } = [H(—w)e + Hw)e™] = me .

4. 2e7 3 sin(4t). We use Frequency modulation theorem () with f(t) = 2e73 and wy = 4,

then
0 ) +oo )
f[Qe’?"t'] = / 263te’“tdt+/ 2e 3tem Wt
0
0 +o0
_ 2/ (3 iw tdt_|_2/ 6—(3+iw)tdt
0
(3—iw) —(3+iw)t 1t
- 2{ } 2{——6 m
3+iw |,
12
3 — 3+1w 9+ w?
Therefore,

Z109.—3lt] o _as 1 1
J[Qe Hs1n(4t)]—6l l9+(w+4)2—9+(w_4)2}.
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—e t<0
5. Let f(t) = ’ ’ Then,
ft) { e t>0,a>0.

g~ (atiw) tdt, o —iw > 0

0
g[f(t)] — / at zwtdt+/ fatefiwtdt
OOO
— _/ (a iw tdt /

ela—iw)t 0 a+iw)t] T
e
o — 1w o atw |

B 1 1 B 29w
 a—iw  atiw a2+ w?
%(n—{—t) —n<x<0,
6. Let f(t) =4 H(n—t), 0<axz<n, Then,

0, otherwise.

ZI@)] = / : %(nnLt)ei‘”tdtJr /0 "L ety

n2

= 2 [<n+t>€. g B ANCE ke B e_mdt}
" W W J_p —W w Jo

1 [ n 1 et |0 n 1 e_w }

w  tw —iw T g 0

1 |: 1 eiwn e—iwn 1 :|
= +

iwn? w iw w iw
1 wwn —iwn
= W [1 — € e + 1]
2 elwn + e—iwn
= 1
w?n? [ 2 )
2
= 5 [1 — cos(wn)]




Series of exercises

8 May 1945 University 131

lt| < §,a>0,

Then,
otherwise.

s —iwt] 5 - wg  —iwd
IR e e e

%

2 (wa)
—sin [ — ).
w 2

t t <L >0
5. fry=4 """ 1< m >0, Then,
0, otherwise.
l
—iwt 1 m 1
FI)] = / et = gt B T[T sty
—w |=m N
_ 2 W e 2zm +@Wi
 w 2
—2 (w) 2im (
= —cos|— ) — ——sin
1w m w2 m

Solution of exercise 4.

Reminder :

o Let f(t) be piecewise continuous on (—oo,+00). Assume that f(t) is absolutely conver-
400
gent, that is / |f(t)|dt converges. The inverse Fourier transform of F(w) denoted by

FHF (w)] is c?eﬁned as,

1 [t
FF(w)] = 2—/ F(w)e™'dw = f(t) (4.16)
™ —0o0
Solution.
1. Z(Efzjw) We have F e " H(t)] = =, a > 0. Here a = 1, then,

1
7 [1 + iw} =T H),
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5.

using the shift Theorem with to = 1, we obtain,

2

F! [L] _Llgo { c ] ) ()

2(1 +iw) 1 +iw

e—(—iw) o . . . _ . . .

st - Otmilar to the previous problem, with o = 3 and by the shift theorem with ty = —1,
we get,

| [e Lo | € 1_-3(t+1 3t+4
- , = e " F~ | =e e BUIVH{E 4 1) = e BTV H(E 4 1).
3+ iw 3+ w

2 2w _ 6

34_—;‘;. We have 34w 2— 3w’ then,

9—1{ Q‘w} - 9—1[2— 6 1:232—1[1]—69—1[ ! ]

3+ 1w

where 0(t) is defined as,

0, t<0,
5(0) = lim [uo(8) — (1)) = i [H (1) — H(t— b = { 1, 0<t<h,
0, t>k.
With Z[6(t)] = 1.
%. We have F[e~M] = azi‘lwz,a > 0. Here a = 2 and by the shift theorem with ty = 2,
we get,
e 2w 1 2.2 1
}*—1 _ —g-1 —2w| _ —2\t—2|.
[4+w21 4 {22—|—w26 1°
e Wehave o=z = 5 — 555 = i — 50 then,
1 1 1
ﬂ_l — ﬂ_l . ﬂ_l
[6+5iw—w2} {2—1—2&)] 3 +iw
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6. ———,a>0. We have,

at+w
1 1 B 1
a2 (@ P (@ (&)
TS ~avo® t

W+ 5P+ (7 -5+ (%P
1 w+v2a —w+v2a
220 |+ BT (5 @ Bt ()
L [ Hte+s)  H-w-3)
22 |+ B+ (5P @ B ()

o h . &
22 |\ [0+ 5P+ (5] @ 5+ ()
w

N 1 2i(w + %) B 2i(w — \%)
i \wr 5P+ (5P -5+ (&P |
< -5l
Now, we use the modulation theorem with wy = 5 and F1 [(%iﬁwg_ =& f to get,
ﬁ_l a 7§ a + a 75 a
(w+ 5P+ (5P (w=-F)P+(5)?

