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Abstract

The objective of this thesis is to deal with linear integro-differential Fredholm equations especially as
these kinds of equations play an important role in modeling of different problems in various fields such
as physics and biology. Therefore, we are going to study them in the analytically and numerically sense.

We study these equations in Banach space C'[a, b] with two cases of continuous and weakly singular

kernels. In the continuous case we construct three methods based on the Nystrom, Collocation and

Kantorovich methods in order to find the best approximation of our solution. In the weakly singular

case, we construct two methods which are b-spline collocation and product integration in an essential

reason which is a good precision and acceleration in the calculations..

We analysis our equation analytically in Sobolev spaces W'P[a,b], p € [1,+0o[. We give a sufficient
condition that shows the existence and uniqueness of the solution in these mathematical spaces. We
have constructed in both spaces: W' t[a,b] and H'[a,b] two projection methods based on Galerkin and
Kantorovich.

Keywords: Fredholm integral equation, Integro-differential equation, System of integral equations,
Projection methods, Iterative Methods, Nystom Method

Mathematics Subject Classification: 45B05, 47G20, 45F05, 65R10, 65F10,64R20



Résumé

L’objectif de cette these est de traiter les équations linéaires intégro-différentielles de Fredholm
analytiquement et numériquement, surtout que ce genre d’équations, jouent un réle important pour
modéliser différents problémes dans plusieurs domaines, en particulier la physique et la biologie.
Nous allons étudier ces équations dans I’espace de Banach C''[a, b], dans les cas respectivement des
noyaux continues et faiblement singulieres.

Dans le but de chercher la meilleur approximation, nous allons construire dans le cas continue, trois
méthodes numériques, basées sur les méthodes Nystrom, Collocation et Kantorovich.

Dans le cas faiblement singuliére, nous adaptons le principe de comparaison en appliquant deux
méthodes, la méthode des intégrations de produits et la méthodes b-spline collocation, afin déterminer
la bonne précision concernant l’erreur et le temps de calcul.

Nous traitons notre équation analytiquement dans les espaces de Sobolev W'P[a,b], p € [1,+o0o] et
nous proposons une condition suffisante, pour montrer I’existence et 'unicité de la solution dans ce
types d’espace. Enfin, nous adaptions notre techniques aux espaces : W' '[a,b] et H'[a,b] en associant
deux méthodes de projection a savoir Galerkin et Kantorovich.

Mots clé : Equation intégrale de Fredholm, Equation Integro-differential, Systeme des équations
integrales, Méthodes de projection, Méthodes Itératives, Méthode de Nystom

Mathematics Subject Classification :45B05, 47G20, 45F05, 656R10, 65F10,64R20
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Notations

R: Set of real numbers.

C: Set of complex numbers.

C°la,b]: The Banach space of continuous functions.

C']a,b]: The Banach space of continuously differentiable functions.

WhPla,b], p € [1,+o00[: The Sobolev space, which vector space of functions that have weak deriva-
tive.

H'[a,b]: The Sobolev space with p = 2.

L¥[a,b], p € [1,+oc[: The vector space of classes of functions whose exponent power p is integrable in
the Lebesgue sense.

T—1: The inverse of operator T.

re(T): The resolvant set of T.

R(T, \): The resolvant of operator T.

sp(T): The spectrum set of T.

B(X,Y): The space of linear and bounded operator.
Ar7: The block operator matrix.

(-,+): Scalar product.

(+,): Dual product
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Introduction

An integro-differential equation can be defined as an hybrid of an integral equation and an ordinary
equation or partial differential equation. In the simple sense, it is the relation between the integral and
the one or more unknown function u derivative’s which appear out side or underside the integral sign.
Recently, integro-differential equations play an important role, as they are considered the best model
to express many phenomena in many fields. Its first appearance was a qualitative leap in the field of
applied mathematics and mathematical modeling. So let’s go back to the early 1900s, when the first
appearance of this equation was by Volterra, who used it to express the development of individuals over
a period of time [31]. Volterra may have been the first to use it, but its wide diffusion, development
and different forms are due to many researchers such as Abel, Lotka, Fredholm, Maltus and Verluslst[?].
Later, many mathematicians followed their approach, and many competed either to develop others forms
of this equation or to devise methods that could help solve it.

Its first appearance was in biology as mentioned earlier, but this does not prevent us from converting a
differential equation into an integro-differential equation or from appearing as a solution to a differential
equation. Its appearance has not been limited to mathematics in all its branches, but has transcended
many fields. The integro-differential equations are used to model several phenomena [39] such as the
system of leaking aquifers [29], the earthquake [59]. Also, they are used to define some procedures in
chemistry or to explain the RL model in electric circuit [55, 54]. The use of these equations are not
limited to the above domains. It can be used in medicine to model many diseases [28]. The most famous
of which is malaria [73], the process of coagulation [55], cancer chemotherapy [51], the sugar quantity in
blood [56] and they are used to model the behaviour of corona virus [35, 85].

Throughout history, integro-differential equations have seen different forms, models and types, which
makes it difficult to solve and to find a single numerical method for different types. So far, many research
papers have been published with the aim of creating numerical methods for a specific type or improving
existing methods in order to find numerical solutions closest to the exact solution. They invented and
built many numerical methods, its main objective is to find the best approximate solution for this type
of equations, and below we will present some of them: Block boundary value method [90, 11, 17, 86, 50],

Jacobi and Gauss-Siedel Method [41], Best approximity point result [14], Operational matrix [37, (4],
Modified Brensten-Kantorovich operator [12], Hybrid Legendre polynomial [43], Tau numerical method
[30], Haar wavelet method [12], the variational iterative method [62, 15], Enbedded Pseudo Rung-Kutta
method [70], ...

