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Abstract

The present thesis is devoted to study the existence, uniqueness and asymptotic behaviour in
time of solution for damped systems. This work consists of four chapters. In chapter 1, we recall
some fundamental inequalities. In chapter 2, we consider a very important problem from the
point of view of application in science and engineering. A system of three wave equations hav-
ing a different damping effects in an unbounded domain with strong external forces. Using the
Faedo-Galerkin method and some energy estimations, we will prove the existence of global solu-
tion in R” owing to the weighted function. By imposing a new appropriate conditions, which are
not used in the literature, with the help of some special estimations and generalized Poincaré’s
inequality, we obtain an unusual decay rate for the energy function. In chapter 3, we will be
concerned with a problem for m-nonlinear viscoelastic wave equations, under suitable conditions
we show the effect of weak and strong damping terms on decay rate for systems of nonlinear m-
wave equations in viscoelasticity. In chapter 4, we consider Petrovsky-Petrovsky coupled system
with nonlinear strong damping. We prove, under some appropriate assumptions, that this sys-
tem is stable. Furthermore, we use the multiplier method and some general weighted integral

inequalities to obtain decay properties of solution.

Keywords and phrases: Viscoelastic wave equation, Strong nonlinear system, Global solu-

tion, Faedo-Galerkin approximation, Decay rate, Blow up, Strong damping, Petrovsky-Petrovsky.
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Résumé

La présente these est consacrée a 1'étude de l'existence, 'unicité et le comportement asymp-
totique en temps de la solution pour quelques systemes amortis. Cette these se compose de
quatre chapitres. Au chapitre 1, nous rappelons quelques résultats et inégalités fondamen-
tales. Dans le chapitre 2, nous considérons un probleme trés important du point de vue de
I’application en sciences et en ingénierie. Un systeme de trois équations d’onde ayant des ef-
fets d’amortissement différents dans un domaine illimité avec une force externe. En utilisant la
méthode de Faedo-Galerkin et quelques estimations d’énergie, nous prouverons 'existence d’une
solution globale dans R™ grace a la fonction pondérée. En imposant de nouvelles conditions ap-
propriées, qui ne sont pas utilisées dans la littérature, a ’aide de quelques estimations spéciales
et de I'inégalité de Poincaré généralisée, nous obtenons un taux de décroissance inhabituel pour
la fonction énergétique. Dans le chapitre 3, nous traiterons un systeme de m equations d’onde
en viscoélastique non linéaire avec un amortissement et des termes sources, dans des conditions
appropriées, nous prouvons un résultat d’explosion/croissance des solutions. Dans le chapitre 4,
on considere un systeme couplé d’équations de Petrovsky-Petrovsky avec des termes dissipatifs
non linéaires. Nous prouvons, sous certaines hypotheses appropriées, que ce systeme est stable.
De plus, nous utilisons la méthode du multiplicateur et certaines inégalités intégrales pondérées

générales pour obtenir les propriétés de décroissance de la solution.
Mots-clés et phrases : Equation d’onde viscoélastique, Systeme non linéaire fort, Solution

globale, Approximation de Faedo-Galerkin, Taux de décroissance, Blow up, Fort amortissement,

Petrovsky-Petrovsky.
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Introduction

Stabilization of evolution problems

Problems of global existence and stability in time of Partial Differential Equations are subject,
recently, of many works. In this thesis we are interested in the study of the global existence and
the stabilization of some evolution equations. The purpose of the stabilization is to attenuate
the vibrations by feedback, thus consists in guaranteeing the decrease of energy of the solutions
to 0 in a more or less fast way by a mechanism of dissipation.

More precisely, the problem of stabilization consists in determining the asymptotic behavior
of the energy by E (t), to study its limits in order to determine if this limit is null or not and if
this limit is null, to give an estimations of the decay rate of the energy to zero.

This problem has been studied by many authors for various systems. They are several type
of stabilization,

(1) Strong stabilization: E (t) — 0, as t — oc.

(2) Logarithmic stabilization: E (t) < ¢(logt)™° ¥t > 0, (¢, > 0).

(3) Polynomial stabilization: E (t) < ct=%, ¥t > 0, (c,d > 0).

(4) Exponential stabilization: E (t) < ce™% Vt > 0, (c,d > 0).

For wave equation with dissipation of the form

u — Ayu+g <u,> =0,
stabilization problems have been investigated by many authors:

When g : R — R is continuous and increasing function such that ¢(0) = 0, global existence
of solutions is known for all initial conditions (ug,u;) given in H} (2) x L?(Q).This result is,

for a consequence of the general theory of nonlinear semi-groups of contractions generated by a

maximal monotone operator.
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Moreover, if we impose on the control the condition, YA # 0, g (A) # 0, then strong asymptotic
stability of solutions occurs in H} () x L*(Q), i.e.,

(u,u/) — (0,0) strongly in Hj (Q) x L* (),

Without speed of convergence. These results follow, from the invariance principle of Lasalle. If
the solution goes to 0 as time goes to oo, how to get energy decay rates?

Dafermos has written in 1978 ” Another advantage of this approach is that it is so simple
that it requires only quite weak assumptions on the dissipative mechanism. The corresponding
drawback is that the deduced information is also weak, never yielding, for example, decay rates
of solutions.”

Many authors have worked since then on energy decay rates. First results were obtained for
linear stabilization, then for polynomial stabilization (see A. Haraux [14], V. Komornik [19], and
E. Zuazua [12] ) and then extended to arbitrary growing feedbacks (close to 0). In the same
time, geometrical aspects were considered.

By combining the multiplier method with the techniques of micro-local analysis, Lasiecka
et al [11, 16], have investigated different dissipative systems of partial differential equations
(with Dirichlet and Neumann boundary conditions) under general geometrical conditions with
nonlinear feedback without any growth restrictions near the origin or at infinity. The computation
of decay rates is reduced to solving an appropriate explicitly given ordinary differential equation
of monotone type. More precisely, the following explicit decay estimate of the energy is obtained:

E(t) < h(ti—1) V>0,

0
where ty > 0 and A is the solution of the following differential equation:

K (t)+q(h(t)) =0,t >0 and h(0) = E(0),

and the function ¢ is determined entirely from the behavior at the origin of the nonlinear feedback

by proving that E satisfies
(Id —q)" (E((m+1)ty)) < E (mty), ¥Vm € N,

System of nonlinear wave equations
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To enrich this topic, it is necessary to talk about previous works regarding the nonlinear
coupled system of wave equations, from a qualitative and quantitative study.Let us beginning

with the single wave equation treated in [22], where the aim goal was mainely on the system

gy + pug — Au — wAuy = uln|ul, (z,t) € Q x (0,00)
u(z,t) =0,z € 0Q,t >0, (0.0.1)

u(z,0) = up(x), ur(z,0) = uy (z),x € Q,

where 2 is a bounded domain of R", n > 1 with a smooth boundary 92. The author firstly
constructed a local existence of weak solution by using contraction mapping principle and of
course showed the global existence, decay rate and infinite time blow up of the solution with
condition on initial energy.

In m—equations, paper in [7] considered a system

m
Witt + YUt — Auz + U; = E |uj\pf|u,-
i j=1,i#j

Pig;, 1=1,2,...,m, (0.0.2)

where the absence of global solutions with positive initial energy was investigated. Next, a nonex-
istence of global solutions for system of three semilinear hyperbolic equations was introduced in
[5]. A coupled system semilinear hyperbolic equations was investigated by many authors and
a different results were obtained with the nonlinearities in the form f; = |ulP~!v|" 1 u, f =
0[P~ ul " .

In the case of non-bounded domain R", we mention the paper recently published by T. Miyasita

and Kh. Zennir in [35], where the considered equation as follows

o+ auy — d(z)A <u +wy — /Ot ot — s)u(s) ds) — ufufr, (0.0.3)

with initial data
u(x,0) = ug(x),
(,0) = uo(x) 004
u(z,0) = uy ().
The authors was successful in highlighting the existence of unique local solution and they con-
tinued to extend it to be global in time. The rate of the decay for solution was the main result

by considering the relaxation function is strictly convex, for more results related to decay rate

of solution of this type of problems, please see [18, 28, 34].

9
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Regarding the study of the coupled system of two nonlinear wave equations, it is worth recalling
some of the work recently published. Baowei Feng and al. considered in [? ], a coupled system
for viscoelastic wave equations with nonlinear sources in bounded domain ((x,t) € Q x (0, 00))

with smooth boundary as follows

uy — Au + fot g(t — s)Au(s)ds + us = fi(u,v)
(0.0.5)

vy — Av + fot h(t — s)Av(s)ds + v = fa(u,v).

Here, the authors concerned with a system in R"(n = 1,2,3). Under appropriate hypotheses,
they established a general decay result by multiplication techniques to extends some existing
results for a single equation to the case of a coupled system.

It is worth noting here that there are several studies in this field and we particularly refer to the
generalization that Shun and all. made in studying a complicate non-linear case with degenerate
damping term in [37]. The IBVP for a system of nonlinear viscoelastic wave equations in a

bounded domain was considered in the problem

(

Uy — Au + fotg(t — s)Au(s) ds + ([ul* + |v|D) Jug| ™ Luy = fi(u,v),

Vi — Dv + [ h(t — s)Av(s) ds + ([0]” + [u]?)|ve]" v = folu,v),

u(z,t) = v(z,t) = 0,2 € 0Q,t > 0, (0.0.6)
u(z,0) = ug(x),v(x,0) = vo(x)

\ ur(z,0) = up(x), v(x,0) = vy(x),

where €2 is a bounded domain with a smooth boundary. Given certain conditions on the kernel
functions, degenerate damping and nonlinear source terms, they got a decay rate of the energy

function for some initial data.

10
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CHAPTER 1. PRELIMINARY

In this preliminary we shall introduce and state some necessary notations needed in the proof
of our results, and some the basic results which concerning the semi-groupe theory and Layponov
functionals and other theorems. The knowledge of all these notations and results are important

for our study.

1.1 Continuous function spaces

We start this work by giving some useful notations and conventions.

Let z = (z1, %3, ..., x,) denote the generic point of an open set 2 of R™. Let u be a function
_ Ou(x)
respect to z; (1 <4 < n). Let’s also define the gradient and the p-Laplacian from u, respectively

defined from €2 to R™, we designate by D;u (z) = w; (x)

the partial derivative of u with

as following

2

ou

ou Ou ou | 2
) ' and  |vult =] oz,

8.731’ 81’2,“', 813” i=1

Vu = (

Apu(x) = div (|Vu|p_2 Vu) (z).

Note by C(£2) the space of continuous functions from € to R, C' (€2, R™) the space of contin-
uous functions from € to R™ and C (ﬁ) the space of all continuous and bounded functions on

Q, it is equipped with the norm ||| ;

[ul| o = sup |u (2)]
z€Q

For k > 1 integer, C* (Q) is the space of functions u which are k times derivable and whose
derivation of order k is continuous on Q. C¥ () is the set of functions of C* (Q) whose support
is compact and contained in €2.

We also define C* (ﬁ) as the set of restrictions to Q of elements from C* (R") or as being the
set of functions of C* (), such that for all 0 < j < k, and for all 2y € 99, the limit mlLrBODju (x)

exists and depends only on .

Cee (2) or © (Q), is the space of the infinitely differentiable functions, with compact supports

12



CHAPTER 1. PRELIMINARY

called test function space.
The Hélder space C* (€2), where € is an open subset of R" and k& > 0 an integer, 0 < o < 1,
consists of those real or complex-valued k-times continuously differentiable functions f on €2
verifying

(@) = 7 ()| < Clle - yl|°

where C' > 0, || < k.

1.2 L? Spaces

Let © be an open set of R", equipped with the Lebesgue measure dz. We denote by L! () the

space of integrable functions on €2 with values in R, it is provided with the norm
Jull = f |u ()] .
Let p € R with 1 < p < +o0, we define the space LP (Q2) by

LP(Q) = {f Q — R, f measurable and (|| f]|,,)? f]f |pdx<+oo}

equipped with norm

3=

fully = (o) o)

Q
We also define the space L™ (€2)

L>(Q)={f:Q— R, f measurable, 3¢ > 0, so that |f (z)| <c¢ a.e. on Q},
it will be equipped with the essential-sup norm
ull 0o = essesﬂup|u(x)| =inf{c; |u(z)] <c ae. onQ} .
We say that a function f: Q — R belongs to L} () if 1xf € L? (Q) for any compact K C Q.

Theorem 1. (Dominated convergence Theorem )
Let {fu},>1 be a series of functions of LY (Q) converging almost everywhere to a measurable

function f. It is assumed that there exists g € L' (Q) such that for all n > 1, we get

ful <g a.eonQ.

13



CHAPTER 1. PRELIMINARY

Then f€ L'(Q) and

hrf | fo—fll;i=0, and [ f(x)de= lim [ f,(z)dx.
n—-+0o0o Q

n—-+0o Q

1.3 Sobolev spaces

Definition 1. Let Q be an open set of R, and 1 < i < n. A function u € L} () has an i*"

loc

(Q) if there exists f; € L, () such that for all ¢ € C§° () we have

loc

Ju(z) 0 (z) da = _S{fi (2) ¢ (x) d.

Q

weak derwative in Lj,,

This leads to say that the i derivative within the meaning of distributions of u belongs to L}, (),

we write

=0 =

Oiu fi

1.3.1 W7 (Q) spaces

Let Q be a bounded or unbounded open set of R*, and p € R, 1 < p < 400, the space W7 (Q)
is defined by

Wh? (Q) = {u € L? (Q); such that du € LP (),1 < i < n}

where d;u is the i weak derivative of u € L}, (Q).

For 1 < p < 400 we define the space W, (Q) as being the closure of D (Q) in W* (Q), and
we write
WP (Q) =D (@)™
Theorem 2. (Poincaré’s inequality)
Assume Q is a bounded open subset of R", u € Wy* (Q) for some 1 < p < n. Then we have
the estimate

ullLa@) < ClIVullLr

for each q € [1,p*], where p* = and the constant C' depends only on q,p,n and €.

14
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Remark 1. In view of this Poincaré’s inequality, if €2 is bounded, then on Wol’p (Q) the norm

||l wir) is equivalent to ||Vu| 1) .