e vall < a t) oAk ( a t>
= cos | —= =e cos | —=t |,
2 V2 V2

For the second equation, we use the modulation theorem with wy = % and .F ' | =2 | =
V3 (e
—evi' 1 <0
t), where y(t) = ] " to obtain,
(), uhere (0 {f o
i —2i(w+ 75) —2i(w — 75) B _ a
7 By a \2 a\2 a \2 a \2 _y(t>81n —=t
2\(w+5rP+(5? wWw=%2+(5) V2

Therefore,

P[] - o) o (3)
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Solution of exercise 5.

Reminder :

e Frequency convolution.

+oo +oo
Let f(t), g(t) be piecewise continuous on every interval [—I,1] and let/ |f(t)|dt, / lg(t)|dt
converge. Denote Z|[f(t)] = F(w) and F[g(t)] = G(w). Then, -

—0o0

FUBt)] = —[F*GC)w), (4.17)

2m
where the convolution (F x G)(t) is defined as,

+o00
(F*xG)(t) :/ F(r)G(t — 7)dr = (G * F)(t).
The inverse transform is given by,

FFw)Gw)] = (f*g)), (4.18)
Solution.
z/m ar Let F(r) = L and G(w—7) = = that is, G(w) = 1
) it (2 tin) €L ENT) = 557 ana@ G\W —T) = 55,5, that 18, G\W) = 5575,

then,
Fe)w) = [ gty = 27 0]
T feo 24T 2+i0(w—T) i g
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oo dr
. cLet F(r) = 2 —T) = —— ' =1
’ /—oo (4 —iw)(4 —i7 + iw) et F(7) = i and Gw—7) = gy that is, G(@) = 5,
then,
400 1 1 _
(FxG)(w) = /OO niTie T = [F()g(t)]

Y [34‘1 [ﬁ} 7 [4 +1sz

= 27 [e"H(—t).e "H(1)]
= 0.

Solution of exercise 6.
Reminder :

e Time convolution.

+oo +o0o
Let f(t), g(t) be piecewise continuous on every interval [—I,1] and let/ |f(t)|dt, / lg(t)|dt
converge. Denote F[f(t)] = F(w) and F[g(t)] = G(w). Then, - )

[e.9]

FI(fxg))] = Fw)G(w). (4.19)
The inverse transform is given by,

FHFW)GW)] = (f*g(t). (4.20)

Solution.

1. m,k > 0. Let F(w) = 75 and G(w) = i with f(t) = F 7' [Fg] = e MH(t) and

g(t) = F ' [Z5] = e MH(t). Then,

FURWGEW] = 77| ] = (a0
= /+OO e MH(7).e "D H(t — 1)dr

[e.e]
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= ™ OOH() H(t—7)dr

= e_kt[/ 0d7+/1d7+/+0® }

= te MH(t).

2. k> 0. Let F(w) = 7t and G(w ) = Gz with f(t) = F ] = e MH(t) and

1
(iw+k)3 iw+k

g(t)y=F1 [m] = te_"’tH( ). Then,

FFW)(Gw)] =

1[1 ] (a0

iw+k (iw+ k)?

F
+o0
= / *kTH (t — T)e*k(t*T)H(t —7)dr

= / [e*’”H e k(t— T)H(t —7)— kTH(T)Te*k(t*T)H(t — 7')} dr

o0

+oo “+o0o
H(T)H(t — 7)dT — e_kt/ TH(T)H(t — 7)dT

—00 —00

¢
= kt/ ldr —e” t/TldT

0

= e M (t2 — 5) H(t)

= Ee_ktH(t).

Solution of exercise 7.

Reminder :
o Fourier transforms of derivatives.

Let f(t) be continuous and f*)(t), k =1,2,...,n be piecewise continuous on every interval [, ]
+oo
and/ |fED@)|dt, k=1,2,...,n converge. Let f®)(t) = 0 ast — 400 fork=0,1,...,n—1.

If ZUf(#)] = F(w), then
ZUO(E)] = (iw)"F(w), (4.21)
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where f(t) and all its derivatives vanish at infinity.

Solution.