Given the great importance of these equations, many researchers have played an important role in
studying different models. The most well known integro-differential equation which was studied in dif-
ferent papers [36, 64, 65, 66] has the following form

Vu € X, Vz € [a,b], M/( / K(z,t,u(t)) dt + f(z,u(x)), u(zo) = uo, (1)
which is called the Volterra non linear integro-differential equation and X is a Banach space. Another
equation has a form different to (1) is well studied in [25, 60, 59]. It is given as

Yu € X Vz € [a, b], / K(z,t,u(t),u'(t)) dt + f(z). (2)

If © of (4) is fixed in [a, b], we obtain the following non-linear Fredholm integro-differential equation
Vu € X, Mu(e / K(a t,u(t), o' () dt + f(z). 3)

5
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The linear form of (3) is

Yu € X, Vx € [a,b], /th t) dt + f(x). (4)

We have another equation which related between (2) and (3) is known as Fredholm-Volterra integro-
differential equation [77] and [78]

Vu € X, Au(z /letu( dt—|—/K2mtu())dt+f() (5)

The combination of the previous equations allows the birth of a new equation of the following form, to
which we will give much attention and care in this thesis.

b
Vu € X, Mu(z / Ki(z,t)u )dt—l—/ Ks(z,t)u'(t) dt + f(z), (6)
where, in all above equations A is a complex parameter and f is given function in X.

Maybe there is no problem in the field that can be modelled in the form of the above equation (6), but
the mathematical importance of this equation appearance when we use the linearisation method to treat
(2) and (3) like Newton-Kantorovich method. Therefore, our research can be a reference that facilitates
the study of this type of equations because through this thesis, we are trying to deal with the different
forms of this equation. It should be noted that we have searched a little and we find on the other side
the biggest competitor of these equations, which are the differential equations. We find that any problem

of the following form
Au(z) + a(z)u! (z) + b(z)u(r) = g(x),

u(a) = ay,u(b) = B (7)
u(a)_O‘?’ ()2627

can be written in the previous form (6).

The use of differential equations is clearly shown in physical phenomena of solids in free vibration, in
electricity through a circuit in mechanics through Newton’s equation and many examples shown below

Simple Mass-Spring Systems /

. Springs:
YOI \C | Support Structure
Spring: Mass
Cable /
orrod Spring: s
Elastic beam Ly & Masses:

| Mass | : ARG - Masses of the
bridge structure

Figure 2: Physical demonstration of a simple mass-spring system: A mass attached to an elastic cable

Study of linear integral differential equations of the second kind: Analytical and numerical approach 6
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Mass

e Spring Constant
Motion k

Disturbance causes
vibration of the mass

Figure 3: Physical demonstration of a simple mass-spring system in free vibration

The last examples have the next form:
u’(t) + Eu(t) =0
m )

where, u(t) signified the instantaneous position of the mass, m is a mass and k is a spring constant.

Damper- Spring:
a dashpot: k _

¢ Dashpot for

Figure 4: Physical model of damped vibration

This example has this form
c

k
" !/
u (T —u'(t —u(t) =0.
(8) + (1) + ~u(t
Therefore, it can be written in the form of the above equation (6), and by using the clear methods of this
equation, you can get better numerical solutions than the existing numerical solutions. Here, we have
clarified the importance of the equation (6) and we are going to study numerically and analytically. Now,
we would like to review and discuss the focus of our thesis.

Our thesis contains four essential chapters. In the first chapter, we give some concepts and definitions
that we are going to use in the thesis. In the second chapter, we study and to analyse the existence
and uniqueness of the solution in the Banach space X = C'[a,b]. We construct three different methods
based on the Nystrom, collocation and Kantorovich methods to approximate the solution. We introduce
theorems that show the convergence of numerical solutions. At the end of the chapter, we compare the
numerical results of the three approximated solutions and develop a new iterative system since the system
obtained by the three methods is of very large size.

In the third chapter, we study analytically and numerically the equation in the Banach space X =
C'[a, b] but this time the two kernels of our equation are weakly singular. So, we find sufficient conditions
to prove the existence and uniqueness of the solution. For the numerical approach, we construct two
different methods. The first one is based on the product integration method. The second is based on
b-spline collocation methods. The difference between the two is in the size of the system and the speed
of convergence. While the first method gives us a system of four blocks, the second method gives us a
system of only one block. The consistency of the numerical methods is well explained and the comparison
between the two methods is well illustrated in the numerical example.

Because, we are interested in the smallest details of our equation, here we study the uniqueness and
presence of the solution in the most complex Banach spaces: Sobolev spaces. Especially since they are

Study of linear integral differential equations of the second kind: Analytical and numerical approach 7
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considered to be the best spaces that well express many real-life phenomena. We study the uniqueness
of the solution and its existence in the space W¥[a, b], but the numerical methods developed one only
Whta,b] and H'[a,b]. Our numerical solution will be obtained by constructing two methods based on
each of Kantrorovich and Galerkin. After having obtained our apical solution, we study its convergence
through several theorems which explain and prove it in the sense of the norm of two spaces W11[a, b]
and H'[a,b]. All this will be expressed in the last chapter .

Study of linear integral differential equations of the second kind: Analytical and numerical approach 8



Chapter 1 .