Theorem 3. (Rellich-Kondrachov compactness theorem) [10]

Assume € is a bounded open subset of R™ with C' boundary, and 1 < p <n. Then
WP (Q) cc L1(Q)

for each 1 < q < p*.

1.3.2 W™P(Q)) Spaces

Let Q2 be an open set of R”, m > 2 integer number and p real number such that 1 < p < 400,

we define the space W™ (Q) as following
WmP(Q) = {u e LP(Q), such that 0°u € L? (), Va, |a] < m}

where v € N, |a| = a3 + ... + o, the length of o and 0%u = 97" ...05™ is the weak derivative
of a function u € L} (Q) in the sense of definition (1).

loc

The space W™P () is equipped with the norm

[ellwms = llull o + >0 0%l -

0<|a|<m

For p = 2, the space W2 (Q) is noted H™ (Q).

1.4 Semigroups of bounded linear operators

The goal of this section is to prove Lumer-Phillips’ theorem (see Theorems 1.4.3 and 1.4.6 of [8])

in a Hilbert space setting. For that purpose, we first recall the notion of m-dissipative operators.

Definition 2. Let A: D (A) C X — X be a (unbounded) linear operator. A is called dissipative
if R(Av,v), <0,Yv € D(A). The dissipative operator A is called m-dissipative if (A — A) is

surjective for some A > 0.

15



CHAPTER 1. PRELIMINARY

Theorem 4. A linear operator A is dissipative if and only if
M = A), |l = Az] .V € D(A), X >0, (1.4.1)
Proof. Assume that A is dissipative and fix x € D (A) and A > 0. Then
Mzl < RO = Az, o)
and by Cauchy-Schwarz’s inequality we conclude that
Mzl < IO = A allx |2y

that directly leads to (1.4.1). Conversely assume that (1.4.1) holds and fix x € D (A), then for
all A > 0, one has
A lallx < Azl — 22% (Az, @), + [l Az -

Dividing this inequality by 2\, we get equivalently

1
m@u@%ggﬂmw§A>o

Passing to the limit as A goes to infinity yields the dissipatedness of A. Now we can prove some

useful properties of m-dissipative operators. ]

Theorem 5. Let A be a m-dissipative operator. Then the next properties hold.

1. A is closed.

2. For all X > 0, the operator \I — A is an isomorphism from D (A) onto X. Moreover
(A — A)_lis a linear bounded operator such that

(AT —A)~ <

1 ]_
HL(X) N

3. D(A) is dense in X.
Proof. Let us start with point 1. As A is a m-dissipative operator, there exists \g > 0 such that
R (MI — A) = X, hence by (1.4.1) it follows that Ao —A has a bounded inverse. As (Ao — A)™"

is bounded, it is also closed. Then Aol — A is closed and therefore A as well. To prove point 2

it suffices to prove that R (A — A) = X for all A > 0. For that purpose, we introduce the set

A ={X € (0,00) such that R(\[ — A) =X }.

16



CHAPTER 1. PRELIMINARY

First A is open. Indeed (1.4.1) implies that A is a subset of the resolvent set p (A) of A. As p(A)
is open, for every A € A, there exists a neighborhood of A included in p (\A). The intersection of
this neighborhood with the real line is clearly included into A, which proves that A is open. Let

us also show that A is closed. Let a sequence. (A,),, of elements of A such that
Ap —A>0asn — o0

Then for an arbitrary element y € X, and any n, there exists x,, € D (A) such that
(Al —A), =y (1.4.2)

Owing to (1.4.1), it follows that
lzallx < A" yllx (1.4.3)

and therefore the sequence (x,)_ is bounded. Now we apply (1.4.1) with z, — z,,, and A, to

n
obtain

Am || Tn — xm”X < (2 — 2) — A2 — xm)”X )

and by using (1.4.2) we deduce that
Am #n = 2wl x < A = Al 2]l x -

and by (1.4.3), we deduce that there exists x € X such that x,, converges to x in X. But (1.4.2)
then implies that Az, converges to Az — y and since A is closed, we conclude that z € D (A)
with Az — Az = y. This shows that A\ belongs to A and the closeness of A is proved. In conclusion
A is a closed, open and non empty subset of (0,00) and therefore it coincides with (0, 00).

Let us finish with point 3. Let y € X be such that
(y,z)y =0,z € D(A) (1.4.4)

If we show that
(y, Az)yx = 0,2 € D (A) (1.4.5)

then we will obtain that

(y,x — Ax)y =0,z € D (A)

17
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and since R (I — A) = X, we deduce that y = 0.
It then remains to show (1.4.5). Let # € D (A) be fixed, then by point 2, there exists a

sequence (&), oy such that z,, € D (A) and
1
r=x, — —Azx,,¥n € N. (1.4.6)
n
This implies that
Az, =n(x, —x)

and from the regularity x,z, € D (A), we deduce that z,, belongs to D (A?) and that the next
identity holds
1
Ar = A (I — —A) Ty,
n

or equivalently

—1
Az, = A (1 _ %A) Az,

From point 2, we know that

and therefore

[Aza [y < [lAz] x -

Moreover as X is a Hilbert space, there exists a subsequence (Ax,y) of (Az,), and z € X
such that Awz,, converges weakly to z This implies that the sequence of pairs ((znk, Aznk));
converges weakly to(z,z) in X x X.Hence by Mazur’s Lemma there exists another sequence
((z1, z1)), made of convex combinations of (z,;, Ax,;) (that then guarantees that z; = A%;) such
that (7, z;) = (7, Ax;) converges strongly to(x, z) in X x X as [ goes to co. As A is closed, we
deduce that z = Ax.

Finally by (1.4.6) and (1.4.4) we have

(ya Axnk)x = Nk (yvxnk - I’) =0

and passing to the limit in &, we find that (1.4.5) holds.

Let us now go on with the notion of linear semigroups. O]

18
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Definition 3. A one parameter family (S (1)),so of £(X) is a semigroup of bounded linear
operators on X if

1.

S(t+s)=S5(t)S(s), Vt,s > 0.
The linear operator A defined by:

D(A) = {Z € X; lim % exists}

t—0t
and
Az = lim M,Vz € D(A)
t—s0+ t

is called the infinitesimal generator of the semigroup (S (t)),s, and D (A) is called the domain
of A.
A semigroup (S (t)),o of bounded linear operators is called a strongly continuous (or a
Co—semigroup )if
lim S(t)z=z VzeX. (1.4.7)

t—0F

A strongly continuous (S (t)),5, on X satisfying
1s called a Cy-semigroup of contractions.
Let us now prove some useful properties of Cp- semigroups of contractions.

Theorem 6. Let (S (t)),5, be a Co—semigroup of contractions on X. Then
1. For all x € X, the mapping t — S(t)x is a continuous function from [0, 00) into X.
2. Forallx € X and allt > 0,

o1tk
lim E/t S (s)xds =S (s)w. (1.4.8)

h—0

3. For allx € X and allt > 0, the element fot S (s) xds belongs to D (A), and

A(/OtS(s)xds) = S(t)r—= (1.4.9)

19
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4. Forall x € D(A) and all t > 0, the element S (t) x belongs to D (A), and the mapping

t — S (t)x is a continuous differentiable function from (0,00) into X and

CS(t)r = AS (t)x = 5 (1) A, ¥ >0 (1.4.10)

5. For allz € D(A) and allt > s > 0, we have
¢ ¢
S(t)x—S(s)x:/ S(U)Axdu:/AS(u)mdu.

Proof. For point 1, by (1.4.7), the continuity property trivially holds at ¢ = 0. Now fix z € X

and take an arbitrary ¢ > 0 then for A > 0, we may write
Sit+h)z—=St)x=5(t)(S(h)x—x),
and consequently
[S(t+h)x—S{)zlx < IS (h)x -y,

On the other hand for A < 0 such that t + A > 0, we have,
Sit+h)z—St)z=S({t+h)(x—S(—h)x).

In both cases, by (1.4.7) we find that S (¢t + h) x — S (t) x goes to zero as h goes to zero. Point 2
directly follows from point 1.

To prove point 3, fix x € X and h > 0. then we clearly have
h)—1 [! 1/
&/ S(s)xds = —/ (S(s+h)x—S(s)x)ds
0

h h /o
1 t+h 1 t
= E/o S(s)xds—E/OS(s)xds

Hence by (1.4.8), we deduce that the right-hand side tends to S (¢)x — x as h goes to zero.By
the definition of A this proves the assertions. For point 4, let x € D (A) and ¢, h > 0,then by the
semigroup property

S(h)—1 S(h)—1
TS(t)x: S (t) (T) T

Hence by the definition of A and the continuity of the semigroup, we get

Mlﬂ@:lS@x:S@]M1C%@;l

h—0+ h—0+ h

)x:S@Aw
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This shows that S (¢) x belongs to D (A), that AS (t)x = S (t) Az and that the right derivative

of S (t) x exists with
+
le—tS(t)x =AS(t)x =5 (t) Ax

For the left derivative, for 0 < h < t we write

Sty —S({t—h)x
h

—S@Ax::sa—m(iﬂ%lf—Aa

(S (t—h) Az — S (1) Az).

1.5 Lyapunov Stability Theory

The investigation of stability for hereditary systems is often related to the construction of Lya-
punov functionals. The general method of Lyapunov functionals construction which was proposed
by V. Kolmanovskii and L. Shaikhet [? | and successfully used already for functional differential
equations, for difference equations with discrete time, for difference equations with continuous
time, is used here to investigate the stability of delay evolution equations, in particular, partial

differential equations.

1.5.1 Notations and definitions

Let U and H be two real separable Hilbert spaces such that U ¢ H = H* C U*, where the
injections are continuous and dense. Let ||||, || and |||, be the norms in U, H and H*respectively,
((+,)) and (-,-) be the scalar products in U and H respectively, and (.,.) the duality product
between U and Ux. We assume that

ul < Bllull,uelU (1.5.1)

Let C(—h,0,H) be the Banach space of all continuous functions from [—h,0] to H, z; €
C(—h,0, H) for each t € [0,00), be the function defined by z;(s) = z(t + s) for all s € [—h,0].
The space C(—h,0,U) is similarly defined. Let A(t,-) : U — U*, fi(t,") : C(=h,0, H) — Ux* and
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fo(t,)) : C(=h,0,U) — Usx be three families of nonlinear operators defined for ¢t > 0, A(¢,0) =
0, fi(t,0) =0, fot,0) = 0.
Consider the equation

du(t)
dt

= A(t,u(t)) + fi(t,u) + fi(t,uy),t >0 (1.5.2)

u(s) = (), s € [=h, 0]

Let us denote by u(-;1) the solution of Eq. (1.5.2) corresponding to the initial condition .

Definition 4. The trivial solution of Eq. (1.5.2) is said to be stable if for any e > 0 there exists
0 > 0 such that

lu(t;9)] < e forallt >0, if [¢]g, = sup [P (s)] <.

s€[—h,0]
Definition 5. The trivial solution of Eq. (1.5.2) is said to be exponentially stable if it is stable
and there exists a positive constant X such that for any ¢ € C(—h,0,U) there exists C(which
may depend on ) such that |u (t;4)| < Ce™ fort > 0.

1.5.2 Lyapunov type stability theorem
Let us now prove a theorem which will be crucial in our stability investigation.

Theorem 7. Assume that there exists a functional V (t,u;) such that the following conditions

hold for some positive numbers cy,co and \:

lu (t;up)| < cre™|u(t)]?,t >0, (1.5.3)
Ju (05 u0)| < 2|02, . (1.5.4)
d
5V (tu) 0,220 (1.5.5)

Then the trivial solution of Eq. (1.5.2) is exponentially stable.
Note that Theorem 7 implies that the stability investigation of Eq. (1.5.2) can be reduced to
the construction of appropriate Lyapunov functionals. A formal procedure to construct Lyapunov

functionals is described below.
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1.5.3 Procedure of Lyapunov functionals construction

The procedure consists of four steps.

Step 1.

To transform Eq. (1.5.2) into the form

dz(t, uy)

where z(t,-) and Ay(t,-) are families of nonlinear operators, z(¢,0) = 0, Ay(¢,0) = 0,operator

Ay (t,-) only depends on t and u(t), but does not depend on the previous values u(t + s), s < 0.

Step 2.

Assume that the trivial solution of the auxiliary equation without memory

d?ii—it) = A (t,y(t)) (1.5.7)

is exponentially stable and therefore there exists a Lyapunov function v(¢,y(t)), which satisfies

the conditions of Theorem 7.

Step 3.

A Lyapunov functional V (¢, ut) for Eq. (1.5.6) is constructed in the form V = V1 + V2, where
Vi(t,ut) = v(t, z(t,u;)). Here the argument y of the function v(t,y) is replaced on the
functional z(¢,z;) from the left-hand part of Eq. (1.5.6).

Step 4.

Usually, the functional V; (¢, u;) almost satisfies the conditions of Theorem 7. In order to fully sat-
isfy these conditions, it is necessary to calculate %Vl(t, u;) and estimate it. Then, the additional
functional V;(t, u;) can be chosen in a standard way.

Note that the representation (1.5.6) is not unique. This fact allows, using different represen-
tations type of (1.5.6) or different ways of estimating 4V (¢,w,), to construct different Lyapunov

functionals and, as a result, to get different sufficient conditions of exponential stability.
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1.6 P-Laplace operator

The study of eigenvalue problems is an important object of research in functional analysis. It is
known that in the framework of the Ljusternik-Schnirelman theory one can find estimates for the
number of critical points of functionals from which some results on eigensolutions for nonlinear
differential equations are deduced.

A nonlinear operator equation can be formulated of the form
Au = \Bu.

In the case of p-Laplace operator, the following nonlinear eigenvalue problem has been extensively

investigated in the past thirty years

—Apu = ANulP~?u, in Q

u=>0 on 0.

(1.6.1)

We are going to state the following definition and some famous results.

Definition 6. We say that u € Wol’p (2),u # 0, is an eigenfunction of the operator —A,u if:
S{]Vu|p_2 Vu.Vodr = )\g lulP"? u.p dx (1.6.2)

for all p € C§° (). The corresponding real number X is called eigenvalue.