1.y — 4y = H(t)e ™. Applying the Fourier transform to the differential equation, we get

Tl - Fl4y) = F[H(t)e "]
WY (W) — 4V (w) = 4+1w, with  Fly(t)] = Y (W),
1
(iw — Y (w) = o
Y(w) = m
Therefore,
R g

2. y" 4+ 5y + 4y = 6(t — 2). Applying the Fourier transform to the differential equation, with
Fo(t — a)] = e7™* we get

Zl' )+ 7By + 7yl = F(t-2)
(iw)> Fy) + biwFy| + 4Fy] = e
(iw)?Y (w) + HiwY (w) + 4Y (w)
(—w® +5iw+4)Y(w) = e
)

— 6—2iw

e—22w

—w? + 5w+ 4

(t) B yfl e—in B y—l _e—2iw _ y—l e—in —q N i
A 4 hiw 4] (w—1i)(w—40)] 3 \w—i  w-—4

y—l 'e—in B .€—2iw _ 19—1 .€—2iw B . .e—2iw
w+1 w+4 3 w+1 w—+4

Y(w

)

1
3

W=

(e_(t_Q) - 6_4(t_2)) H(t—2).

W=
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Solution of exercise 8.
o Partl:

Reminder :
Let f(t) be a function defined for t > 0. The Laplace transform of f(t) denoted by Z|[f(t)] is
defined as,

Zfi)] = /0+<>0 e " f(t)dt = F(s). (4.22)
Solution.

1. 2t — 5, we have,

+o0 —(2f — —st] T 9 [t
L2t —5] = / e (2t = 5)dt = {&} + = / e *tdt
0 S 0 S Jo

5 2 e=t]™ 5 2
e =242 >0
s s C s S
2. cos(at + b), we have,
+oo
ZLlcos(at +b)] = / e *. cos(at + b)dt
0
_ —st]to0 a +o0
= [cos(at +0b) 1 - - / sin(at + b)e *'dt
s, s Jo
_,—st] 1t +oo
= cos(b) _a “Sin(at +b) ¢ ] + g/ cos(at + b)e_Stdt]
s s s s Jo
1 a . a? [+ L
= [cos(a) s sm(b)} - g/o cos(at + b)e”*dt.
Therefore,
ZL|cos(at + b)] = s [scos(a) — asin(b)].
$?+a

3. cos(t) — sin(t), we have,

ZLcos(t) —sin(t)] = /0 h (cos(t) — sin(t)) .e*'dt
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Therefore,

4. te?, we have,

+oo
ZLte*] —/ e 5 te*dt
0
5. t%et, we have,

+o0
ZL[t?e!] = / e s t2eldt
0

6. e 'sin(t), we have,

ZLle " sin(t)]

[(cos(t) — sin(t))
1
1

+oo 1

_efst
S :|O S

_e—st:| +oo 1
S Jo

/0 Oo(sin(t) + cos(t))e *dt

h (cos(t) — sin(t))e * dt

s? J,

[(sin(t) + cos(t))

L[ (cost) — sin(e))e—tdt

1—s
1+ 82

ZLcos(t) — sin(t)]

_6—(5—2)1:} oo 1

+00 +oo
/ te~52tqp = {t— + / e =Dt
0 s—2 |, s—2J
1 [64*WT“ 1
- = , 5> 2.
s—2 s—2 |, (s —2)2

_6(51)t:| oo 2

+oo
/ te~CDiqy
0

+00
t2 —(S—l)tdt — t2
/0 ‘ s—1 ], N s—1
_ = (s=1)t7 1 +o0

2 Pt N 1 / o (5Dt gy

s—1 s—1 |, s—1J,
2 ol R -

s-12| s—1], (s—p% "7~

+00 +o00 +00
/ e e sin(t)dt = / e e~ sin(t)dt = / e~V gin(t)dt
0 0 0

_e(s+1)t too 1 “+o0
= { P sin(t)} + 1 /0 e~V cos(t)dt
0
1 _ —(s+1)t +oo 1 ~+o00
S S 0 S 0

159
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1 1

—+o0
= — ~( D gin(t)dt.
CESE <s+1>2/0 e sin(i)

Therefore,

1

Lle tsin(t)] = GEIEET

7. 6 — e3t, by the linearity of Laplace transform, we have,

206 — €]

8. 3t —

9. e 'sinh(t), we have sinh(t) = ¢

5e~2t 4 6,

+00 “+o0o
_ 6] - LM = 6.201] — L[eM = 6 / et — / ¢ oot it
0 0

+oo +0o0 —st] +o0 —(s=3)t7 T
= 6/ e tdt —/ e It = 6 [—6 } — {_e }

6 1
= 2o > 3.
s s—3 °

we have by the linearity of Laplace transform,

LBt —5e”? +6] = 3ZL[°] - 5L ] +6Z1]

+o0o +oo +oo
= 3/ t2.e tdt — 5/ e e stdt + 6/ l.e stdt
0 0 0

2 +oo +o0 e—st +oo
= 3= e stdt — 5 / ettt + 6 [— }
0 0

52 s 1o
6 e—st]T>® e~ (s+2)t +oo 6
e
S E s+ 2 0 S
0 > +6 >0
= — — -8 )
3 s+2 s’

t

= then, e*sinh(t) = 3(1 — e=%*) and by the linearity of

Laplace transform, we obtain,

7|

1
5(1 — 6_2t)

1 —2t [ —2t\ ,—st | —st —(s+2)t
= —Zl—-e"== (1 —e).edt = = e —e |dt
2 2/, 2 J,
L[ e e 21T 1 0
— —_ . = - _ = S .
2 s 2+s |, 2(s s+2 s(s+2)
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9. 0<t
10. f(t):{ N S;3<3’ we have,

400 —st73 2

21 = [ F)edt = /0 S et = 9 [—6 } — 2] s> 0.