Preliminaries

Contents
1.1 Operator Concept . . . . o v v v v i i ittt ittt ittt et 9
1.1.1 Linear and Bounded Operator . . . . .. .. .. ... .. ... ... ..... 9
1.1.2  Compact Operator . . . . . . . . . .. o e 11
1.1.3  Spectral Theory . . . . . . . . . . . e 11
1.1.4 Collectively Compact Operator Approximation . . . . . .. . ... ... .... 12
1.1.5  Block Operator matrix . . . . . . . . . . . .. 13
1.2  Cubic Spline Interpolation . . ... ... ... ... . 0000 14
1.2.1 Smooth Cubic Spline . . . . . . . . . . . . 14
1.2.2  B-spline functions . . . . . . . . .. 16
1.3 Continuity Modules . . . . . . . . 0 i i i i it e e e e e e e e e e e e e e e 17
1.4 Fredholm Integral Equations. . . . . . . . . . .. v vttt 18

1.4.1 Approximation Methods For Fredholm Integral Equation with Continuous Kernel 20

1.4.2 Approximation Methods For Fredholm Integral Equation with Weakly-Singular

Kernel . . . . .

In this chapter, we shall begin by introducing the essential basic notions that we use during this
thesis. We start by recalling some notions about the functional spaces. Then, we present some notions
and theorems on the linear and bounded operators which helps us to introduce the classical process of
integral equations defined on a bounded interval. We focus on the linear Fredholm integral equations

and we propose some approximate

methods applied to this type of equations. The presentation of the

Fredholm integral equations allow us to well introduce the integro-differential equations concept. Note
that, all theorems and properties will be presented without proofs.

1.1  Operator Concept

Let X and Y be Banach spaces with the norms

lx and ||.||y respectively.

1.1.1 Linear and Bounded Operator

A function T which maps X into Y is called a linear operator [23], if

Vo,we X and o,y € C (or R), T(aw +yw) = oT(v) + T (w),

and bounded if there exists a positive constant 3, such that

Yo e X, [[Tolly < Bllvllx.

The norm |[.|| of the operator T is defined by

1Tl =

[ Tolly

= sup ||Tv|ly = sup [|Tv]|y.
1

lollxz0 [0llx i<t ol x=

9



1.1.

Operator Concept

Theorem 1.1.1. [2] Let T : (X, ||.||x) = (Y, |.|ly) be a linear operator. Then, the following assertions
are equivalent:

1. T is continuous on all X,
2. T is continuous in 0,

3. T is bounded.
Theorem 1.1.2. The linear space B(X,Y) of bounded linear operators from X into Y is a Banach space.

Notation 1.1.1.
1. We denoted by B(X) the Banach space of linear and bounded operators from X into itself.

2. The operator that sends each v € X to 0 will be denoted by O and the identity operator will be
denoted by I.

Definition 1.1.1. [2] Let (Ty)nen € B(X,Y) an approzimations sequence of T. (T))nen converges
pointwise (or simply) to T, if only if
(T, = Thv|ly =0, YvelX.

lim ||
n—-+oo

Definition 1.1.2. [2] (T,)nen 4 called a uniform approzimations sequence of T € B(X,Y), if and only

if
lim ||T,, — T} = 0.

n——+o0o

Theorem 1.1.3. (Banach Steinhaus)[1(0]
Let (T),)nen be a family of linear and continuous operators in X from'Y. Assume that

sup || Thv|ly < oo, Vv € X.
neN

Then,

sup ||Tn|] < 0.
neN

In other words, there is a positive constant 8 such that

Yo e X, ||Twlly < Bllv|lx, ¥n € N.

Corollary 1.1.1. [10] Let (Ty)nen be a sequence of linear and bounded operators from X to'Y, such
that T,, converges pointwise to T'. Then,

1. sup || Tul] < oc,
neN

2. TeB(X,Y),

3 ||T| < lim inf||T,||.
n—-4o00

Remarque 1.1.1.

e The second result of the last corollary shows that (T,,)nen converges to T uniformly on compact
sets.

e In the American literature the Banach Steinhaus theorem’s is referred to as the Principle Uni-
form Boundess, which expresses the result: We deduce a uniform estimate from point estimate.

Study of linear integral differential equations of the second kind: Analytical and numerical approach 10



1.1.

Operator Concept

1.1.2 Compact Operator

In this section, we present the notion of a compact operator with some theorems concerning this type
of operators.

Definition 1.1.3. [7/] Let T € B(X,Y). It is called compact if it maps each bounded set in X into a
relatively compact set in'Y .

Lemma 1.1.1. [/5] Let (fn)nen be an equicontinuous sequence in C°[a,b] and f € C°[a,b] such that for
each x € [a,b], |fn(z) — f(x)] = 0 as n — +oo. Then, ||fn — fllooc = 0 as n — +o0.

Theorem 1.1.4. [8/]

1. An operator T € B(X,Y) is a compact operator if and only if for every bounded sequence (vy)nen €
X, the sequence (T'v,)nen has a convergent subsequence in'Y .

2. (Arezla-Ascoli theorem)
Let D be a compact set and M a subset of C°(D) with ||.||sc. M is pre-compact if it is

(a) Uniformly bounded, i.e sup ||f]||oo < 0o.
feMm
(b) Equicontinuous, i.e; Ye > 0,z € D,;3 § with,
|f(x)—f(y)|§5, \V/fEM, andyeD,wzth|x—y|§5
8. Compact linear operators are bounded.