Let Ay defined by

JIVu|Pdz
A = inf TS 1.6.3
1 uewol’p(ﬂ) w0 §£|u\ dx ( )

equivalent to

A1 = inf {f \Vul” dz; [ |ul’ de =1,u € W,* (Q)} :
0 0

A1 is the first eigenvalue of the p-Laplacian operator with null Dirichlet conditions at the

edge.

Lemma 1. \; is isolated, i.e : there exists 6 > 0 such that in the interval (A, A1 + ), there is

no other eigenvalues of (1.6.2).
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Lemma 2. The first eigenvalue Ay is simple, i.e : if u,v are two eigenfunctions associated with

A1, then, there exists k such that u = kv.

Lemma 3. Let u be an eigenfunction associated with the eigenvalue A1, then u does not change

sign on 2. Further if u € C1*(Q), then u(x) #0 , Vo € Q.

Definition 7. Let w be a part of a Banach space X and F : w — R. If u € w, we say that F' is
Gateauz differentiable (or G-differentiable ) at u, if there exists | € X' such that in each direction
z € X where F (u+ tz) exists fort > 0 small enough, the directional derivative F. (u) exists and

we h(l’U(?

t—0t t

=(l,z).
We write F' (u) = 1.

Theorem 8. Let Q C R"™ an open set, n > 3. For p € (1,+00), we define a functional
J:Wy?(Q) =R by
J(u):/|Vu|pdx

0
then J is differentiable in W," () and

J' (u) (v) = p / |Vul|P 2 Vu.Vodz, Yo € W, (Q) .
Q

Proof. We consider the function ¢ : R® — R, defined by ¢ (x) = |x|”, it is a function of class
C', and Vo = pz[P z.
Then for all x,y € R",

i P& 1Y) — ¢ ()

_ p—2
lim : =plz[" "2y

as a consequence

lim |Vu (z) + tVo (z)]” = |Vu (x)?

t—0 t

= p|Vu (2)]" 7 Vu (z) . Vo (z).

By Mean value theorem, for almost every x € €2 and for ¢t > 0, there exists a function 6 that

takes its values in |0, 1| and we can write
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IV (z) + tVo (2)] — |[Vu ()P — tp |Vu ()" Vu (z) . Vo (z)
= tp|Vu(z)+0(t,z)tVo ()P (Vu (z) + 6 (t, ) tVv (z)) .V (z)
—tp|Vu ()P Vu (z) . Vo (z). (1.6.4)

Dividing by ¢, we get for almost every x

lim IV (u+ tv) (2)]” — |Vu (2)]” —tp|Vu (2)|P > Vu (z) . Vo (x)

t—0 t

=0.

On the other hand, one can see that the second member of the equality (4.2.13) devided by

t is bounded by
h(z) = 2|Vo ()] (|Vu (2)] + [V (2))"

Then using the Holder inequality we have

< cvoll, (I9ull™ + 90l

One can apply the Dominated convergence theorem and conclude

J (u) (v) = p/ \Vul"~? Vu.Vodz, Yo € WyP (),
0

then J is Gateaux differentiable. O
Lemma 4. (Comparison lemma) Let u,v € Wy (Q) satisfying

/]Vu]p_QVu.Vgodxg/]Vv\p_Q Vu.Vdz (1.6.5)
Q ol

for all o € WyP (), >0, thenu < v a.e in Q.

Proof. This proof is based on the arguments presented in [10]. We start by defining the function
J: Wy? () — R by the formula

J () = ]19/|vu|pdx. (1.6.6)
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It is clear that the functional J is Gateaux differentiable and continuous and its derivative at

w e Wy (Q) is the function .J' (u) € Wy " (Q), i.e

J' () (@) =/|vu|f“2 Vu.Vdr, Yo € WP (). (1.6.7)
Q

J' (u) is continuous and bounded. We will show that .J' (u) is strictly monotonic in W, * (Q).

Indeed, for all u,v € VVO1 P (Q),u # v without loss of generality, we can suppose that

/|Vu|pdx Z/|Vv|pdx.
Q Q

Using the Cauchy inequality we have
Vu.Vu < |Vul |Vu| < = (|Vu| + [V| ) (1.6.8)

From formula (1.6.8) we deduce

/|Vu|pdx—/|Vu|p_2 Vu.Vodr > %/|Vu|p_2 (IVul” = |Vv[*) do (1.6.9)
/|Vv|pdx—/|Vv|p *Vo.Vudr > = /|W|p 2(IVo)? = |Vul?) da. (1.6.10)
Q Q Q

If |[Vu| > |Vul, by using (1.6.6)-(1.6.8) we get

I (w) = J' (w) (w) — J' (u) (v) — J' (v) (w) + J' (v) (v)
(IIWI” dx — fIVulp ? Vu. Vvdx)

(f|vvyp vl Vudx—f|vvypdx)

hf% IVulP~% (|Vul? = |Vo]?) da

- % f |V1}|p_2 (|Vu|2 — |VU|2) dx
Q
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= %S{ (IVulP~2 — |VoP2) (|Vul® = |Vv|?) da

> %g{ (|Vu|p_2 — |Vv|p_2) (|Vu|2 — |VU|2) dx.

If |Vou| > |Vul, by changing the role of v and v in (1.6.6)-(1.6.8) we have

Ly(v) =J"(v) (v) = J(v) (w) = J (u) (v) + " (u) (v)

= (f|Vv|pda:— Il VU.Vuda:)
0 0

- (f \VulP? Vu.Vuds — [ |Vaul? dm)
Q 0

v

) Vol"™ (Vo] = [Vul?) de (1.6.11)

L [Vl (Vo) = |Vul?) do
Q

%S{ (IVo]P~2 = |VulP?) (IVo]? = [Vul?) do
> %g{ (IVo]P2 = |VulP~?) (IVo]? = [Vul?) da.

From (1.6.9)-(1.6.10), we have

(J' (u) = J () (u—v) =1 = I, > 0,Yu,v € Wy (Q).

In addition, if u # v and (J' (u) — J' (v)) (u — v) = 0, then we have

[ (IVulP? = |VoP?) (|Vul? — |Vo]?) de = 0.
Q
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If |[Vu| = |Vl in ©, we deduce that

(J' (u) = J" (v) (u—v) =J (u) (u—v)=J(v)(u—"0)
(1.6.12)
= [ V|’ "?|Vu — Vol  dz = 0,

i.e. u— v is a constant. Given u = v = 0 on 0f) we are getting v = v, which is contrary with
w # v. Then (J' (u) — J' (v)) (u—v) > 0 and .J' (u) is strictly monotonic in Wy '” (). Let u,v
two functions such that (1.6.7) is satisfied, let’s take ¢ = (u — v)" the positive part of u — v as

a test function in (1.6.7), we get
(J' () = I () (p) = [ IVul"* Vu.Vde — [ |V Vo.Vide < 0. (1.6.13)
Q Q

Relationships (1.6) and (1.6) imply that u < v. O
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Chapter 2

System of three nonlinear wave
equations depending on the relaxation

functions

1- Introduction and preliminaries
2- Main results
3- Proofs

The main aim of this work is to study the decay rate of a system of three semilinear wave
equations with strong external forces in R”, including damping terms of memory type with past
history which is very important problem from the point of view of application in sciences and
engineering. We work in a weighted phase spaces where the problem is well defined and deduce a
decay result depending on the relaxation functions. Using the Faedo-Galerkin method and some
energy estimates, we prove the existence of global solution owing to to the weighted function.
By imposing a new appropriate conditions, which are not used in the literature, with the help of
some special estimates and generalized Poincaré’s inequality, we obtain an unusual decay rate for

the energy function. It is a generalization of similar results in [35] and [34] for a single equation
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and [39] for coupled system to the case of a system of three equations. The work is relevant in

the sense that the problem is more complex than what can be found in the literature. However,

the techniques involved in order to study this generalization is a combination of the techniques

used in [35] in order to deal with the memory and weighted spaces with standard techniques in

order to deal with coupled system with nonlinearities.

2.1 Introduction and preliminaries

We consider, for x € R", t > 0, the following system

(

O(u + ) — AU = Au — [ @1 (t — 8)Au(s) ds + Ohy (u, v, w)
O(vy + avy) — BAv, = Av — [ wa(t — 5)Av(s) ds + Oha(u, v, w)
O(wy + aw;) — BAw, = Aw — fot w3t — s)Aw(s) ds + Ohz(u, v, w)
u(z,0) = ug(x),v(z,0) = vo(x), w(x,0) = we(x)

\ ur(z,0) = uy(x), ve(z,0) = vy (), w(z,0) = wy(z),

where a € R, 8> 0, n > 3, the functions h,(.,.,.) € (R*,R),7 = 1,2, 3 are given by

hi(&1,62,86) = (p+1) :d’£1 +o+ &P V(G + &+ &)+ 6|f1’(pfgmfl‘&‘(p“)/z_

ha (&1, 62,&) = (p +1) :d|fl +o+ &GPV (G + &+ &)+ e|£2|(p*3)/2§2\§3‘(1’+1)/2_

(61,0, = (0 D[ dles + &0+ &[07(E + &+ &) + el&s |7 sl 0+

with d,e > 0,p > 3. The function §(z) > 0 for all z € R™ is a density such that

2n 2n
g e L™(R" ith = f{ 2<r< .
(R") wi T 2n —rn + 2r or _T_n—2

It is note hard to see that there exists a function G € C*(R? R) such that
why (u, v, w) + vhy(u, v, w) + whs(u, v, w) = (p+ 1)G(u, v, w), V(u,v,w) € R
satisfies

(p+ 1)G(u,v,w) = |u + v+ wPT 4 2Juv| P2 4 2)pw| P2 4 2| P12,

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)
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We define the function spaces H as the closure of C§°(R"), as in [30], we have
H = {ve L2 (R") | Vv e LAR™"Y},

with respect to the norm |[v||,, = (v, v);{g for the inner product

(v,w)y = / Vo - Vwdz,

and LZ(R™) as that to the norm ||v||Lg = (v, v)i/f for
0

(v,w)ng/ Gvw dz.

ol = ([ onr i)

is the norm of the weighted space Lj(R™).

For general r € [1, +00)

The main aim of this work is to consider an important problem from the point of view of
application in sciences and engineering, namely, a system of three wave equations having a
different damping effects in an unbounded domain with strong external forces including damping
terms of memory type with past history. Using the Faedo-Galerkin method and some energy
estimates, we proved the existence of global solution in R™ owing to the weighted function. By
imposing a new appropriate condition, which not be used in the literature, with the help of
some special estimates and generalized Poincaré’s inequality, we obtained an unusual decay rate
for the energy function. The work brings new contributions to the prior literature mainly in
what concerns new decay rate estimates of the energy. The following references in connection to
our system for a single equation [24] and [25]. The work [24] was the pioneer in the literature
for the single equation, source of inspiration of several works, while the work [25] is a recent
generalization of [24] by introducing less dissipative effects.

To enrich our topic, it is necessary to reviewer previous works regarding the nonlinear coupled
system of wave equations, from a qualitative and quantitative study. Let us beginning with the

single wave equation treated in [22], where the aim goal was mainely on the system
g + puy — Au — wAuy = uln |ul, (z,t) € 2 x (0, 00)
u(w,t) = 0, € 0t > 0 (2.1.5)

u(z,0) = uo(x), us(x,0) = uy(z), z € Q,
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where 2 is a bounded domain of R", n > 1 with a smooth boundary 92. The author firstly
constructed a local existence of weak solution by using contraction mapping principle and of
course showed the global existence, decay rate and infinite time blow up of the solution with
condition on initial energy.

Next, a nonexistence of global solutions for system of three semilinear hyperbolic equations was
introduced in [5]. A coupled system for semilinear hyperbolic equations was investigated by
many authors and a different results were obtained with the nonlinearities in the form f; =
JulP~ |, fo = |o[P u| o, (Please, see [4], [23], [38], [39], ...)

In the case of non-bounded domain R"”, we mention the paper recently published by T. Miyasita

and Kh. Zennir in [35], where the considered equation as follows

U + auy — ¢(x)A <u + wuy — /Otg(t — s)u(s) ds) = ufulP7t, (2.1.6)

with initial data
ul, 0) = o), (2.1.7)
u(z,0) = uy ().
The authors was successful in highlighting the existence of unique local solution and they con-
tinued to extend it to be global in time. The rate of the decay for solution was the main result
by considering the relaxation function is strictly convex, for more results related to decay rate
of solution of this type of problems, please see [13], [28], [18], [34], ....
Regarding the study of the coupled system of two nonlinear wave equations, it is worth recalling
some of the work recently published. Baowei Feng et al. considered in [? ], a coupled system for

viscoelastic wave equations with nonlinear sources in bounded domain ((z,t) € Q x (0,00)) with

smooth boundary as follows
uy — Au + fot g(t — s)Au(s)ds + uy = f1(u,v)
(2.1.8)
vy — Av + fot h(t — s)Av(s)ds 4+ ve = fa(u,v).
Here, the authors concerned with a system in R"(n = 1,2,3). Under appropriate hypotheses,

they established a general decay result by multiplication techniques to extends some existing

results for a single equation to the case of a coupled system.
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It is worth noting here that there are several studies in this field and we particularly refer to the
generalization that Shun et al. made in studying a complicate non-linear case with degenerate
damping term in [37]. The IBVP for a system of nonlinear viscoelastic wave equations in a

bounded domain was considered in the problem

(wy — Aut [ gt — 5)Aus) ds + (Jul* + [o]?) ™ u, = fi(u, v)

v — Av+ [ h(t — 8)Av(s) ds + ([v]° + [u]?)|ve]" " op = fo(u, v)

u(z,t) =v(x,t) =0,2 € 00t >0 (2.1.9)
u(z,0) = ug(x),v(z,0) = vo(x)

ur(z,0) = up(x), ve(x, 0) = vy (),

\

where () is a bounded domain with a smooth boundary. Given certain conditions on the kernel
functions, degenerate damping and nonlinear source terms, they got a decay rate of the energy
function for some initial data.