0 s 1, S

11. ' cosh(t), we have cosh(t) = <= then, e’ cosh(t) = 1(e* + 1) and by the linearity of

Laplace transform, we obtain,

1 2t 1 2t 1 e 2t —st 1 e —st —(s—2)t
L= +1)| = =Ll +1] == (e +1).e %dt = = e +e |dt
2 2 2 J, 2 J,
I A G [ R B | L1 s—1 oy
— —_ —_ J— = - —_ = S .
2 s s—2 |, 2|s s-—2 s(s —2)’

h(t), 0<t< byt
12. f(t) = cosh(t), - ™ , we know that cosh(t) = <E—. Then, we have,
0, t>m.
“+00 s T _t —t
2] = F(betdt = / cosh(t)e*!dt = / CXC sty
0 0 0
1 [~ 1 e(l—s)t e—(1+s)t ™
. (1-s)t —(1+4s)t dt = = .
2/0[6 +e 2{1—5 1—1—5}0
1 'e(l—s)rr e—(1+s)7r 1 1
B 5_1—5_ 1+s _1—s+1—|—3}
1 'e(l—s)rr e—(1+s)7r 25
T 201-s5 1+s _1+32}
1 _6(1—5)71' 6—(1+5)7r s .
= 5 - - >
2 1-s 1—|—s} 1+s27°
o PartlIl:
Reminder :

o Let f(t), t > 0 be a continuous function and be of exponential order on [0,400). Let f'(t)

be also of exponential order and at least piecewise continuous on [0,+00). Then,

ZL[f'(1)] = sZ[f(1)] = f(0). (4.23)
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o Let f(t), f'(1),..., f™ 1 (t) be continuous on [0, +0c) and be of exponential order. Let f™(t)

be at least piecewise continuous on [0, +00). Then,

LU0 = L]~ 5 0) — 2 F(0) = 5 0) — . [O0). (424)
Solution.

1. Let f(t) = cos®*(2t). We have f(0) =1 and f'(t) = —4 cos(2t) sin(2t) = —2sin(4t). Then,

ZL[—2sin(4t)] = s.Lcos?(2t)] — 1.

Therefore,
1 1 2 1 2 4 1
22t) = -ZL[-2sin(4t)] + - = —=ZL[sin(4t)] + - = —=. -
Lleos?(2t)] S.ﬁf[ sin( )]—i—s SZ[sm( )]+S . 32+16+s
8 1 —8+4+s5*+16 s*+8
= —_—————— + - = - 78 > O’
s(s2+16) s s(s% + 16) s(s? + 16)
with £ [sin(at)] = Z1-.
2. Let f(t) = te". We have f(0) =0 and f'(t) = e™ + ate®. Then,
Lle™ + te”] = s.Lte™] — 0 = s.L[te™].
Therefore,
1 1 1 1
Lte"] = ——L[e™] = : = .8 > a,
s—a s—a s—a (s—a)?
with L[e] = .

Ss—a

3. Let f(t) = tsin(at). We have f(0) =0, f'(t) = sin(at) + at cos(at), f'(0) =0 and f"(t) =
2a cos(at) — a*tsin(at). Then,

ZL[2acos(at) — a*tsin(at)] = s*L[tsin(at)] — sf(0) — f/(0) = s*>ZL|[tsin(at)].

Therefore,

2a 2a s 2as
82 + CL2 [COS((Z )] 82 + CL2 82 + CL2 (82 + a2)2’

ZLtsin(at)] =

with £ |cos(at)] = =2

s24a?”
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4. Let f(t) = tcos(at). We have f(0) =0, f'(t) = cos(at) — atsin(at), f'(0) =1 and f"(t) =

—2asin(at) — a*t cos(at). Then,

ZL[—2asin(at) — a*tcos(at)] = s>L[tcos(at)] —sf(0) — f'(0)
Therefore,
2a . 1 2a
ZLltcos(at)] = _mcf{sm(at)] + 212 2+ 2+a? +
B 242 N 1 —2a®+s+a®
(2 +a2)? ' s2+a - (52 4 a2)2 B (s2 —{—a2)2’
with Z[sin(at)] = =1

s> 2Lt cos(at)] — 1.