4. Linear combinations of compact linear compact operators are compact.
Definition 1.1.4. [10] An operator T € B(X,Y) is called the finite rank if dim (Ran(T')) < +o0.

Theorem 1.1.5. [10)]
1. Let T : X — Y is a bounded linear operator of finite rank. Then, T is compact.

2. If (Th)nen € B(X) is a sequence of compact operators and ||T,, — T|| = 0 as n — oo. Then, T is
compact.

1.1.3 Spectral Theory

The spectral theory plays an important role in our study. So, in this part we give some definitions and
theorems concerning this theory.

Definition 1.1.5. [2/

e The kernel ( or null space ) of a linear operator T is
Ker(T) = {v eX:Tv= 0}.

o The range of T is the image of X under T':

Ran(T) =T(X) = {wGY, w="Twv, VUGX}.

Proposition 1.1.1. /7]
e The operator T € B(X,Y) is injective if Ker(T) = {0}.
e The operator T € B(X,Y) is surjective if Ran(T) =Y.

e The operator is bijective if it is injective and surjective.

Study of linear integral differential equations of the second kind: Analytical and numerical approach 11



1.1.

Operator Concept

Definition 1.1.6. [2] The operator T € B(X,Y) is inversible, if T is bijective and T~ is bounded.
Definition 1.1.7. [2] Let T € B(X) The resolvent set of T' is defined by

re(T) ={A € C: A —T is bijective },

and for X\ € re(T), R(T,\) = (M — T)~! is called the resolvent operator of T at \.

Definition 1.1.8. [2] Let T € B(X). The spectrum of T is the set
sp(T) =C\ re(T), = {/\ € C: M —T has no inverse }

and an element of sp(T) will be called a spectral value of T. But, A € sp(T) is called an eigenvalue, if
the equation Av = Tv has a non null solution (eigenfunction ) v € X.

Theorem 1.1.6. (Neumann Expansion)[15] If T is a bounded linear operator from X into X and
A € C such that ||T|| < |A|. Then, A\I =T has an inverse in B(X,Y) given by the following uniformly
convergent series

+oo T
-1
R(T,AN) =W\ -T)" = Z Ner1
k=0
and

1

I =T) "M < 771
A= 1IT1]

Let T € B(X). If X is a given complex paramater. Then, for every w € X, a solution v € X of the
linear equation

M —-T)v=w,

will be uniquely determinate by w if and only if A € re(T") and v is given by

v = R(T,Nw.

1.1.4 Collectively Compact Operator Approximation

The notion of collectively compact operators is important to show the convergence of numerical solu-
tions. For that, we introduce it in this section.

Definition 1.1.9. [75] The sequence (T),)nen € B(X) is called a collectively compact approzimation
sequence of T € B(X) if and only if (Ty)nen converges pointwise to T and there is exists ng > 0, such
that

U {(Tn—T)v, veX, |vlx < 1}
n>ng

s a relatively compact subset.

Theorem 1.1.7. [/8] Suppose that (T, )nen is a collectively compact sequence in B(X). Then, the
following hold:

1. FEach T, is compact,

2. If T,, — T pointwise. Then, T is compact.

Definition 1.1.10. [2] The sequence (T, )nen € B(X) is v-convergences to T € B(X) if ||T,]| < +o0
and
(T, —T)T|| = 0, (T, — T)T,|| = 0.

lim || lim ||
n—-+o00 n——+00
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Operator Concept

Theorem 1.1.8. [75] Let (Ty)neny € B(X,Y) be a sequence of operators pointwise convergent to T €
B(X,Y) and A is a compact operator. Then,

lim ||(Z,, — T)A|| = 0.

n——+oo

Proof. Since A is a compact operator, the following set

K= {Av, [lv]|x < 1}7

is relatively compact in the Banach space Y. By the Banach-Steinhaus theorem 1.1.3 T, converges
uniformly in Y and

(T, —T)A||= lim sup ||(T, —T)Av|ly = lim supl||(T,, — T)w|ly =0.
n—+00 ,cKC

lim ||

1.1.5 Block Operator matrix

A block operator matrix is a matrix, where its elements are linear and bounded operators. Every
linear and bounded operator can be written as a block operator matrix if the space in which the operator
defined is decomposed in two or more components.

- N
Definition 1.1.11. Xy = [[ X, is the Banach product space, equipped with the following norm
i=0

N
VV = (v1,02,...00) € X, [[VIIg =) _|lvillx,-
=0

Definition 1.1.12. Ar is a block operator matrix with the following representation
AT : XN — XN
N N N
\%4 ’—>ATV: (ZleUj’ZTQjUj’""ZTNjUj)’l S] <n,
j=0 j=0 §=0

where, {T;;}1<i j<n are linear and bounded operator.

Definition 1.1.13. B(XN) is the Banach space of linear and bounded operators defined in the product
space X into X, with the norm

¥ Ar € B(X),[[|Az][| = sup [|A7V]|g,.