The lack of existence (Blow up) is considered one of the most important qualitative studies
that must be spoken of, given its importance in terms of application in various applied sciences.
Concerning the nonexistence of solution for a more degenerate case for coupled system of wave
equations with different damping, we mention the papers [32], [31], [17], [40], ...

In m—equations, paper in [7] considered a system
m
Wiy + YU — Auy + u; = Z |7 g
i,j=1,i]

Pigy i=1,2,...,m, (2.1.10)

where the absence of global solutions with positive initial energy was investigated.

We introduce a very useful Sobolev embedding and generalized Poincaré inequalities.

Lemma 5. [35] Let 0 satisfy (2.1.2). For a positive constants C, > 0 and Cp > 0 depending
only on 6 and n, we have

ol 2. < Cx [l

and

[vllz < Cr vl

forveH.
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Lemma 6. [29] Let 0 satisfy (2.1.2), then the estimates
[l < Crllvlly s

and

C,=Cr HeHi )
hold for v € H. Here 7 =2n/(2n —rn+2r) for 1 <r <2n/(n — 2).

We assume that the kernel functions @y, w,, w3 € C'(R*,R™) satisfying

400
11— =101>0 for ﬁl:/ wi(s)ds, @i(t) <0, (2.1.11)
0
+o0
l1—-@=m>0 for WQ:/ wa(s) ds, wy(t) <0, (2.1.12)
0
+o0o
l1-T=v>0 for 5= / ws(s)ds, ws(t) <0, (2.1.13)
0

we mean by RT the set {7 | 7 > 0}. Noting by

w(t) = max {w1(t),WQ(t),W3<t>}7 (2.1.14)

t>0

and

= min /wl )ds / woy(s)ds / ws(s ds (2.1.15)
>0

We assume that there is a function x € C'(R™, R") such that
w;(t) + x(w:(t)) <0, x(0)=0, Xx'(0)>0 and x"(§) >0, i=1,2,3, (2.1.16)
for any £ > 0.

Holder and Young’s inequalities give

(p+1)/2

(p+1)/2
et )

IN

(Il g + 10112
< (UlullZ + mlolZ) T, (2.1.17)
and

1)/2 (p+1)/2
JowlZ3% < mllol + viwlg) ™", (2.1.18)
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and
(p+1)/2 (p+1)/2
[wu IILp(p+1>//2 < (vllwll, 4 Llull3) " (2.1.19)

Thanks to Minkowski’s inequality to give

1
-t o+ wl %< e (lul2gen + 0l + ol

) (p+1)/2

>(p+1)/2

N

< (||u||?-t+||v||7-[+|| wlf3

Then there exist n > 0 such that

+1 +1 2 +1 2 +1 2
lu+ v+ wl|! st +2 [luv] ”W{m +2 ||vw||<”<,,+//2 + 2 [fwu]| H{/z

+1)/2
< (Uull, + mlolZ, + vlwliz) . (2.1.20)

We need to define positive constants A\g and &, by

11
M= V0D and & = (5 _ m)n—w—l). (2.1.21)

The main aim of the present section is to obtain a novel decay rate of solution from the convexity
property of the function x given in Theorem 11.

We denote an eigenpair {(\;,€;)};cy C R x H of
—O(x)Ae; = \ie; x €R™,
for any i € N, (O(z))"! = 6(z). Then
O< A <A< <A< 1 oo,

holds and {e;} is a complete orthonormal system in H.

Definition 8. The triplet functions (u,v,w) is said a weak solution to (2.1.1) on [0,T] if satisfies
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for x € R™,

fRn T)uppds + o [o, O(x)upde — B [, Aupds =[5, Au— f(f wi(t — s)Au(s) dspdz
+ Jon 0(2)h1 (u, v, w)ede,

Jan 0(@)vut0d + o [, 0(2)v,0de — B [y, Avapdz = [y, Av — [ wa(t — s)Av(s) dspda
—l—fRn x)ha(u, v, w)de,

fRn r)wyVdr + « fRn r)wVdr — fRn AwVdr = fRn Aw — fo ws(t — s)Aw(s) dsVdx

\ + Jan 0(x)hs(u, v, w)Vdz,
(2.1.22)
for all test functions ¢, 1, ¥ € H for almost all ¢ € [0, T.
2.2 Main results
The next theorem is concerned on the local solution (in time [0, 77).
Theorem 9. (Local existence) Assume that
n+2
l<p< —3 and that n > 3. (2.2.1)
n —

Let (ug,vo,wg) € H?® and (uy,vi,w3) € LE(R™) x L3(R™) x LZ(R"). Under the assumptions
(2.1.2)-(2.1.4) and (2.1.11)-(2.1.16), suppose that

a+MB > 0. (2.2.2)
Then (2.1.1) admits a unique local solution (u,v,w) such that
e X}, Xr=C(0,T); 1) NnC'([0,T]; L3(R™)),

for sufficiently small T > 0.
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Remark 2. The constant Ay introduced in (2.2.2) being the first eigenvalue of the operator —A.

We will show now the global solution in time established in Theorem 10. Let us introduce

the potential energy J : H3 — R defined by
J(u,v,w) = <1 - w1 (s) ds) |[ul5, + (w1 0 w)
+(1— ;aa@ﬁk>WMi+(wgow
+(1— twg@dﬁuwm,+m%owy (2.2.3)
The modified energy is defined by

1 1
et) = 5 (s + Il + lhwrllfy ) + 5T wvsw) = [ 0@)G (v, w)de,  (2:24)
Rn

here
t
(0w (1) = [yt =) Jult) = wls)l, ds
for any w € L*(R"),j =1,2,3.
Theorem 10. (Global existence) Let (2.1.2)-(2.1.4) and (2.1.11)-(2.1.16) hold. Under (2.2.1),

(2.2.2) and for sufficiently small (ug,uy), (vo, v1), (wo, wy) € H x Li(R™), problem (3.1.1) admits

a unique global solution (u,v,w) such that
(u,v,w) € X, X = C([0,400); H) NC ([0, +00); Lj(R™)). (2.2.5)
The non-classical decay rate for solution is given in the next Theorem

Theorem 11. (Decay of solution) Let (2.1.2)-(2.1.19) and (2.1.11)-(2.1.16) hold. Under con-
ditions (2.2.1), (2.2.2) and

v = n<2§f’j11)5(0))(p1)/2 <1, (2.2.6)

there ezists to > 0 depending only on w, ws, ws, a, B, Ay and X'(0) such that

og5@<5%mm(—[liﬂ%ﬁ) (2.2.7)

0 1—@0

holds for all t > t,.
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In particular, by the positively of w in (2.1.14), we have, as in [33],

0 < £(t) < E(ty) exp (— /t:w(s) d5>,

for a single wave equation. Condition (2.1.16) is imposed to make a different from [33] and [34],
it leads (@’ + vw) o u, here v € R.

The next, Lemma will play an important role in the sequel.

Lemma 7. For (u,v,w) € X3, the functional E(t) associated with problem (2.1.1) is a decreasing

energy.

Proof. For 0 <t <ty <T, we have
E(ta) — E(t1)
to d
= —FE(t)dt
| aEw

f2 1 1
= = [ (uly + 8l + gm0l 5 o)
t1

to

|
T

1 1
2 2 2
(ol + Bl + o) ey = 5 00))

1

f2 1 1

2

= [ (ol + B+ G ol - (o w))
t1

)

<

9

owing to (2.1.11)-(2.1.16). O

The inner product is given as

(v,w), =0 Vv-deas+a/ Ovw dz,
R

Rn”

and the associated norm is given by
[oll, = 4/ (v,0),,
Yo, w € H. By (2.2.2), we get
(v,v),=8 [ |Vol>de+a [ 6*de> (M +a) [ 6v*de>0.
R7

R™ R7

The following lemma yields.
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Lemma 8. Let 0 satisfy (2.1.2). Under condition (2.2.2), we get

VB0l < Il < /B +CRllvlly

forv e H.

2.3 Proofs

We sketch here the outline of the proof for local solution by a standard procedure(See [13], [34]).

Proof. (Of Theorem 9.) Let (ug,u1), (v, v1), (wo,w;) € H x L3(R"). For any (u,v,w) € X3, we
can obtain a weak solution of the related system

(

0(x)z + ab(x)z — A (2 + Bz) = — [ @it — s)Au(s) ds + 0(x)hi (u, v, w)
O(x)yp + ab(x)y — A(y + Bye) = — f(f @yt — s)Av(s) ds + 0(x)ha(u, v, w)
0(x)Cy + ()G — A !

(

(
We reduces problem (2.3.1) to Cauchy problem for system of ODE by using the Faedo-Galerkin
approximation. We then find a solution map T : (u,v,w) > (z,y,¢) from X3 to X2. We are
now ready to show that T is a contraction mapping in an appropriate subset of X2 for a small

T > 0. Hence T has a fixed point T (u,v,w) = (u,v,w), which gives a unique solution in X3. [

We will show the global solution. By using conditions on functions w;, ws, w3, we have

1
Et) > §J(u,v,w)—/n 0(x)G(u,v,w)dx

1 1)
> 5‘](“>U77~U)_ ||U+U+w||Lp<:+1>
2 (p+1)/2 (p+1)/2 +1)/2
= g (el + Nowl 00 + ol 207 )
1 (p+1)/2
> 5 ,w) = [ally +m ol + v ol
1 (p+1)/2
> _J<uav>w) - (J(u,v,w))
2 p+1
= G(), (2.3.2)
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here ¢? = J(u,v,w), for t € [0,T), where

1
G() = 58 — 7€

Noting that & = G(\g), given in (2.1.21). Then
G/(f) >0 in 5 € [07)\0]
G'(§) <0 in &> Ao

(2.3.3)

Moreover, 5li{rn G(§) — —oo. Then, we have the following lemma
—+00

Lemma 9. Let 0 < £(0) < &.
(i) If |Juoll, + llvolls, + llwoll5, < A2, then local solution of (2.1.1) satisfies

J(u,v,w) < A3, Vvt €[0,T).
(id) If ||uoll5, + llvolla, + llwoll3, > A2, then local solution of (2.1.1) satisfies

ully, + ol + lwllz, > AT, We € [0,7), A1 > Ao,

Proof. Since 0 < £(0) < & = G(\o), there exist & and & such that G(&) = G(&) = £(0) with
0<& <A <&
The case (i). By (2.3.2), we have

G(J (uo, vo, wp)) < E(0) = G(&1),
which implies that J(ug, vy, wp) < &2, Then we claim that J(u,v,w) < &, Vt € [0,T). Moreover,
there exists ¢y € (0,7) such that

&8 < J(ulto), v(to), w(to)) < &.

Then
G(J(u(to), v(to), w(to))) > £(0) = E(to),

by Lemma 7, which contradicts (2.3.2). Hence we have
J(u,v,w) <& < N, Vt€[0,7).

The case (ii). We can now show that [jug||5, + [[voll5, + [[woll3, > &3 and that [jull3, + |jv]|3, +

w3, > €2 > A} in the same way as (7). O
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Proof. (Of Theorem 10.) Let (ug,u1), (vo, v1), (wo,w;) € H x Li(R™) satisfy both 0 < £(0) < &

and |Juo||, + |lvoll3, + lwoll3, < A3. By Lemma 7 and Lemma 9, we have
1 2 2 2 2 2 2
(2 + N2 + el ) + 2l + m ol +

1 t
< 5 (g oy + sy ) + (1= [ (61l + (100

# (1= [t as) ol + o)+ (1= [ suls)ds) ol + (o w)

2n (p+1)/2
< 26(t) + =0 [l + m fulf + v [l
2 (p+1)/2
< 2€(0) + Z%(J(u,v,w)) !
<9 _2 ol
-~ g() _|’ p + 1)\0
) (2.3.4)
This completes the proof. O
Let
1 t , 1
Au,v,w) = 3 <1 —/ w1(s) ds) l|ullz, + 3 (w1 0 u) (2.3.5)
0
1 ¢ 5 1
+ 1 <1 —/ 2(s) ds) oI, + + (s 00)
2 ; 2
1 ¢ 5 1
+ 3 <1 —/ ws(s) ds) l|lwl|3, + 3 (co3 0 w) —/ 0(2)G(u,v,w)dz,
0 n
¢
M(u,v,w) = (1 —/ wi($) ds) [ ul|3, + (1 0 w) (2.3.6)
0

(1= [ ate)ds) bl + (o0

t
(1= [ =ate)ds) lolf + row) = @1 [ 0G0 0
0 n
Lemma 10. Let (u,v,w) be the solution of problem (2.1.1). If
Jall + eall + el = 9+ 1) [ 0C)G o, 0, wn)de > . (23.7)

Then under condition (2.2.6), the functional Il(u,v,w) > 0, Vt > 0.
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Proof. By (2.3.7) and continuity, there exists a time ¢; > 0 such that
M(u,v,w) > 0,Vt < t.
Let
Y = {(u,v,w) | H(u(ty), v(ty),w(ts)) = 0, (u,v,w) > 0,Vt € [0,ty)}. (2.3.8)

Then, by (2.3.5), (2.3.6), we have for all (u,v,w) € Y,

A(u v w)
t t
- p+1 (1= [meas) i+ (1= [ s llf+ (1= [ watords) iy
p—
+2(p+1) [(wlou)—l—(onv)+(w;@ow)} +mﬂ(u v, W)
p—1 2 2 2
> oy [l + o ol vl + (0 w) + (2 00) + (s 0 w) |
Owing to (2.2.4), it follows for (u,v,w) € Y
2p+1 2p+1 2p+1
R B e U U CEY)
By (2.1.20), (2.2.6) we have
1) [ Glulto) vlto),wito)) < (o) -+ mlfolio) i+ v (o))
2(p + 1 (p—1)/2
< (2B )" el + m o)+ o) )
< AUty +m (o) 5, + v llw(to) I5)
to
< (1= [ mts) lutio)l + (1~ [ wals)as) Il
0 0
+ (1- /0 ws(s)ds ) lw(t)|1,
< (1- /0 @ (s)ds ) u(to)l3 + 1—/ a(s)ds) [ofto) I
+ (1- 0 (s $)ds ) [l (to) 7
(w1 0u) + (we 0v) + (w3 0 w) (2.3.10)

hence IT(u(ty), v(to), w(ty)) > 0 on Y, which contradicts the definition of Y since IT(u(to), v(to), w(to)) =
0. Thus I(u,v,w) > 0, Vt > 0. a
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We are ready to prove the decay rate.