5. Let f(t) = tsinh(at). We have f(0) = 0, f'(t) = sinh(at) + at cosh(at), f'(0) = 0 and

f"(t) = 2a cosh(at) + a*t sinh(at). Then,

Z[2acosh(at) + a*tsinh(at)] = s>.Z[tsinh(at)] —sf(0) — f/(0) = s>.Z[tsinh(at)].

Therefore,

ZLltsinh(at)] = 2 Plcosh(at)] = —

52 —q? S

with &L|[cosh(at)] = L[] =

2 s2—a?"

o PartlIll:

Reminder :
o Let L[f(t)] = F(s), s> a >0 and a be a real number. Then,
Lle®ft)) = F(s—a),s>a+a

o Let L[f(t)] = F(s), s> a and a > 0 be a real number. Then,

L[t = a)ua(t)] = e F(s).

—q2's2—q2 (52 — a?)?’

(4.25)

(4.26)
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Solution :

1. (1 — 2t — 3)e*. We know that,

Then, using the shifting theorem with a = 2, we obtain,

L[t =2t —3)e*] = L[t*e*] —2.L]te*] — 3.L[e*]

2 2 3 o,
T o s-2P (s—22 s-2°7°7

2. the 4. We know that L[t7] = 152—60. Then, using the shifting theorem with a = —4, we obtain,

120
(s+4)5

g[t56_4t] _
3. 13 cosh(3t). We know that cosh(3t) = M, then, t* cosh(3t) = 1[t*e* + 3¢, Now, we
have ZL[t*] = 5 and using the shifting theorem, we obtain,

f[t?’ cosh(3t)] = %[g[ﬁe?’t] +$[t3€—3tH
1
2

Ls . 3 <sf 3)4}

_ 5 { 1 N 1 1
B (s —3)* " (s+3)*
6(s* + 545 + 81)

= > 3.
GO
4. cosh(wt)sin(wt). We have L[sin(wt)] = =7 Then, using the shifting theorem, we obtain,
1
Z[cosh(wt) sin(wt)] = ) (¢ sin(wt) + e~ sin(wt)]

1
= 3 [ZL[e*! sin(wt)] + ZL[e™" sin(wt)]]
_ 1 w n w
T2 (s—w2Hw? (stw)2+w?

w(s? + 2w?)

st + 4wt
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5. sinh(t)sin(t). We know that sinh(t) = ©=£—, then, sinh(¢)sin(t) = L[e’sin(t) — e~*sin(t)].
Therefore,
Z[sinh(t)sin(t)] = %[X[et sin(t)] — Z[e " sin(t)]]
1 !
2 (s=1)24+1 (s+1)2+1
B 2s
st

6. e'sin(5t). Using the shifting theorem, we obtain,

5 B 5
(s —1)24+25 s2—25+26

ZLletsin(5t)] =
e Part1V:

Reminder :

o Let f(t), g(t) be piecewise continuous functions on [0,+00) and be of exponential orders.

o Z[(fx9)()] = Z[f(1)]L[g(t)] = F(s)G(s). (4.27)
Solution :
11w e We have,
Plse?] — — o)Ll =L L _s>o

ss+2  s(s+2)

2. txe’. We have,

3. e x e We have,

Lle s = ZL[e"].L[e™] =
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4. sin(wt) * sin(wt). We have,

w S

wSs

ZLsin(wt) x cos(wt)] = ZLsin(wt)]..L[cos(wt)] =

82—’—&}2.824—(4)2

Solution of exercise 9.
Reminder :

Some useful inverse Laplace transform :
« L7HF(s)] = f(t

).
o« L7H[LF(s)] :/0 f(r)dr.

o L F(s—a)=¢e"f(t), s>a-+a.

Solution :

1. 22, we know that £[e"] = -. Here, a = =5, then,

K 2 =291 ! = 2¢79,
s+ s+

we know that £[sin(at)] =

™ a o
S22 Pta? Here, a =T, then,

§2 + 2

gl[ i }:sin(wt).

3. S%, we know that L[t"] = %771 =1,2,3,.... Here, n =4, then,

|
(8] - 3]
S S

(82 + w2)2 :
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s+3
4' (5—1)(8+2) ’

o L N
1

27 ] - 5]

[4et — e*Qt} .

we have ( st3

i = 3 [ - ), then

LW = Wl —

5 %’ we have ZL[sinh(wt)] = w2~. Here, w = 3, then,

22"

1 [ 13 9} _ 1391 {1 3 } — gg* [ 3 ] = ?sinh(?)t).