Vilxy o1

Definition 1.1.14. Let I be the identity operator and O the null operator of the Banach space X. We
define the block identity operator as Iy : Xy — X

I 0 o o

o I 0 o
Iy =

o o0 ... 0 I

Proposition 1.1.1. The norm of the block operator matriz A is given by

2
Izl = o3 I ol
=

Study of linear integral differential equations of the second kind: Analytical and numerical approach 13



1.2. Clubic Spline Interpolation

1<p<N

Proof. We have |||Ar|||= sup [|A7U]|%, such that,
Ullg, =1
N N
147012, = DI Tapllx,
qg=1 p=1
N N
= ZZHquupHXa
qg=1p=1
N N
< DD Tl upllx,
qg=1p=1
N N
< DTl llupllx,
q=1 p=1
N
< max Y ||Tyll IU]|x-
q=1

This gives

N

< .

vl < s 3 1T |
=

N N
Without loss of generality, assume that max > [Tyl = X [|Tall-
1<p<Ng4=1 g=1

Let Uy = (1,0,...0). We have

N N
||ATU0H = ZHTqIH = 12;2XNZ||TIJPI|'
g=1 q=1
Then,

N
1zl = | max D I Tepl
q:

1.2  Cubic Spline Interpolation

Cubic spline interpolation is considered as a problem of drawing a smooth curve through a n+1 points.
So, we can use a polynomial of degree n > 1 passing through all these points, but this is not available if
n is large enough. For this reason, we use different polynomials in different regions. Then, the obtained
interpolation function is piecewise polynomial. In addition, these approximations may be continuous but
in general the derivatives can be non-continuous.

1.2.1 Smooth Cubic Spline

The essential purpose of constructing spline functions is to find an approximate derivable functions.
So, let [a,b] be an interval of R, let the given function f(x;) for ¢« = 0,1,...n, such that {z;}, are
defined as a = xg < 21 < -+ < @, and let g be an interpolation function of f on the interval [a,b]. We
divide the interval [a, b] into n subintervals I; = [x;_1, ;] for 0 < i < mn. The first simple approximation g
can be fined by employing the linear interpolating in each subintervals I;. In this case, f is approximate
by a straight line. This approximation g is refried to linear spline which is not be smooth. To fined a
smooth approximation, we can use a polynomial of higher degree over each of the subintervals I;, such
as the piecewise cubic interpolation.

In cubic spline interpolation, we try to find an approximation S for any given function f, verifying the
following conditions

1. S(z) € C?[a,b],

Study of linear integral differential equations of the second kind: Analytical and numerical approach 14



1.2. Clubic Spline Interpolation

2. S(x;) = f(a;), fori=0,1...n,

3. On each interval I;, S(z) is a polynomial of degree 3:

Si(z), zo <z <,

So(x), 1 < < @9,
S(z) = )

Sn(l')y Tp-1<T g Tn,

where each S; has the following form
Si(x) = a; + bz + e +d;z®, i=0,1...n.

To determine the cubic spline S(x), we need to calculate the coefficients a;, b;, ¢;, d;, by assuming that

Si(.’EZ‘,1> = f(yi71>7 7::17""”‘7
Si(x) = flxy), i=1,...m,
Sé(xi—l) = Sz{—‘rl(xi)a 7’:177?’717
Si(x;) = Si(x),i=1,...n—1.

We have 4n — 2 conditions. But we must calculate 4n coefficients of the spline polynomial. Then, we
need to add two conditions and there are three types of these conditions like

L Si(x0) = f(wo) and S (zn) = f'(xn),
2. 57(xo) = [ (w0) and Sy(xn) = f"(wn),
3. S1(x0) = Sn(zo), Si(zo) = ' n(xy,) and 5”1 (xg) = Sp(n)-

There are many methods to calculate the coefficients of the polynomial spline. But, we choose the fol-
lowing explicit form of cubic spline based on the moments M; = S”(x;)

)3 . 3 . 2 R
S = i OB () - Ml ()

o (- 5E) ()

For the left and right limit of the points x;, we have

S(o7) = 2ty + g 4 L) = F i)
Sil@l) = _%Mi - gMiJrl + M

The continuity of S}(z) at x; yields

M;_y +AM; + My, :6(“““22_ f@i)  f@) _}lﬂxi‘l)), i=1,2,...n—1.

But, for many applications, it is more convenient to work with the slopes m; = S’(z;) rather than the
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1.2. Clubic Spline Interpolation

moments M;. Here, we present another interpolation in each segment [z;_1, ;] as

V(o — —w)2 (2 —
Si(z) = mia (i — x) }5213 Ti—1) m, o ;32 (zi — )
i)’z —wia) +h —zi-1)?[2(zi —2) + h
+ f(:vzf1)(x 2) | (22 i-1) ]-l-f(ml)(x Ti-1) [h£$ x) ]7
' (x: — ) (2251 + x; — 3x) (x —xi1)(2x; + 211 — 32)
Si(x) = mia e —m; o
+ %6(@ —2)( — zio1).
The limit values of second derivative at x; are
2 4 xTi) — Ti—
S;,(Iz_) = Emz'—l + Bml — 6%7
—4 2 f(@ip1 — f(xi)
+y
Sz/‘/(xi ) = Tmi - Emi-u + 6T'

For finding the results, we require solving this system

f(iv1) — f(x:)

mi_1 +4m; +mip1 =3 W )

1.2.2  B-spline functions

In many applications it is necessary to express the approximations functions as a linear combination

of approximate basis functions.This is case for differential or integral equations.

A simple presentation of spline in terms of independent basis functions can be given as:

m—n—1

Yn>1, V€ [a,b], Z a;B; ().