Proof. (Of Theorem 11.) By (2.1.20) and (2.3.9), we have for t > 0
2(p+1)

0 < lully + mlllly, + v lwlly, < =—==E(0). (2.3.11)
Let
1t -—=29_
1-— WO(t)

where w and wy defined in (2.1.14) and (2.1.15).
Noting that tli+m w(t) =0 by (2.1.11)-(2.1.15), we have
—4o00
: _ S
tl}inool(t) 0, I(t)>0, Vt>0.
Then we take ty > 0 such that

0< %I(t) < min {2(B\ +a), X'(0)} .

with (2.1.16) for all t > ;. Due to (2.2.4), we have

1 1
el) < 5(||ut||Lz+||vt||Lz+||wt||L2)+§[<wlou>+<w2ov>+<w3ow
1 t
3 (1 [m@as) i g (1= [ o)l 5 (1 [ mtoras) ot
0
1 1
< §(uutnL2+||vt||L2+||thL2)+§[<wlou>+<w2ov>+<w3ow
1
L )l + ol + )

Then by definition of I(t), we have

1 1
106) < 1) (Il + NoulZ + lwnly ) + 5@l + o], + wl

1
+ él(t)[(wl ou) + (wy o) + (w3 o w)], (2.3.12)
and Lemma 7, we have for all ¢;,t5 > 0

E(ta) — E(t1)

to 1
2 2 2 2 2 2
< = [ (ol 4 oty + 8l + SOl + ol + Tl ) e
t1

t2 1 1 1
-/ (a leelZs + Bllenllz + B8 lwrlly, = 5 (w1 0 ) = S (h o) = S (h o w>) dt,
t1
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then, by generalized Poincaré’s inequalities, we get

Et) < —(Bh+a) el + lorll2s + wrl12s]

1 2 2 2
= g@w®lllully + [l + llwlly]

+ Sl(wy ou) + (wh o v) + (wy o w)],

51

Finally, Vt > ty, we have

E'(t) + 1(t)E()

<

+

<

+

1
{310 = on+ )} (Il + ol + o)
+

5 (o w)] + 3 T(1) (@1 0 w) + (22 0v) + (w3 0 w)

5/0 {wi(t = 7) + I(yws(t — 1)} |[u(t) — u()Il}, d7

() o u) + (wy 0 v)

% / {@h(t —7) + I(O)@a(t — )} o(t) = v(7)]3, dr

3 [ 4 =)+ Tl =) )~ wi)l d

5 [ 0+ 1O} ) = ute = Dl dr

5 [ () + 10} ott) (e - dr

(4(r) + I0)s(r)} [wlt) = w(t = D) dr
x(=1(1)) + X Oz ()} ) — e = )y

= N~ NN~ N~ DN

{
{=x(=(0) + X Om(n) } ot) = ot = DIl dr
{~x(=(n) + X O } ) ~ wie = Dl ar

\.o Do
|
=
VRS
g

by the convexity of x and (2.1.16), we have

Then

x(€) > x(0) + x'(0)¢ = X' (0)¢.

£(0) < (i) exp - / rs)as).
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which completes the proof. O]
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Chapter 3

Systems of m-nonlinear viscoelastic

wave equations

1- Introduction and position of problem
2- Statement of Main results
3- Proofs
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The chapter discusses the effect of weak and strong damping terms on decay rate for systems
of nonlinear m- wave equations in viscoelasticity. The factors that allowed system (3.1.1) to
coexist for a long time are the strong nonlinearities in the sources. We showed, under a novel
condition on the kernel function in (3.1.14), a new scenario for energy decay in (3.2.7) by using
an appropriate energy estimates. This result extend our last result in [35], [39] for system of

m-equations inspired from the paper [7].

3.1 Introduction and position of problem

We consider, for x € R", t >0, j =1,2,...,m, the following system of m equations

<|ujt|“*2ujt>t + auj — O(z)A (uj + wuj — fot w;(t — s)u;(s) ds) = filur,ug, ..., Up)
Uj(l’, 0) = Ujo(x),

uji(z,0) = uj (z),

(3.1.1)
where a € R, w >0, n >3,k > 2.
Various non-linear sources have been combined as follows, we combine all two consecutive equa-
tions together and of course the last equation with the first one, which get the whole system
closely linked by the strong nonlinear sources. The functions f;(uy,ug,...,u,) € (R™,R) are

given for j =1,2,...,m — 1, by

e (P—1)
Filus, vz, um) = (p+ 1) [d‘ Soul Y u+ e|uj|(p‘3)/2uj|uj+1|(p+1)/2} |

i=1 =1

and

Fratn, ) = (p 1) [d] zm:u

i=1

(r—1) &
Z Ui + €|tm] P 0, uy ’(p+1)/2] ’
i=1

with d,e >, p > 3.
There exists a function F € C*(R3,R) such that

Zujfj(ul,UQ, o U) = (P D) F(ur,ugy oy ), V(ug, ug, ..., Uy) € R™. (3.1.2)
=1
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satisfies

p+1 (p+1)/2

+ 2|upmug [PV2 0 (3.1.3)

(p+ D) F(ug,ug, ..., upy) = ‘Zu]

j=1

m—1
+2‘ E UjUj+1
=1

In order to use Poincare’s inequality which is a key in calculus for the PDEs, we will study the
problem (3.1.1) in the presence of a density function 6 to find a generalized formula for Poincare’s
inequality that can be used in unbounded domain R™. The function ©(z) > 0 for all x € R™ is
a density and (0)7! = 1/6(z) = 6(x) such that

2 2
6 € L"(R") with T:—n for 2<r< n.
2n —rn + 2r n—2

(3.1.4)

We define a new spaces related to the nature of our system, taking into account the boundless

of spaces R". The function spaces H is defined as the closure of C§°(R"), as in [30], we have
H = {ve L3 (R") | Vo € L2(R")"}.
with respect to the norm ||v||,, = (v, 0)71{/2 for the inner product

(v,w)y = / Vv - Vwdz,

1/2

and LZ(R") as that to the norm ||U||Lg = (v,v)}5 for
0

(v,w)Lg = s Gvw dz.

oy = ([ obrrae)

is the norm of the weighted space Lj(R™).

For general r € [1, +00)

The main aim of this work is to consider an important problem from the point of view of
application in sciences and engineering, namely, a system of m wave equations having a different
damping effects in an unbounded domain with strong external forces including damping terms of
memory type with past history. Using the Faedo-Galerkin method and some energy estimates,
we proved the existence of global solution in R™ owing to the weighted function. By imposing

a new appropriate condition, which not be used in the literature, with the help of some special
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estimates and generalized Poincaré’s inequality, we obtained an unusual decay rate for the energy
function. The work brings new contributions to the prior literature mainly in what concerns new
decay rate estimates of the energy. The following references in connection to our system for
a single equation [24] and [25]. The work [24] was the pioneer in the literature for the single
equation, source of inspiration of several works, while the work [25] is a recent generalization of
[24] by introducing less dissipative effects.

With regard to the study of this type of systems without viscoelasticity, with the existence of
both weak damping u; and strong damping Aw,;, under condition (3.2.2), here we mention the

work recently published in one equation in [22]

gt + pug — Au — wAuy = uln|ul, (z,t) € Q x (0,00)
u(z,t) =0,z € 0Q,t > 0, (3.1.5)

u(z,0) = up(x), u(z,0) = uy (z),x € Q,

where 2 is a bounded domain of R", n > 1 with a smooth boundary 0€2. The aim goal was
mainely on the local existence of weak solution by using contraction mapping principle and of
course the authors showed the global existence, decay rate and infinite time blow up of the
solution with certain conditions on initial energy.

In the case of non-bounded domain R"”, we mention the paper recently published by T. Miyasita

and Kh. Zennir in [35], where the considered equation as follows

U + auy — ¢(x)A <u + wuy — /Otg(t — s)u(s) ds) = ufulP7t, (3.1.6)

with initial data
(e, 0) = ole), (3.1.7)
u(z,0) = uy ().
The authors was successful in highlighting the existence of unique local solution and they con-
tinued to extend it to be global in time. The rate of the decay for solution was the main result,
for more results related to decay rate of solution of this type of problems, please see [13], [28],
(18], [34], .. ..

Regarding the study of the coupled system of two nonlinear wave equations, it is worth recalling

the work by Baowei Feng and al. which was considered in [? |, a coupled system for viscoelastic
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wave equations with nonlinear sources in bounded domain with smooth boundary as follows

wy — Au+ fot g(t — s)Au(s)ds + us = fi(u,v)
(3.1.8)
vy — Av + f(f h(t — s)Av(s)ds 4+ ve = fa(u,v).

Under appropriate hypotheses, they established a general decay result by multiplication tech-
niques to extends some existing results for a single equation to the case of a coupled system.

It is worth noting that there are several studies in this field and we particularly refer to the
generalization that Shun and al. made in studying a complicate non-linear case with degenerate
damping term in [37]. The IBVP for a system of nonlinear viscoelastic wave equations in a

bounded domain was considered in the problem

wy — Au+ [ gt — s)Au(s) ds + (|ul* + [v]9)|u " uy = fi(u,v),

Vi — Av + [ h(t — $)Av(s) ds + ([0]” + [u]?)|ve]" v = folu,v),

u(z,t) =v(x,t) =0, € 0Q,t >0, (3.1.9)
u(z,0) = ug(x),v(x,0) = vo(x)

\ u(z,0) = up(x), v(x,0) = vy(x),

where €2 is a bounded domain with a smooth boundary. Given certain conditions on the kernel
functions, degenerate damping and nonlinear source terms, they got a decay rate of the energy
function for some initial data.

In n—equations, paper in [7] considered a system

m

Wi + Ui — Aty =Y PP, i = 1,2, m, (3.1.10)
i,j=1,i#j

where the absence of global solutions with positive initial energy was investigated. Next, a nonex-
istence of global solutions for system of three semilinear hyperbolic equations was introduced in
[5]. A coupled system of semilinear hyperbolic equations was investigated by many authors and
a different results were obtained with the nonlinearities in the form f; = |u[P~!v|" u, fo =
lo[P~Hul|" . (Please, see [4], [23], [38], ...)

We introduce a very useful Sobolev embedding and generalized Poincaré inequalities.
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Lemma 11. [35] Let 0 satisfy (3.1.4). For positive constants C; > 0 and Cp > 0 depending
only on 0 and n, we have

ol 2o < Cx [l

and

[ollz < Crllvlly
forveH.

Lemma 12. [29] Let 6 satisfy (3.1.4), then the estimates
[olly < Crllvllyy

and
C.=C 0]z,

hold for v € H. Here T =2n/(2n —rn+2r) for 1 <r <2n/(n — 2).

In the fifties and seventies of the last century, the linear theory of viscoelasticity was devel-
oped extensively and at the present, it has become widely used to represent this nucleus using
several improvements to the nature of decreasing the kernel function. We assume that the kernel
functions w; € C*(RT,R") satisfying

+o0
1-wT;=p; >0 for @ = /0 w;(s)ds, @j(t) <0, (3.1.11)
we mean by RT the set {7 | 7 > 0}. Noting by

() = max {wl(t),WQ(t),...,wm(t)}, (3.1.12)

and

10(1) :min{/Otwl(s)ds,/OtWQ(s)ds,...,/Otwm(s)ds}. (3.1.13)

t>0

We assume that there is a function y € C'(R*,RT), such that the novel properties

wi(t) + x(w;(t)) <0, x(0)=0, Xx'(0)>0 and x"(§)>0,i=1,2,...,m, (3.1.14)
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satisfied for any £ > 0.

Holder and Young’s inequalities give

p+1)/2

(p+1)/2
e |57 < (hallZgen + ll2gen )

(p+1)/2
< (pillwally, + pillugllz) ™, (3.1.15)

Thanks to Minkowski’s inequality to give

m (p+1) m (p+1)/2
S Sttty

j=1

L@+ j=1
(p+1)/2
< ¢ ( 1w H%) :

IA

-

Then there exist n > 0 such that

(p+1) m—1
+2 Ui e/ + 2||umu H(pJrl /2
j Wi+l <p+1)/2 m Wl (p+1 /2

Lty j=1

m (p+1)/2
<n (Z pjnujni) . (3.1.16)
j=1

We need to define positive constants A\g and & by

1 1
X =n VP and & = (5 - m)U_Q/(p_l)- (3.1.17)

The mainely aim of the present paper is to obtain a novel decay rate of solution from the convexity
property of the function y given in Theorem 14.
We denote an eigenpair {(A;, €;)};ey € R x H of

—O(z)Ae; = \ie; © €R”,

for any < € N. Then

D<A <A< o<\ < 1 400,

holds and {e;} is a complete orthonormal system in H.

53



CHAPTER 3. SYSTEMS OF m-NONLINEAR VISCOELASTIC WAVE EQUATIONS

Definition 9. The vectors (uy, us, . .., uy,) is said a weak solution to (3.1.1) on [0, T] if satisfies
for x € R"
¢
/ (|ujt]“_2ujt)tg0jdx + a/ ujpp;dr  — / O(x)A (uj + wuj — / w;(t — s)u;j(s) ds) p;dx
= filur,ug, ... um)p;de, (3.1.18)
R’I’L

for all test functions ¢; € H,j =1,2,...,m for almost all ¢ € [0, 7.

3.2 Statement of Main results

The local solution (in time [0,77) is given in next Theorem.
Theorem 12. (Local existence) Assume that
2
I1<p< n_+2 and n > 3. (3.2.1)
n J—

Let (u1g, ug0, - - - Umo) € H™ and (uy,us, ..., uy) € [LE(R™)]|™. Under the assumptions (3.1.4)-
(17) and (3.1.11)-(3.1.14), suppose that

a+ Mw > 0. (3.2.2)
Then (3.1.1) admits a unique local solution (uy,us, ..., Uy) such that
(ur,uz, ... up) € X7, X = C([0,T);H) NCH([0, T; L§(R™)),
for sufficiently small T > 0.