s2 —

2
s 4245 4 13 4 10 ypep

5242545
6 ) we have m s—1 S— s—3

s24+2s+5 1 1
7 = 427! — 137! 102"
[(s—l)(s—Z)(s—S)] [3—1} s — * s—3
= 4e' — 13¢* + 10e™.
7. 5241r5s7 we have 52Jlr5s = %ﬁ with g[e_w] = S,J%r,a then,
1 1 1 ’ et 1
z—l :g—l Z :/ —57’d . = 21— —5t‘
{32—#53] L’ s+5] 06 ! 5 |, 5[ ]
8. sglfgs, we have Sglfgs = %'321+9 with £[sin(3t)] = ﬁ, then,
16 16 1 3 16 [ 16 [ cos(37]"
L7 S At ey :_/ in(3r)dr = — |—
{83+98:| 3 [s 32—1—9} 3 Jo sin(37)dr 3 3],
16
= —[1 — cos(3t)].
9
9. sty we have L7 [m} = (1 — cos(wt)), then,

= ] P B R

- P[(,ut — sin(wt)].
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10. iy, we have giztsy = S(SQLQ) — STy with Llsin(at)] = &=, then,
s—a 1 a
LN = | - |
{32(324—@2)} {8(82—1-&2)} s2(s2 +a?)
[ sinGarar — ot — sinfa)
= — [ sin( — —Jat — sin(a
a Jo AT T 2
L[ cos(a 1 .
= = [ ] - E[at — sin(at)]
51— cos(at)] ~ —lat — sin(at)]
= —I[1 —cos(a at — sin(a
a? a?
1 t
= —[1 - cos(at) +sin(at)] — .
az[ cos(at) + sin(at)] -
11. m, we find L1 [S4+333} by steps.
o« L1 [%'(s}r:&)] , we have £ [e™3] = S+3, then,
41 1 t _3r e 1 —3t
L7 |- 5= | ¢ dr = | — 3 25[1—6 ].
s (s+3) 0 0
o Y71 [%.5(513)} , we have £ [3(1 — 73] = S(s+3 then,

e T

3

1 [t 1 e 3T 1
- 1—edr == = —[3t+ e —1].
3/0( e °T)dr 3{7’—1— L 9[ +e ]

Therefore, we pass to £+ [— (1+3)} , we have L~ * [52(;1)} = §[3t +e* — 1], then,
11 1 [t 3, e’
LN = = [ (3 =T 1)dr = 2 -
L 52(5+3)1 9/()(”6 hdr = 9[2 37,
1
= 18(3t2 —2t) + 27(1 —e ).
12. m’ we have s2+6s+15 (s+3)2+6’ then,
. 1 B 1 1 V6 ~ sin(v/6t)e
24 6s+15] (s+324+6 B(s+32+ (V6?2 V6
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13. mrirsy we have i = G + 1, then,
s s s
o1 _ 1 ° |t T | —os(2)e X
[s2+4s+81 [(3—1—2)2—1—4] (s +2)2+22 cos(2t)e
14. %, we have (i’sj; = (fs 11+11 then,
[ 55+6 L [5(s— 1)+ 11 1 1
o1 _ -l T = 5! 117
l@—MJ l @—DQ] -1) " (s— 1)
= 5e' + 11te
= (5+11t)e

(s+1)2 s+1 2 _ [ (s—2)+3 2 _ 1 3 2 _
5. (g we have (5)" = (55%) = (o + ap) = oo + e + e then,

2z [Eim - {(8_12)2] roz [ﬁ] v [@12)'3]
- ol 5 [l e [

3
= te¥ + §t362t + 3t%e?
2t

e
5 .

= (2t +6t° + 3t7)

16. Wl(s—b) Let F(s) = = and G(s) = L5, then, f(t) = ZL[F(s)] = e and g(t) =

L7G(s)] = €. Therefore,

t
$1|: 1 1 . 1 ] _ eat*ebt:/emeb(t T)dT
0

S
(s—a)(s—b)} L—a s—b
a—b)r 7t
_ ebt/te(ab)q—dT_ebt|:e( i }
0 (a—10)],
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17, s Let F(s) = % and G(s) = then, f(t) = L7 F(s)] = t and g(t) =

1
ZL7HG(s)] = §sin(4t). Therefore,

1
524167

zyl{gvi——ﬁ zlzl[l. ! }:t*lﬁmuyziAZﬂmM@—TWh

s2 + 16) $2 52+ 16 4
_ i _lTCOS(ZL(i_T))]O_ }1/0 cos(4(t—7‘))d7']
1 [+ 1 sin(4(t — 7)1
T4 _Z 4 {_ 4 L
1[¢t 1 .
= 1 _4_1 T sm(4t)1
::éw—mw»

18. —2~5. Let F(s)