1=

where the m — 1 b-splines of degree n are fined by the following recurrence formulas:

Tr — I; Titn+l — T
Va € [a,b], Bin(x) = ————B; n_1(2) + —————Biy1n1(2),
Litn — T Titn+1 — Ti+1
with
1, ife; <z < @iy,
Bio(x) = { 0, else.
For n =1, we get the following basis:
T — X
7117 ife; <z <wy,
Ti— Ti—1
) - Tii1 —
Bia(x) = Tir 78 2 <@ < wia, (1.1)
Tit1 — X4
0, else.
It is clear that the latter (1.1) is a linear piecewice function.
Study of linear integral differential equations of the second kind: Analytical and numerical approach 16
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For n = 2, we have

(.T — 1‘1;1)2

Tii1 < x <z
(Tip1 — zim1)(z; — 2i1) ot v

(z — 2i—1)(@ip1 — @) (Tite — @) (2 — 24) o mi<a< T
(xi+1 — 1:1'_1)(171+1 - Iz) ($i+2 - Ii)(IiH - %)
Bi72($> — ) (12)
(Tit2 — )

Tir1 <& < Tigo
(Tite — ) (Tize — Tit1) " "

0, else.

which is called the quadrature b-spline basis.

For n = 3, we get

(x —m;1)3

ri_1 <z<uz
(Tigo — ic1)(Tiv1 — i) (25 — m-1) ot v

(z —zi1)*(@ip1 — @) N (z —@im1) (@ig2 — @) (2 — 23)
(xi+2 - xifl)(l'iJrl - xifl)(xzﬁrl - fz) ($i+2 - mi)(xi+2 - l'i)(xH»l - mz)

(2 — i 1)(@igo — )

T <x < X1
(Tito — 1) (Tize — ) (Tig2 — Tiy1) ' T

_|_

(it — )(z — 2) (z = 2im1) (@ig2 — 2)?
($i+3 - xi)($¢+2 - $i)($i+1 - xz) ($i+2 - l'ifl)(xi+2 - xi)(xi+2 - $i+1)

Bi 3(.’17) =

)

(Tits — @) (@ — ) (@iy2 — @)
($i+3 - $i)($i+2 - xi)($i+2 - 9C¢+1)’

r; <x < Tiyr,

(Tiy3 —2)°
(Tiys — ;) (Tigs — Tig1)(@its — Tita)’

0, else.
(1.3) is a cubic b-spline basis.

1.3 Continuity Modules

In the thesis, we need to use different formulas of continuity modulus. In this section, we present a list
of these formulas.
We start by defining the continuity module in X = C°[a, b]

Vh>0VveEX keoolg,h)= sup [v(x)—v(y)|
lz—y|<h

For all functions define on the square [a, b]*:

V€ la,bl, Vh>0,Vge CO([CL,b]Q,R),Iioo}o(g,h)(x) = sup |g(z,y1)— g(z,y2)|,

|y1—y2|<d
and the continuity module ko, 1 as
0
Ve [CL,b], Vh > 07 £ € CO([aab]Q?R)aRoo,l(Qah)(x) = Roo70(g7 h)(l‘) + Roo,(J(a:vga h)($)7

where 0, ¢ is the partial derivative of g respect to x.
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1.4. Fredholm Integral Equations

We present the continuity module in the Banach space Xo = X x X as:
Yh>0,VV = (’Ul, 'UQ) S XQ, noo,l(V, h) = Iioo’o(vl, h) + Iioovo('l)g, h)

We introduce the continuity modulus wo(h, .) in L'[a,b] by

Vg € L'[a,b], k10(h,v) sup / lg(z +y) — g(y)| dy,
xE[O h]

and the continuity modulus 1 1(h,.) in Wh[a,b] by
Vg S Wl’l[aa b}v Kl,l(h‘vg) = oJO(h? ’U) + wO(ha g/)

We give the generalization continuity modulus for any continuous function G(z,t) € L'([a,b]?,R) on the
square [a, b]?: for any t € [a, b]

K1,0(h, G)(t) = sup / |G(z +y,t) — G(y,t)| dy.
:cEOh

oG
We introduce the generalization continuity modulus for a—(m, t) € L'([a,b]*,R)
x

Vt € [a,0] K11(h,G)(t) = K1,0(h, G)(t) + K1,0(h, 0:G)(1),

where 0,G = (Z—G(x, .), and we define
x

1 (1, Gl = mae 1. (5, G) (0

1.4 Fredholm Integral Equations

Many problems and equations in physics can be transformed into Fredholm integral equations like the
initial and boundary value problems. Every Fredholm integral equation contains a function obtained by
the unknown function u by integration and of the form f: K(z,t)u(t) dt, where K is called the kernel
and is assumed known. In general, the Fredholm integral equation contains the known function called
the free term. Usually, they are complex-valued functions of real variables.

This type of integral equations has three kinds and each kind refers to the localisation of the unknown
function u. First kind has the unknown function present under integral sign only

. / " K (o yult) dt

The second and third kind have the unknown function outside the integral sign. Thus, the following
equation is of the second kind

/ K (z,t)u(t) dt + f(z), (1.4)

where )\ is a numerically parameter generally complex. In particular applications A is composed of physical
quantities.
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1.4. Fredholm Integral Equations

In this part, we set X = C%[a,b] with the norm

Vv € X, [lullx = max u(z)|.

We define the linear integral operator T" by

T: X —X

b
u +— Tu(x) = / K(z,t)u(t) dt, a<x<b.