Remark 3. The constant Ay introduced in (3.2.2) being the first eigenvalue of the operator —A.

We will show now the global solution in time established in Theorem 13. Let us introduce

the potential energy J : H™ — R defined by

T, iz, ) = i:; (1 - /Ot () ds) 12 + (@5 0u;). (3.2.3)

The modified energy is defined by

k—1 & L1
E(t) = Z”uﬂ”yg - §J(u1,u2,...,um) —/ O(x)F(uy,ug, ..., uy)de, (3.2.4)

K n

=1
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here
t
(0w (1) = [ it =) Jult) = wls)l ds
for any w € L*(R"),j =1,2,...,m.
Theorem 13. (Global existence) Let (3.1.4)-(17) and (3.1.11)-(3.1.14) hold. Under (3.2.1),

(3.2.2) and for sufficiently small (uig,u11), (U20,U21), - - - (Umo, Um1) € H x L§(R™), problem

(3.1.1) admits a unique global solution (uy,us, ..., uy) such that
(ur,us, ... up) € X™, X = C([0,+00);H) NC'([0, +00); L (R™)). (3.2.5)

The nonclassical decay rate for solution is given in the next Theorem, where the existing

results are a special case.

Theorem 14. (Decay of solution) Let (3.1.4)-(17) and (3.1.11)-(3.1.14) hold. Under conditions
(3.2.1), (3.2.2) and

v = 77(—2(511)8(00@_1)/2 <1, (3.2.6)

there exists to > 0 depending only on wj, a, w, Ay and X'(0) such that

0 < £(t) < E(ty) exp (- /t t L)(t)) (3.2.7)

o L= 1o

holds for all t > t,.

In particular, by the positivity of x in (3.1.12), we have, as in [33],

0 < £(1) < E(ty) exp (— /t: u(s) ds),

for a single wave equation. Condition (3.1.14) is imposed to make a different from [33] and [34],
it leads (u' + vp) o u, here v € R.

The next, Lemma will play an important role in the sequel.

Lemma 13. For (uy,us,. .., uy,) € X, the functional £(t) associated with problem (3.1.1) is a

decreasing energy.
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Proof. For 0 <t <ty <T, we have
E(ta) — E(t1)
to d
= —FE(t)dt
| e

m t2 1 1
2 2 9
- Z/ ((Z HuthLg +w HuthH + 5@']@) HUJ”’H — 5(@3 o ug)) dt
j=171

< 0,
owing to (3.1.11)-(3.1.14). O

We define an inner product as

("U,w)*:w/ VU-dex+a/ Ovw dzx,

n

and the associated norm is given by
[oll, = 4/ (v,0),,
Yo, w € H. By (3.2.2), we get
(v,v), =w | Vo] de+a [ 6 de> (WA +a) [ 6v*dz>0.

R™ R™ R7

The following Lemma yields.

Lemma 14. Let 0 satisfy (3.1.4). Under condition (3.2.2), we get
Vwlvlly < llvll, < y/w+ CE vl

forveH.

3.3 Proofs

3.3.1 Proof of existence results

We sketch here the outline of the proof for local solution by a standard procedure (See [13], [34]).
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Proof. (Of Theorem 12.) Let (u10, u11), (a0, u21), - -+, (Umo, Um1) € HXLE(R™). For any (uy, us, . ..
X7, we can obtain a weak solution of the related system
<|zjt|"*zzjt>t +azj — O(2)A (2 + wzj) = —O(z)A fot w;(t — s)uj(s)ds + fj(ur,ug, ..., uny)

zj(z,0) = ujo(x)

zit(x,0) = uji ().

(3.3.1)
We reduces problem (3.3.1) to Cauchy problem for system of ODE by using the Faedo-Galerkin

approximation. We then find a solution map
T (Ul,UQ,...,Um) — (21,22,...,2m)

from A7 to X'. We are now ready to show that T is a contraction mapping in an appropriate

subset of X7 for a small 7" > 0. Hence T has a fixed point

T (g, Uy« vy Upy) = (Ug, Uy o ooy Upy),
which gives a unique solution in X7 ]

We will show the global solution. For this end, by using conditions on functions w;, we have

1
Et) > §J(u1, Uy oo vy Upy) — O(x)F (uq,ug, ..., Uy)dx
]Rn
m (p+1) m—1
1 2 (p+1)/2 1)/2
> —J(u1 U, . .. Z _—<qujuj+1 + ||u 1|| b
= ) ) , U (p+1)/2 mU (p+1)/2
2 p + p+1 = Lo+ p+1 = Lot Ly
1 (p+1)/2
2 éj(ulvu%"'v |:Z ||u]||7-[:|

1 (p+1)/2
> §J(u1,u2, ey Upy) — #(J(ul,u% e ,um)>

 Up) €

)

= G(8), (3.3.2)

here 32 = J(uy,us, ..., Uy), for t € [0,T), where

Gle) = 36— I,
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Noting that & = G()\), given in (3.1.17). Then

G'(&) >0 in £€0,)\)]

G'(€) <0 in €< A

Moreover, glim G(§) — —oo. Then, we have the following Lemma
—+00

Lemma 15. Let 0 < £(0) < &.
(i) If > ||uj0|]§_[ < A%, then local solution of (5.1.1) satisfies
j=1

J(ug, g, .oy Uy) < )\3, vVt e [0,T).

(1) If > ||uj0||3{ > A2, then local solution of (3.1.1) satisfies
j=1

> lugll, > AT VEE[0,T), M > Ao

Jj=1

Proof. Since 0 < £(0) < & = G(\g), there exist & and & such that G(&;) =

0<& <A <éo.
The case (i). By (3.3.2), we have

G(J(Ulo, U20, - - - Umo)) S 5(0) = G(Sl),

which implies that J(u1g, ug0, . .. Umo) < &2. Then we claim that J(uy,us, ...

[0, 7). Moreover, there exists t, € (0,7") such that

g% < J(ul(to), Uz(to), - ,um<t0)) < fg

Then
G(J(U1<t0), U,Q(to), c. ,um(to)) > 8(0) Z g(to),

by Lemma 13, which contradicts (3.3.2). Hence we have

J(uy, g, .. uy) < E < A5, VEE[0,T).

(3.3.3)

G(&) = £(0) with

) < &2Vt €

m m
The case (7). We can now show that > |Jujol5, > €2 and that > ||uy||7, > € > A2 in the same
j=1 i=1

way as (7).

O
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Proof. (Of Theorem 13.) Let (ug,u1), (u20,u21), -, (Umo, um1) € H x Lj(R™) satisfy both 0 <
E(0) <& and ) HUJ'OH,?_[ < A\2. By Lemma 13 and Lemma 15, we have
j=1

2(k — 1) & K = 2
. Z ”uthLg + ij [
Znuﬂnwz (1— / (5) s ) sy + (300
Ui - 2
§2€t+—< p; |l )
0+ (Sl

2n

p+1
2n

< 2& Bkl B Vo

< 0+p—0—10

)(p+1)/2

< 28(0) + <J(u1,u2,...,um)

— 52/, (3.3.4)

This completes the proof. O

3.3.2 Proof of Decay results

Let

Alug,ug, .oy uy) =

S [(1- [ miords) hull + 5009

j=1

- / O(z)F (w1, ug, . .., Uy)d,
Rn

N | —

m ¢
i) = 3 [ (1= [ @61 ds) sl + y0)
j=1 0
- (p + 1) / H(I)F(ula Uz, - .- 7um)dx
Lemma 16. Let (uy,us, ..., uy) be the solution of problem (3.1.1). If

Z ||u]0||H (p+1) /R O(z)F (uy, ug, ..., Uy)dz > 0. (3.3.5)

Then under condition (3.2.6), the functional I1(uy,ug, ..., uy) >0, ¥Vt > 0.
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Proof. By (3.3.5) and continuity, there exists a time ¢; > 0 such that
(wy, ug,y .oy ty) > 0,VE < 1.
Let
Y = {(ur,ug, ..., up) | W(ug(to), ua(to), - - ., um(to)) = 0, T(uy,ug, ..., uy,) > 0,Vt € [0,t)(B.3.6)

Then, by (3.3.5), we have for all (uy, us, ..., uy) €Y,

A(u17u27 7um)
2L S (1 [ mtodds )l + 2 (yow) + )
= — | wi(s)ds | ||u; wiou;) + ——II(uy, us, ..., Un
2(p+1) 0o Ty ) & T p
2L [l ]
> MNuslly, + (o ous) |.
2(]7—1—1); Py ” ]H’H ( J J)
Owing to (3.2.4), it follows for (uy, ug, ..., upy) €Y
2p+1 2p+1 2p+1
ijujHiS (_1)A(u1,uz,...,um)§ ;_1)S(t)§ ;_1)5(0). (3.3.7)

By (3.1.16), (3.2.6) we have

3

(p+1) F(ui(to), ua(to), - .., um(to)) < Z p; |lu;(to ”H P+1)/2

R™ =

2p+1 (r—1)/
o(5, =1 EO) ij s (o) I

IN

< ’Yi;PjHuj(tO)”?{

< g(l - [ o) It

< g(l - [ mos) el

+ i@jouj(to)), (3.3.8)

hence IT(u1 (tg), ua(to), - . ., um(to)) > 0 on Y, which contradicts the definition of Y since IT(uy (o), ua(to), - - . , tn
0. Thus I(uy, ug, ..., uy) >0, ¥Vt > 0. a
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We are ready to prove the decay rate.

Proof. (Of Theorem 14.) By (3.1.16) and (3.3.7), we have for ¢ > 0

0< >l < 22 e (3.9
Let
o p@)
1) = L= po(t)’

where p and po defined in (3.1.12) and (3.1.13).
Noting that tliin wu(t) =0 by (3.1.11)-(3.1.13), we have
—+00

lim I(t) =0, I(t)>0, Vt> 0.

t—-+o00
Then we take ty > 0 such that

2(k — 1)

I(t) < min {2 (WA, +a), X' (0)}, (3.3.10)

with (3.1.14) for all ¢ > ¢;. Due to (3.2.4), we have

() < -l + 5 2o o) + 530 (1 [ =00 ds)

m m

1
+5 D (@ou)+ 1—uo ZH%HH

=1 j:l

IN

Then by definition of I(t), we have

Z\|ujt|!m+ St ZHU]HH I(t) ) (w5 0uy) (3.3.11)

Jj=1

I)E() <
and Lemma 13, we have for all t1,t5 > 0

E(ty) —E(t)

to m m 1 m
2 2 2
-/ (azuuﬁuLg+wzuuﬁuwﬁmwzuwu%) y
t j=1 j=1 j=1
to 1
/ Z w0 u;) d
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then, by generalized Poincaré’s inequalities, we get

&' < —(wA1+a)leujtllig—— ZIIU;HH Z(w}ouj),
j=1

] 1

Finally, by (3.3.10), Vt > t(, we have

E't)+ I(t)E(t)
k—1)

<

I(t) — (wA + a)} Z HthHig

Jj=1

——

+ %Z(w; ou;) + %I(t) Z(wj o u;)

7j=1

< _Z/ {@(t —7)+ I(t)w;(t — 7)} [Ju;(t) (7)5, dr

< 5}:/{@gﬂ+1@wxﬂ}wxw—wu—rmim-

< -§;/ 7)) + X O)5(7) }lut) — st = )3, d
<

by the convexity of y and (3.1.14), we have

x(€) > x(0) + x'(0)¢ = X' (0)¢.

Then t
e@se%mm(—éf@m)

which completes the proof. O
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CHAPTER 4. EXISTENCE AND GENERAL DECAY ESTIMATES FOR A
PETROVSKY-PETROVSKY COUPLED SYSTEM WITH NONLINEAR STRONG
DAMPING

In this chapter, we consider a coupled system of Petrovsky-Petrovsky equations with a nonlin-
ear dissipative terms. We prove, under some appropriate assumptions, that this system is stable.
Furthermore, we use the multiplier method and some general weighted integral inequalities to

obtain decay properties of solution.

4.1 Introduction and preliminaries

In the present section, we consider problem

(

uf + auy + A2uy — pu(Ad(z,t)) =0, in Qx RT,
ul + auy + A2ug — p(Auh(x,t)) =0, in Qx RT,

(4.1.1)
(u1(0,2),uz(0,x)) = (u10(x), use(z)) on €,
(u1(0,2), u5(0, ) = (un(x),un(x)) on Q,
The constant o
1
o< (4.1.2)

where C; > 0 depending only on the geometry of €2 is the constant such that

|Vz||* < C,||VAz||? The problem of stabilization of weakly coupled systems have been stud-
ied by several authors. Under certain conditions imposed on the subset where the damping term
is effective, Kapitonov [21] showed uniform stabilization of the solutions of a pair of hyperbolic
systems coupled in velocities. In [3], the authors developed an approach to prove that, for « € R

with o small enough,
Uy — Au+av+u, =0 in QxR
(4.1.3)
vy — Av+oau =0 in QxR
is not exponentially stable and the asymptotic behavior of solutions is at least of polynomial

type tim with decay rate m depending on the smoothness of initial data.
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DAMPING
In [2], Beniani et al. considered the Petrowsky-Petrowsky system
( uy + o) (A2u — "t - S)AQU(S)dS) +av=0 R"xR"
vy + ¢(2) A% + au = 0 R” x Rt (4.1.4)
u=v=Au=Av=0 I x Rt
| (w0, v0) € D>*(R"), (uy,v1) € LZ(R™),

In this work, the authors proved, under suitable conditions, that the system is polynomial stable.
Author [36] proved the existence of global solution, as well as, a general stability result for the
following system
ug + A% — g(Au/(s)) =0 Q x RT,
u=Au=0 I x R, (4.1.5)
uw(0) =up, u'(0) =1y Q.
Here, we assume that the function u € C'(R, R) is a non-decreasing such that there exist constants
g,¢1,02,7 > 0 and a convex increasing function H € (Ry,R;) of class C*(Ry) N C*(RY), linear

on [0,¢] or H'(0) =0 and H” > 0 on ]0, ], such that

c1ls| < |u(s)] < eals|, if [s] >, (4.1.6)
Is|* + u(s))* < H Y (sp(s)), if |s| <e, (4.1.7)
W (s)] < 7. (4.1.8)