_ s
(s2+4)2 T os244

ZL7G®)] = 22D - Therefore,

2

and G(s) = =, then, f(t) = L7F(s)] = cos(2t) and g(t) =

52+47

1 s ol S 1 B sin(2t)
Z {—(32—{—4)2] =Y [32—1—4'—324—4} = cos(2t) * 5

1t
— 5/ cos(27) sin(2(t — 7))dr
1 i
= 3 / [sin(2t) — sin(2(27 — t))]dr
0
1T cos(2(21 — t)) !
= 7 [sm(?t)T + 1 .
= 1 2t)t
= ZSIH( )
19. (s+1)g(s+2)- Let F(S) = (s-fl)ﬁ and G<3) = 8_,%2; then; f(t) = g_l[F<3)] = 6te™" and g(t) -

LG (s)] = et Therefore,

Sl (= R (== I
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t
= 66_%/ Te'dr
0
.

= 6e *[re” — €]}
= 6Ge 2te' —e' +1]
= 6[(t—1)e " +e .

t

20. m, a#b. Let F(s) = (+ Graz ond G(s) = +b2, then, f(t) = L7HF(s)] = te™™

and g(t) = LG (s)] = te™™. Therefore,

2 ormerr) © 2 e e

¢
= / Te*“T(t—T)e*b(t*T)dT
0
¢
= e_bt/ T(t—T)e_(a_b)TdT
0

bt e*(a*b)T ¢ 1 t 9 (b)d
= e t— t — 2r)e(a=b)7
e | R T AT

— € t_ 27_ a b)T 2 —(a—b)’r t
a-—b [ a—b" + (a — b)ze .
= e~ (a=b)t —(a—b)t _

o= bla Tl e (a—bV]
= —at —at t —bt 2 bt
B (a_b)2 + (a—b) € +(a_b)2€ (a—b>3e

1 Y -

= g (@Dt + e + (@ = b =27

Solution of exercise 10.

1 f(t)=t+ 6/tf(r)e(t_7)d7.
0

o Taking the Laplace transform to the integral equation with F(s) = Z|[f(t)]

2] = 3[t]+$[6 /0 t f(T)eU—ﬂdT}
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F(s) = 5—12+6.,§f Uotf(f)e“—ﬂm]

1 6
F = — F(s).
(5) = 5+ F ()
Therefore,
F(s) = = + —— (4.28)
Vg s2(s—=T) '

o Taking the inverse Laplace transform to ()

ft) = t+ %[e” — 7t — 1]

£ = 6™ +7t—06

W
Ne)

o= R R RS R e
=) = 2 ] s [ v [T,

Therefore,

2. f(t) + /Ot f(1)cos(t — 1)dr = e".

o Taking the Laplace transform to the integral equation with F(s) = Z|[f(t)].
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t
Z[f(t)]—i—f[/ f(r)cos(t —1)dr| = ZLle7!]
0
S 1
F F = .
() + (8)52—1—1 s+1
Therefore,
1 S
F = —
(s) s+1 (s+1)(s2+s+1)
B 1 1 1
s+l 824s+1 (s+1)(s24+s+1)
1 Lo s
o541 s24s4+1 s+1 s24s+1
2 1
= — - . (4.29)
(s+3)°+37 (s+3) +3

o Taking the inverse Laplace transform to ()

» _1 9 . 1 -1 s
2] = 2| 2] -2 e ] R e
L1 2 \/73 —1
s
VG (5+%)2+<*/7§>2
i) = 2 1{ 1 ]_i —1 \/73 — !
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o Taking the Laplace transform to the integral equation with F(s) = Z|[f(t)].

ZIft)] = Lleos(t) + .2 { /D t f(T)e@T)dT}

s 1
F(s) = 21 + S+1F(s).
Therefore,
s+1
o Taking the inverse Laplace transform to ()
+1
-1 _ -1 5
2] = 2 | 5]
1 s 1 1
=z ls2+1] -z ls2+1]
f(&) = cos(t)+ sin(t).
Solution of exercise 11.
1.y +2y =sin(t), y(0)=1.
o Taking the Laplace transform to the integral equation with Y (s) = ZL[y(t)].
L)+ 22y = ZLlsin(t)
1
_ 92 —
sZy] —y(0) + 221y 21
1
sY(s) —14+2Y(s) = 211
Therefore,
2
Yis) = — > 2 (4.31)

(s+2)(s2+1)

o Taking the inverse Laplace transform to ()
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s2+2 }

L) = 2 [(8+2)(32+1)
%

_1 6 S 2
[5(5 +2)  5(s2+1) i 5(s? + 1)}

o) = 527 i) 52 [ Yo )
yt) = ge—zt - %Cos(t) + %sin(t).