Then, the integral equation of the second kind (1.4) is rewritten as

M —-T)u=f. (1.5)
Recalling that
Tl = sup [|Tullx,
llullx<1
the norm of operator T is given as
b
T|| = K(x,t)| dt
1711 = max, [ K G0 at
because for each u € X with |Ju||x <1
b
|Tu(z)| < max / |K (x,t)] dt, Vz € [a, b],
a<z<b J,
and so
b
[IT|| < max / | K (z,t)| dt.
a<z<b /.
Since K is continuous, there exists xg € [a, b] such that
b b
/a | K (z0,t)| dt = argggb/a | K (z,t)] dt.
We set
sup |[Tul|x = |[Tuo||x-
[ullx <1
Then, for all € > 0, we choose ug € X by
]((wo,ﬁ
up(t) = ——2 0t € a,b).
T
It is clear that ||up||x < 1. So that
b 2 b 2_ .2
K t K t)|F —
Tuo(x0)| :/ K@ OF 4y / H o, OF = )
o |K(zo,t)| +¢ o |K(zo,t)[+e
Hence,
b
7] > / K (w0, )| dt — (b — a).
a
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1.4. Fredholm Integral Equations

Since this holds for all € > 0, we have

b b
> = .
711> [ 1RG0t dt = s, [ 1t
We say that if ||T|| < |A| the Fredholm integral equation (1.5) has a unique solution in X.

1.4.1 Approximation Methods For Fredholm Integral Equation with Contin-
uous Kernel

In all most common situation where an exact solution to a problem cannot be found directly but
its existence and uniqueness are assured as in the previous case, the approximation techniques become
important. In what follows, we discus some methods which can deal with successfully.

Projection Approximation Methods

We are searching for an approximation solution of the integral Fredholm equation (1.5) based on the
projection method principle. We need to define the sequence of finite rank (P,),>1 € B(X). We de-
note by X, the sequence of finite dimensional subspaces of the Banach space X which have the basis
{ei}y, by X;: the dual subspaces of X, with the basis {e}?_, and by (., .) the duality bracket, such that

o 1 if i=g;
(e3, €5) = { 0 if i+#j.
The sequence of finite rank (P,)n>1 € B(X) is given as
P: X, —X

n

u +— Pou= Z(u, ele;. (1.6)
i=0

This approximation operator is used to construct several projection methods like Galerkin and Kan-
torovich methods which will take a large part in our study.

Lemma 1.4.1. Let T € B(X) and (Py)n>1 € B(X) be a sequence of finite rank presented by (1.6). If
(Pn)n>1 converges pointwise to the identity operator and T is a compact, then

Jim [[(1 = P)T| =0,

Proof. See theorem 1.1.8 proof. O
Theorem 1.4.1. Let T € B(X). Assume that (\[ —T)~1 exists, is bounded and
Jim [[(1 = P,)T][ = 0.

Then, for allm > 1,(\ — P,T)~! exists from X to X. Moreover, it is uniformly bounded:

sup ||\ = T) 7| < .
n>ngo
Proof. For n > 1, we have
M—-P,T = (M-T)+(T-P,T),
(M — P, T)[I + (\ — P,T)" (T — P,T)).
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1.4. Fredholm Integral Equations

Now fix ng € N such that )
en = sup [|AN[=T)7Y| < .
N

Then,
IM = T)"HT = P.T)|| < ||M = T)7H (T~ PD)|| < 1,

which gives us by Neumann’s theorem 1.1.6, the existence of these inverse
[T+ (A =T)"(T - P,T)|,

which is uniformly bounded

1)< 1 )
T 1tenl|(M =T)7]

1[I+ A =T)"H(T = P.T)]

All of this proved that the inverse (A — P, A)~! exists and can be written as:

(AL = P,T) ™" = [I+ (A = T)" (T = P,T)] (A =),

with

_omy—1
=

M- P,T)7Y < =
. B N TPy

Galerkin Method

The word Galerkin is used in different ways by researchers in books and research papers to define
Fredholm’s integral equation approximation solution. For example, in Atkinson [5] and Nair [48] books,
Galerkin method is a name of a numerical treatment used to find an approximation sequence (U )n>1
solution of

(M — P,T)uy = P, f. (1.7)

However, in Ahues in [2], the principle of Galerkin method is employed to determine the sequence (uy,)n>1
solution of

(M — P,TP,)uy, = f. (1.8)

We focus on the definition (1.7), for this reason we give the following theorem

Theorem 1.4.2. Let (P,),>1 be a sequence of finite rank projection operator defined by (1.6). The
sequence (Un)n>1 given by

n
Up = § Q€4

1=0

is a solution of (1.7) if and only if we get the following system

A :Zai(Teiye;)"_(fve;)v J=0,1,...n. (1.9)
=0
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Proof. Assume that

n
Up = E ;€.
=0

From the definition of (P,),>1 in (1.6), the equation (1.5) is equivalent to the following

n

Mip =Y (Tun, €})e; + i(f, eb)e;.

=0 1=0

Multiplying by e}, we get

)\(un,e}‘) = (Tunae;k) + (fﬂ 6;)

From the equation (1.10), we get

A(iaiei, e}‘-) = Z
i=0 j

n
=0

(Tiaiei, e?) e; + i(f7 elei,
i=0

=0

which is equivalent to

Finally,

Ay = Z%‘(Tezvef) +(f.€5)-
i=0

Theorem 1.4.3. Let u,, and u be solutions of (1.7) and (1.5) respectively. Then, we obtain the two-side
error estimate

A

o= po e Pn < lu—=unllx <A ||M = P,T)~* — Poullx,
g — oy Prllx S e =l < MG )M [ = Poul|x

and if (Pp)n>1 converges pointwise to the identity operator, then

lim ||u — uy||x = 0.
n—oo

Proof. Applying the projection operator P, on the equation (1.5), we obtain

AP,u— P,Tu+ Au— Au= P,f,

which equivalent to

(M — P, T)u = P, f + Mu— Pyu).