Lemma 17. For any function v € H3 () N H*(Q), we have
IVl < €| Aul 1) < cllAul, (4.1.9)

where H-1 () = (H}(Q))

Now we define the energy associated to the solution of the system (4.1.1) by

2 2
1 21
Et) = 5 g HVUZ , + 3 E IV A, |3 + QQ/Vul.VUde. (4.1.10)
i=1 i=1 A

2
20 [ Vuy . Vugde > —aCy [ Y |VAw|? + | dx
Q Q i=1
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we deduce that

2 2
£(t) > %; v Z+ (% ~aC,) ; IV Aui2. (4.1.11)

Note that F is the natural energy for system (4.1.1), given the structure of the damping term.
The energy FE is a non-increasing function of the time variable ¢t and we have for almost every
t>0,

We first state a useful Lemmas

Lemma 18. (Sobolev-Poincaré inequality) . Let q be a number with 2 < g < 400 (n=1,2) or

2 < q < -2 (n>3) then there is a constant ¢, = ¢ (€2, q) such that
[ull, < e [Vully, ue Hy (). (4.1.12)

Lemma 19. [9] Let £ : R, — R be a non-increasing function and 1) : R, — R, be a convex

and increasing function such that 1(0) = 0, assume that
T
/w(é’(t)) <E(S), 0<s<T, (4.1.13)

Then & satisfies the following estimate
E(t) <y (H(t)+(£(0)), Vt=>0. (4.1.14)

Where 1(t) :Ll ﬁds fort >0, Ht) = 0 for 0 < t < <0 4nd

¥(£(0))
P BEO) o EO)
ST OEO) T UED)

Remark 4. Let us denote by H* the conjugate function of the differentiable convex function H,

H*'t)=t+

1.€.,

H* = sup (st — H(t))

seRT
Then H* is the Legendre transform of H, which is given by (see Arnold [? , p. 61-62])

/ ’

H*(s) = s(H')M(s) = H ((H') () , if s € |0, H'(r)]
and H* satisfies the generalized Young inequality

ST < H'(S)+ H(T), if S € [0, ()] T €]0,]. (4.1.15)
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Lemma 20. Let (uy,us) be the solution of (4.1.1). Then

2

£ ) = —/ZAU;M(M;) dr < 0. (4.1.16)
Q

1=1

Proof. Multiplying first equation of (4.1.1) by —Aw/ and second equation by —Au, respectively,

summing the obtained results follows the conclusion of inequality (4.1.16). [

4.2 Main results and proof
Introduce three real Hilbert spaces H,V and W by

W=} (). ol = [ 1Volde,
Q

V={veH*(Q):v=Av=0 on F},||U||i:/|VAv|2da7,
Q

and

W={veH (Q):v=Av=A=0 on F},Hv|\$,\,:/]VA2v}2daz,
Q

Identifying H with its dual H’' we have
WcCVCH.

with dense and compact imbedding. Our main results is the following

Theorem 15. Let (uig, u11), (U2, u21) € W XV, assume that (4.1.6)-(4.1.8) hold. Then the
solution of the problem (4.1.1) satisfies

(uy, uy) € L=(R5 V), (uf, uy) € L¥(Ry; H)

and

(u1,up) € L=(Ry; W)
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Theorem 16. Let (uig, u11), (ug0,u21) € W x V, assume that (4.1.6)-(4.1.8) hold. Then the

energy of solution of the problem (4.1.1), for some constants w, ey, satisfies the following decay

property
E) <yt (H(t) +(E(0)), Vt>0. (4.2.1)
Where (t) ftw ds fort >0, H(t) =0 for 0 <t < w(é()o)) and
1 vt + 9(£(0)) £(0)
0= ey 7 uEo)
s if H is linear on [0,&]

p(s) =
sH'(g9s) if H'(0) =0 and H" > 0 on )0, &]

Proof. (Of Theorem 15) We use the Faedo-Galerkin method to prove the existence of global

solution

Step 1. Approximate solutions.

We will use the Faedo-Galerkin method to prove the existence of a global solution. Let 7" > 0
be fixed and let {w,},j € N be a basis of #, V and W, ie. the space generated by By =
{wy,ws, ..., wy} is dense in H, V and W.

We construct approximate solutions ug, £ =1,2,3,..., in the form

k

i(t) = Z en(tyw(w),  ub(t) =) hyl(tyw;(x),

i=0
where ¢;;, and hjj is determined by the ordinary differential equations.

For any v in By, (u}(t),u5(t)) satisfies the approximate equation

Jo (Wb (t) + ol + A2l — p(Aut))vde =0,

(4.2.2)
Jo (W& (t) + aub + A2l — p(Aut))vde =0,

with initial conditions

k
uF(0) = udF = Z(u?,wj>wj —u), in W as k — +oo0, (4.2.3)

i=1
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k

ub(0) = ud* = Z(ug,wj>wj —uy, in W as k — +o0, (4.2.4)

j=1

and .
u (0) = u* = Z(u%, wi)w; — uy, in V as k — ~+oo. (4.2.5)

j=1

k
ul (0) = uy® = Z(u%,wﬂwj — uy, in V as k — +o0. (4.2.6)

j=1

The standard theory of ODE guarantees that the system (4.2.2)-(4.2.6) has an unique solution in
0,t%), with 0 < ¢ < T, by Zorn Lemma since the nonlinear terms in (4.2.2) are locally Lipschitz
continuous. Note that u¥(¢) and u%(t) are C? functions.

In the next step, we obtain a priori estimates for the solution of system (4.2.2)-(4.2.6), so that
it can be extended outside [0, ¢;) to obtain one solution defined for all 7' > 0, using a standard

compactness argument for the limiting procedure.

Step 2. The first estimate

Setting v = —2A(uf)" in (4.2.2); and v = —2A(uf)’ in (4.2.2), adding the resulting equations,

we have

2
Z%[|VU§/||2+||VAuf||2+2a/VulfVu'§dx] +2/Auf’u(Auf’)dx:o.
Q Q

=1

Integrating in [0,¢], ¢ < ¢ and using (4.2.3) and (4.2.6), we obtain

¢ ¢
Z IVl ()2 + |[VAuR@)|? + 2/ /Aufl(s)u(Auf,(s))dm ds + 2a/ /Vu’fVug dxds
0 Jo 0 Jo

e

< <||V EI2 4 IV AU > + +2a/ Vul* Vuy* d (4.2.7)

Q

(IVal*I? + v aug™| )+a§juw“ ,

1

%

M

<
1

%

using (4.2.3)-(4.2.6), we obtain

2 t
SO IV ()2 + (1 — 20C,) [V AU (1) 2 + 2 / / A ($)u(Au¥ (s)) dzds <y (4.2.8)
i=1 0 Q
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where C] is a positive constant depending only on ||u; ||y and |[u]]yy.

This estimate imply that the solution wuy exists globally in [0, 400). Estimate (4.2.7) implies

ul is bounded in L>®(0,T;V), (4.2.9)
(ur)" is bounded in L>(0,T;H), (4.2.10)
A(ulY u(A(uk)) is bounded in L'(Q2 x (0, 7)), (4.2.11)

From (4.1.6), (4.1.7) and (4.2.11), it follows that
p(A(uF)) is bounded in L*(Q x (0,T)).
As in Komornik [20], we consider the following partition of €2,
U ={zecQ:|A¥|>c}, W={zecQ:|Au|<e}
Using (4.1.6) and (4.2.11), we have

Iy Jo, 1A ()P duds < e [ fo,... Auf (s)u(Aulf () d ds
< C
exploit Jensen’s inequality and the concavity of H~!, we obtain
Jou (A @) P o < fo, H-H(Auf (u(Awy (1)) do ds
< (@ Jo, A (Du(Ad (1)) do)
using Remark 4, we have

ST o, (A () 2dedt < H 1)+ g o fo, A (s)u(AuF (s)) da di
C

IN

Step 3. The second estimate

First, we estimate (uF)”(0). Differentiating (4.2.2) with respect to z, setting v = V(uf)”(t) in

(4.2.2); and v = V(uf)”(t) in (4.2.2)y, adding the resulting equations, by choosing ¢ = 0, we

obtain

Zuv "0)]| + ( (0),VA2U2—V(M(Au’f)>>+&Vu?’k.V(u2) (0) + aVal* V(i) (0) = 0.
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Using Cauchy-Schwartz inequality and (4.1.8), we have
IV (@) ) < (VARG + |V Au; 4 (A )| (4.2.12)
< VARG + 7] VA
By (4.2.3) and (4.2.6), we get
(uF)”(0) is bounded in H. (4.2.13)

The Third estimate.
Differentiating (4.2.2) with respect to t get

Z/ )" (1) + A?(ul) )U dx — /Q A"/ (A(uF) o dz + a(ul)'v = 0.

Taking v = 2(Au¥)”, owing to the Green formula, we obtain
2

Z%[\|V<uf>”|!2+ IVAEY|? + 20 /Q V(W) V(ub) da] +2 /Q AW P (AE)) dz = 0.

1=

By integration over (0,t), we get
> IV ) )||2 + ||VA(U'~“)'(t)||2 +2a fo V(i)' (u})' do
230 fy Jo(A(uf) ()% (Auf) (s) de ds
< S IV (uty ( )||2 + VAU + o Vg

using (4.2.5) and (4.2.13), we have

Z IV ()" (#)]]* + (1 — 2aC,)||[VAuF) (#)]]* + 2/ / (A(uF)'(s)) dwds < Cy
(4.2.14)
By (4.2.3) and (4.2.13), we deduce that

(uF)" is bounded in  L*(0,T;V) (4.2.15)

7

and

(u¥)" is bounded in  L*°(0,T;H) (4.2.16)

7

By (4.2.15) we deduce that
(u¥) is bounded in  L*(0,T;V).

1

Applying Rellich compactness Theorem given in [6], we deduce that

(uF)' is precompact in  L*(0,T; L*(Q)), (4.2.17)
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Step 4. The fourth estimate

Differentiating (4.2.2) with respect to z, taking v = VAZ?(u}) in the first equation and v =
VA2(ub) in the second equation in(4.2.2), add the resulting equations, we obtain that

IVA2E? = [, VARE(=V(u})" — aVub + VA(uf) i/ (A(u})')) do (4.2.18)

and
VAR = [, VA2US(—V (k)" — aVub + VAU (A(ub)) da (4.2.19)
Using Cauchy-Schwarz inequality, we have
IVt < 2( [ (V08 + ol Vub + (VA ()P dr) (42:20)
and
IVARS| < 2(/9{|V(u’§)”|2 +a?| VUi + |VA(u’§)’u’(Au’§)|2}d:):> y (4.2.21)

Using (4.1.8), (4.2.15) and (4.2.16), we obtain

2
D IVARE] < G,

i=1

for some C5 independent of k, then

uf are bounded in  L*°(0,T; W) (4.2.22)

7

Step 5. Passage to the limit.

Applying Dunford-Petit Theorem, we conclude from (4.2.9), (4.2.12), (4.2.15) and (4.2.16), re-

placing the sequence u*, with a subsequence if needed, that

uf — w;, weak-star in L>(0,T; W) (4.2.23)
(u¥) — uf, weak-star in L>=(0,T;V) (4.2.24)
(uF)" — !, weak-star in L>(0,T;H) (4.2.25)
(uF) — u}, almost everywhere in A, (4.2.26)
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(A(uF)) — ¢;, weak-star in L?(A) (4.2.27)

1

where A = Q x [0,T]. It follows at once from (4.2.23) and (4.2.25), that for each fixed v €
L2([0,T] x L*(Q))

+ A%k (2, 1) + aub(z,t) v da dt
fO Jo < 1) 2 )> (4.2.28)
— fo Ja < z,t) + A%uy (2, t) + aus(, t))vdx dt.
and
ub)'(x,t) + A% (2, t) + aul(x,t) v de dt
Jo o (e o) - i) (4.2.29)
— fo Jo ( ,t) + APuy(z, t) + au (2, t))vdx dt.
As (uF)" is bounded in L*(0,T;V) and embedding of V in H is compact, we have
(u¥) — u}, strong in L*(0,T;H). (4.2.30)

It remains to show that

// vd:z:dt—>// (Au}) vdz dt. (4.2.31)

To deal with (4.2.31), we need the next Lemma

Lemma 21. For each T > 0, p(Au)) € L'Y(A), ||p(Au})||a) < K, where K is a constant
independent of t and p(A(uf)) — p(Au) in L*(A).

Proof. We claim that
u(du) € LY A).

Indeed, since u is continuous, we deduce from (4.2.26)
w(AWF)) — p(Au})  almost everywhere in A, (4.2.32)
Al p(A(F)) — Aujp(Aul)  almost everywhere in  A.
Hence, by (4.2.11) and Fatou’s Lemma, we have

T
/ / Au(z, ) u(Auj(x, t)) dedt < Ky, for T > 0. (4.2.33)
0
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Now, we can estimate fOT Jo [Ap(ui(z,t))| dz dt. By Cauchy-Schwartz inequality, we have

/ ) [ ntatta ot dear < cap( ' | lntutta, ) dzar)”

Using (4.1.6), (4.1.7) and (4.2.33), we obtain

/ /|u (x, )P dodt < / / Auipu(Au) dxdt—i—/ / AU u(AYL)) dr dt
|Auf|>e Au’|<£

Then

< c/ /Au;,u(Aué)dxdt—i—cH_l(/Augu(Au;) dxdt)
0 Q A

IA

T

c/ /Aué,u(Aué)dxdt—i—c/H*(l) —i—c/'/ Auip(Au}) de d4.2.34)
o Jo Q

cKy+ H*(1), for T > 0.

A\

T
/ /|u(u;(x,t))|dxd§K, for T 0.
0 A

Let E C Q x [0,T] and set

/ 1 J—
By ={(@,t) € B : [u(A(uf) (2,1))] < ¢|—f\}’ E, = E\E,

where |E| is the measure of E. If M(r) = inf{|s| : s € R and |u(s)| > r}

/|u V)| de dt < ¢ |E|+<M(ﬁ>>_l Iyl dedr

By applying (4.2.11) we deduce that

sup/ WA de dt — 0, when |E| — 0.
v JE

From Vitali’s convergence Theorem, we deduce that

D)) = p(Au;)  in LH(A).