LW - L6y + Lyl = L[]

s*Ly] = sy(0) — y'(0) — 6[sL[y] — y(0)] +5L[y] = s i 2
sV (s) —s+1—6sY(s)+6+5Y(s) = - i 5
(2= 6s+5)Y(s)—s+7 = Siz
Therefore, 1 1
Y(s) = <$_2+s—7) R (4.32)

o Taking the inverse Laplace transform to ()
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W) = 2 g ey ) Y ey )

—Z [4(37— 5y 4(37— 1)}

w0 = 52 oy e o) 1 )
1 2t 5 5t 7 t
y(t) = _56 ~ 1€ +Z€'

3.y +6y+5 [ y(r)dr =1+, y(0)=1.

o Taking the Laplace transform to the integral equation with Y (s) = ZLy(t)].

L+ Loyl + & [5 /Oty(T)dT} = Z[1+1

5 1 1
sZlyl —y(0) + 6L+ ~2Zly] = —+5
5 1 1
sY(s) —1+6Y(s)+ EY(S) = ct2
Therefore,
1 1

o Taking the inverse Laplace transform to ()

y(t) = 27 (1 s +3) m]

y(t) = 27 m} +Z7 L(s+ 1;(s+5)} 2z {m}

y(t) = -i”l: TR )1+$1{5_2_4(311)+20(51+5)}
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UV S U I Y ) DR DO
ylt) = =32 [(s—{—l)} T3 u Tt l(s+5)]
IR Y U T
ylt) = —ge gt g
1 0<it<1
Yy = f(t), 0) =3, t) = ’ - ’
by =00, w0 =3 0 {—1, o)
o Taking the Laplace transform to the integral equation with Y (s) = ZLy(t)].
Llyl+ 2yl = Z[f@)]
sZlyl —y(0)+ 2yl = Z[f@)]
—2e7% 1
sY(s)—3+4+Y(s) = . —1—;
Therefore,
—2e7° 1 3
Yis) = s(s+1) * s(s+1) + (s+1) (4:34)

o Taking the inverse Laplace transform to () )

LY (s)] = 227! 5(5—;1)}4—3_1 [8(5—11)1 +327 [@Tlm]
y) = 227 1 1)} +$ F - <sil>1 v [@il)}
y(t) = —22°! :6:} +2.27! {h} +27! H -z {(sil)}
527 |y
y(t) = —2uy(t) + 27 Duy () + uo(t) — e uo(t) + 3¢ uo(t)
y(t) = —2(1—e Ty (t) + (1 + 2 Hug(t).

5.y + 5y + 6y =1—us(t) — us(t),

o Taking the Laplace transform to the integral equation with Y (s) = ZLy(t)].
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LW+ Ly + L6y = L] = Llus(t)] - Llus(2)]
2Ly — sy(0) — y'(0) + 5[s.L[y] — y(0)] + 6.LTy] = = —— —

s s s
1 6—33 6—55

2y 5sY 6Y(s) = ——— —

s7Y (s) + bsY (s) + 6Y (s) . . .
Therefore,

1 6735 6755 1
Y(s)=|-— — 4.
(5) L s s ] (s+3)(s+2) (435)

o Taking the inverse Laplace transform to (4.39) .

2oVl = 27 L‘(s + 3§(s + 2)] - L(s +€3)3<1 + 2)] - L(s +€3>5(1 + 2)]

1 1 1 e e e
v = 27 [§+<sis>‘<si2>]_$1[ TN T
=5 5 e=?
i R ey
=[5 ge - gt w0 - [ 3o - ety
_ [é 2D %ew@] us )

1 1
= 6[1 +2e7% — e ug(t) — 6 [1+ 2¢ 730173 36’2(“3)} us(t)

1
~5 [1+ 2e 73075 36’2("/’5)] us(t).

6. ' +4y +5y=46(t—3), y(0)=0, (0)=0.
o Taking the Laplace transform to the integral equation with Y (s) = ZLy(t)].
LY+ Ly + LByl = L6t -3)]

s Zy] — sy(0) — ' (0) + 4[sLy] —y(0)] +5L0y] = e
$2Y (s) + 4sY (s) + 5Y (s) = e .
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Therefore,

6—33

Y = —
() s2+4s+5

o Taking the inverse Laplace transform to () .

(4.36)

L7y (s) = 27t {ﬁ} = 7! {ﬁ} — e 23 gin(t — 3)us(t).

7y +4y=85(t—%), y(0)=2, y'(0)=0.
o Tuking the Laplace transform to the integral equation with Y (s) = ZL[y(t)].

™

LIy + Ly = & [85 <t - g)}
"Lyl — sy(0) — y'(0) +4L[y) = 8e 5
s°Y(s) — 25 +4Y(s) = 8e 5%

Therefore,
Y= 2 (4.37)
s) = : .
244 s2+4

o Taking the inverse Laplace transform to () )

() + 2 cos(2t).

ol

ZV(s)] = a2 ESH] Lo LQL] —asin (2(t- 7)) u
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