This completes the proof. O

Then (4.2.27) implies that

W(AWF)) = p(Au), weak-star in L*([0,T] x Q).
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We deduce, for all v € L?([0,T] x L*(2), that
/ / vdxdt—)/ / (Au)v dx dt.
Finally we have shown that, for all v € L*([0,T] x L*(2)):
() + + A2uy — p(Auy))vdr =0,
JoO8)+ v+ A2y — o .

Jo (s (t) + quy + APuy — p(Aufy))vde = 0,

Therefore, (uy,us) is a solution for problem (4.1.1). The proof of Theorem 15 is now completed

]

Here, we establish the decay estimate for solution in Theorem 16. For this end, we use method

of multipliers and prepare a several Lemmas

Lemma 22. We have

2 / e(&)dt = @ / > uAudr| - /T (%‘5)) / iu;Auidxdt (4.2.36)
Q S o =1

— Aui,u(Au;)) + 2aVuy.Vugdxdt.

forall 0 <S8 <T < +o0.

Proof. Multiplying ( 4.1.1); by —@Aul and ( 4.1.1) by —@AUQ respectively, summing the
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obtained results, we have

H(E) 2
0 = /(T/Zl Aul u "+ A2y — p( A )) — aug.Auy — auy. Auz) dxdt
Q =

ﬁ+fﬂ@

dt
E

2
/ Z w, Auda

Qzl

+/%/i( Aui)Nuid:cdt—/@/i ) p (Au;) dadt

2
Z uAumLuAu)d:c

=1

i=1

Q
r E
—CK/%/(A’Ul.UQ‘FAUQ.Ul)dxdt
S Q

(5’) / 2
/
Pe) E A,
+/( 5 )/.IUZ u;dzdt
Q =

S S

e(€) /_ |Vu;‘2 + VA + (Aw) p (Au;) dxdt + 2a/ Vu. Vugdzdt.
Q
Q

Using the definition of the energy, hence (4.2.36) follows. O

Lemma 23. We have

A/gp(é’)dt < cp(€(9)) +/%/ ’Vu ‘ + [Au,||p (Au) |dxdt (4.2.37)

S Q

forall0 < S < T < 4o0.

Proof. Using the obvious estimates

i L. < eV (4.2.38)
L) L2(2)
and
AU 12y < VAU 12 (4.2.39)
Since F is non-increasing, we find that
T
- {@ [ Vu;VuZ-d:L} < 2B [ Vuy(S)Vuy(S)de — £ f Vu,(T)Vu;(T)dz
Q S Q (4.2.40)

< cp(€(9)).
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Furthermore, using (4.2.38) and (4.2.39) again,

E(t)dt

j(@)lgu;Auidxdt‘ c;fr <(T),
p(€(9));

Using Poincaré and Young’s inequalities and the energy inequality from Lemma 19, we obtain

(4.2.41)

IN

T
QQ/@/Vul.Vquxdt <ec
S Q

p(E(5))dt

A —— 5

Using these two estimates, (4.2.37) follows from (4.2.36) . O

Proof. (Of Theorem 16) 1. H is linear on [0,&4]:
we have ¢ |s| < |u(s)] < eas|, for all s, € R, and then, using (4.1.6) and (4.1.7) and noting that
5 @ is non-increasing,

&

T
[ €8 [\ VuPdedt < c f7> [ Au Ndxdt
S Q Q

(4.2.42)

~—

< cp(E(9)).

Using Poincaré amd Young’s inequalities and the energy inequality from Lemma 19, we obtain,

for all ¢ > 0,
T T .
[ 29 [ Augp(Aul)|dadt < e [ 2E) [ Auddadt + c. [ 28 [ 12 (Auf)dwdt
S Q 5,} Q % 0
<e [2D [ AuZdudt +c. [£E [ Aulp(Aul)dedt  (4.2.43)
ST Q s Q
< e [ (€)dt + cop(E(S)).
S

Inserting these two inequalities into (4.2.37), choosing € > 0 small enough, we deduce that

/ﬂ&ﬁéwwwﬂ
S

Choosing ¢(s) = s. Then, for some w > 0

+o0o

1
/5@ﬁgaa$\W>o
S
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Using Lemma 19, we deduce from (4.1.14) that
E(t) < CE0)e ™Vt > 0.
2. H'(0) =0and H” > 0 on |0,&] for all t > 0 we denote by
N ={zeQ:|AU|>e1},Q={xeQ: |AY]| <e}.
Using (4.1.6) and the fact that s — “’( ) is non-decreasing, we obtain

T
/90 /|A 2+ (A dadt < ¢
S

Q1

%/Au (A dzdt < cp(E(S))

Q

(”\ﬂ

On the other hand, since H is convex and increasing, H~! is concave and increasing. Therefore,

(4.1.7) and the reversed Jensens inequality for concave function imply that

T T
JE2 [ 1AwP + p2(Au)dedt < [ 28 [ HN(Au)p(Au)))dadt
5» 5 (4.2.44)
< g@|Q|H1 (IQ [ AU (A )dm) dt.
Using remark 4, due to our choice ¢(s) = sH'(egs), we have
= £&p 808) H(é‘oS) < €0§0(8). (4245)

s
Making use of (4.2.44) and (4.2.45) we have
f(T J 1A + p?(Auf)dwdt - < CfH* (£9)) dt+cfu Ju(Au)dzdt
oo 5 (4.2.46)
<c [@€)dt + cE(S)
s

Then, choosing £y > 0 small enough and using (4.2.37), we obtain in both cases

(/)\ﬂ

p(E)dt < c(E(S) +¢(E(9)))
<c(1+ *"“((S)”) £(S) (4.2.47)
< cE(S) VS >0.

Using Lemma 19 in the particular case where ¢(s) = wp(s), we deduce from (4.1.14) our estimate
(4.2.1).
This complete the proof of Theorem 16. O
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4.3 Conclusion

We proved the existence of a weak solution and its decay to zero as time goes to infinity for a
system of coupled evolutionary second order in time PDEs (4.1.1). The problem is defined on
a bounded domain €2, we used the Poincaré inequality and the Rellich-Kondrachov theorem on
compact embedding. The preblem is supplemented with homogeneous Dirichlet-type boundary
conditions on both functions u;,us and their Laplacians, as well as with the initial conditions.
The existence of solutions is proved by means of the Galerkin method while the decay is obtained
by a variant of a method of multipliers, developed in eighties/nineties by mathematicians such
as A. Haraux [15], Martinez [27], V. Komornik [20, 21], Nakao [26]. The argument of the work
follows very closely the argument of the following article [1]. Although the problem considered

in the paper [1] is different than in the present research.

79



Bibliography

1]

A. Benaissa A. Benaissa and S. A. Messaoudi. Global existence and energy decay of solutions

for the wave equation with a time varying delay term in the weakly nonlinear internal

feedbacks. J. Math. Phys, 53:123514, 2012.

A. Benaissa A. Beniani and Kh. Zennir. Polynomial decay of solutions to the cauchy problem

for a petrovsky-petrovsky system in R",. J. Acta Appl. Math, pages 67-79, 2016.

F. Alabau-Boussouira and Cannarsa.P. A general method for proving sharp energy decay

rates for memory-dissipative evolution equations. I 347, 867-872, 2009.

A. B. Aliev and A. A. Kazimov. Global solvability and behavior of solutions of the cauchy
problem for a system of two semilinear hyperbolic equations with dissipation. Difer. Urawvn,

49(1):476-486, 2013,

A. B. Aliev and G. I. Yusifova. Nonexistence of global solutions of the cauchy problem
for the systems of three semilinear hyperbolic equations with positive initial energy. Issue

Mathematics.

A. B. Aliev and G. 1. Yusifova. Quelques Méthodes De Résolution Des Problémes Aux

Limites Nonlineaires,. 1969.

A. B. Aliev and G. I. Yusifova. Nonexistence of global solutions of cauchy problems for
systems of semilinear hyperbolic equations with positive initial energy. Flectro. J. Diff.

Equ, 211:1-10, 2017.

80



BIBLIOGRAPHY

8]

[9]

A.Pazy. Semigroups of linear operators and applications to partial differential equations,

volume 44. Springer-Verlag, New York, 1983.

A. Benaissa and A. Guesmia. Energy decay for wave equations of ¢-laplacian type with

weakly nonlinear dissipation. FElectron. J. differ. Equ, 109:1-22, 2009.

H. Brezis. Operateurs Maximaux Monotones et Semi-groupes de contractions dans les espaces

de Hilbert, volume 50. Amsterdam, 1973.

M. M. Cavalcanti V.D Cavalcanti and I.Lasiecka. Well-posedness and optimal decay rates
for the wave equation with nonliear boundary damping-soyrce interaction. J.Di. Equa, pages

407-459, 2007.

E.Zuazua. Stability and decay for a class of nonlinear hyperbolic problems,. asymptot. Anal,

1:161-185, 1988.

S. Xia G. Liu. Global existence and finite time blow up for a class of semilinear wave

equations on . Comput. Math. Appl, 70(6):1345-1356, 2015.
A. Haraux. Two remarks on hyperbolic dissipative problems. pages 161-179, 1985.

A. Haraux and E. Zuazua. Decay estimates for some semilinear damped hyperbolic problems.

Arch. Rat, 100:191-206, 1988.

M.Daoulati I. Lasiecka and D. Toundykov. Uniform energy decay for a wave equa-

tion with partially supported nonlinear boundary dissipation without growth restrictions.

Disc. Conti. Dyna.Sys, 2:67-75, 2009.

S. Li J. Wu. Blow-up for coupled nonlinear wave equations with damping and source. Appl.

Math. Letters, 24:1093-1098, 2011.

S. Georgiev Kh. Zennir, M. Bayoud. Decay of solution for degenerate wave equation of
kirchhoff type in viscoelasticity. Int. J. Appl. Comput. Math, 4:doi.org/10.1007 /340819~
018-0488-8., 2018.

81



BIBLIOGRAPHY

[19]

[20]

[21]

23]

[24]

[29]

V. Komornik. Ezact Controllability and Stabilization. The Multiplier Method. Masson-John
Wiley, Paris, 1994.

V. Komornik. Well-posedness and decay estimates for a petrovsky system by a semigroup

approach. 60:451-466, 1995.

V. Komornik. Rapid boundary stabilization of linear distributed systems. SIAM J. Control
Optim, 35:1591-1613, 1997.

W. Lian and R. Xu. Construction of a solution of the heat-conduction problem with integral

conditions. Adv. Nonl. Anal, 9.

W. Liu. Global existence, asymptotic behavior and blow-up of solutions for coupled

klein—gordon equations with damping terms. Nonl. Anal, 73:244-255, 2010.

V. N. Domingos Cavalcanti M. M. Cavalcanti and J. Ferreira. Existence and uniform decay
for a non-linear viscoelastic equation with strong damping. Math. Meth. Appl. Sci, 24:
1043-1053, 2001.

V. N. Domingos Cavalcanti M. M. Cavalcanti and W. M. Claudete I. Lasiecka. Intrinsic
decay rates for the energy of a nonlinear viscoelastic equation modeling the vibrations of

thin rods with variable density. Adv. Nonl. Anal, 2017.

J-L. Lions M. Nakao and W. A. Strauss. On the decay of the solution of some nonlinear
dissipative wave equations in higher dimensions. Math. Z, 193:227-234, 1986.

P. Martinez. A new method to obtain decay rate estimates for dissipative systems. ESAIM
Control Optimal. Calc. Var, 4:419-444, 1999.

Ann. Univ. Ferrara Sez. VII Sci. Mat. General decay of solutions for damped wave equation
of kirchhoff type with density in \". Inverse Problems in Science and Engineering, 61(2):

381-394, 2015.

N. M. Stavrakakis N. I. Karachalios. Global existence and blow-up results for some nonlinear

wave equations on \". Adv. Diff. Equ, 2(6):155-174, 2001.

82



BIBLIOGRAPHY

[30]

[38]

[39]

[40]

N. M. Stavrakakis P. G. Papadopoulos. Global existence and blow-up results for an equation
of kirchhoff type on \". Topol. Meth. Nonl. Anal, 17:91-109, 2001.

E. Piskin. Blow up of positive initial-energy solutions for coupled nonlinear wave equations

with degenerate damping and source terms. Bound. Value Prob, 43:1-11, 2015.

E. Piskin and Necat Polat. Global existence, decay and blow up solutions for coupled

nonlinear wave equations with damping and source terms. Turk. J. Math, 37:633-651, 2013.

L. He Q. Li. General decay and blow-up of solutions for a nonlinear viscoelastic wave
equation with strong damping. Bound. Value Probl, 153(14):doi.org/10.1186/s13661-018-
10721, 2018.

Kh. Zennir S. Zitouni. On the existence and decay of solution for viscoelastic wave equation

with nonlinear source in weighted spaces. Rend. Circ. Mat. Palermo, 66:337-353, 2017.

Kh. Zenniri T. Miyasita. A sharper decay rate for a viscoelastic wave equation with power

nonlinearity. Math. Meth. Appl. Sci, DOI: 10.1002/mma.5919:1-7, 2019.

K. Vilmosi. Well-psedness and decay estimates for a petrovsky by a semigroup approch.

Acta scientiarum mathematicarum, 60:451-466, 1995.

S. T. Wu. General decay of solutions for a nonlinear system of viscoelastic wave equations

with degenerate damping and source terms. J. Math. Anal. Appl, 406:34-48, 2013.

Y. Ye. Global existence and nonexistence of solutions for coupled nonlinear wave equations

with damping and source terms. Bull. Korean Math. Soc, 51:692-702, 2014.

Kh. Zennir and S. S. Alodhaibi. A novel decay rate for a coupled system of nonlinear

viscoelastic wave equations. Mathematics, 8Doi:10.3390/math8020203:1-12, 2020.

Kh. Zennirl. Growth of solutions with positive initial energy to system of degeneratly damed

wave equations with memory. Lobachevskii J. Math, 35:147-156, 2014.

83