Substracting (Al — P,T)u = P, f to get

(M — P, T)(u — uy) = Mu — Ppu). (1.10)
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Then,
[l = unllx < A = PuT) 71| [Ju — Poul|x. (1.11)
From (1.10), we have
Al [u = Poullx = [[(M = P T)|] [Ju — un||x. (1.12)
Moreover,
A =BT < [[A =TI+ [|(I = P)T]|,
< M = T|| + n. (1.13)
Substituting (1.13) in (1.12), we obtain
Al = Prallx < (1A= T+, ) = wlx (114

Hence,

A

=T Ten lu = Poullx < [Ju—un|lx.
n

From (1.11) and (1.14), we get the result. Moreover, we have

lim ||u — Pyul|x = 0.
n—oo

This implies that u,, converges to u in the sense of the norm of Banach space X. O

We shall consider two special case of Galerkin method, depending on the framework space. The first one
is collocation method if X = C[a,b] and the second one is the orthogonal Galerkin method if applying
this method in Hilbert space X = L?[a, b].

(i) Collocation Method

We take X = C[a, b], and we define A,,, for all n > 1 the uniform discretization of interval [a, b] as

An:{nzl,a:mo<x1<~-~<xn_1 < Tn, h =241 — x5, Ogjgn}. (1.15)

Now, we return to the essential condition of the basis’s choice (1.6). For this reason, {e;}!" , are
the following haat functions
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1+ ‘x;l:L”, ifx e [x’i—laxi—l-l]a
ei(x) =
0,
1_'_1‘1—3:7 x € [xg, 1],
. h
eo(z) =
0,
1_’_‘%_1.71*17 MRS [xnfluxn]»
o h
en(x) =
0,

with the duality bracket is defined as
(u,e]) =u(z;), weX,i=0,1,...n.
Then, the sequence {P,},>1 verifies the following interpolation condition:
Pou(z;) = u(x;), i=0,1,...n.

It is clear that {P,},>1 is an interpolation projection based on nodes zg, 1, ..., Zp.
The system (1.7), is equivalent to

AX = MX + F,

where X = (ag, a1,...a,)t € R F = (f(xo), f(z1),..., f(z,))! € R*™ and M is a matrix of
size (n + 1) x (n + 1), such that its elements are given by

1 xT; Ti41
(Ten ) = E/ K(mj,t)(t—xi_l)dt—i—/ Ko )(w —t) dt,  0<j<ml<i<n—1,
Ti1 T;
1 [
Teoe) = 3 [ K)o 1) d, 0<i<n,
zo
* 1 In .
(Ten,€j) = 7 K(zj,t)(t — xp—1) dt, 0<j<n.
Tn—1

(ii) Orthogonal Galerkin Method

Assuming that X = L?[a, b] with an inner product {.,.). We recall that the duality bracket is the
inner product in this Hilbert space.
For each n > 1, let X,, be a finite dimensional subspace of X. Let {e;}!, be a basis of X,, checks
the condition (1.6), that means it is an orthonormal basis with respect to the inner product (., .).
Then, the sequence (P,),>1 is an orthogonal projection. Now, it has the above presentation

n

Vue X, Pyu= Z<U76i>ei7

=0
and the system (1.10) has this form
A :Zai <T€i,€j>+<f,€j>, 7=0,1,...n. (1.16)
=0
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System (1.16) can be written as
AX = MX + F,

where X = (ag, a1, ...a,)t is a vector of R™*1 M is a matrix with size (n + 1) x (n+ 1) such that
each element m;; are given by

b b
mi; = / / K(xz,t)ej(t)e;(x) dtde, 0<14,5<n,

and each element F;,i = 0,1...n of the vector I is given by

mlﬂwﬂmm

Kantorovich Method

In Galerkin method the convergence of the approximate solution to the exact solution is guaranteed by
the convergence P, f — f. To avoid this situation which is considered as an inconvenience, we propose the
Kantrorovich method where this approximation procedure was first studied by Schock. For this purpose,
we assume that f € Ran(T).

Recalling the Fredholm integral equation

Vue X, du=Tu+ f,

and applying the linear integral operator T" to both sides of equation, we obtain

A =Tv+ f,

with v = Tu. Now, we call u¥ a Kantorovich approximation of u and it is defined by

1

@ is a Galekin approximation defined in the last section and verifying this approximation equation

where, v);

¢ = P, TvS + P,Tf.

To illustrate the relation between two methods, we observe

)\unK = v,cf + f,
1
= 3 (PnTvg + P,T f) +f,

= PTG D)+,

Recall that v& = TuX. Then, the Kantorovich approximation equation has the following form:

Mk = P, Tuk + 1. (1.17)
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1.4. Fredholm Integral Equations

Theorem 1.4.4. Let uX be an approzimation solution and u be an exact solution. Then, we have

(T~ PT)| §
=T+ 1T - B =

llu = uy[lx < [[AM = P,T) M (T = P,T)]|-

Moreover, assuming that P, converges pointwise to the identity operator. We get

. K _
Jim [lu —uy [[x = 0.

Proof. For n large, we have

M —P,T)(u—ul) = (T -P,T)u, (1.18)

N =T)+ (P,T-T)|(u—-u®) = (T -P,T)u. (1.19)
From (1.18), we have
lu—ufflx < [[(M—=P,T)" (T - P.T)l,

and from (1.19), it follows

(T — P, T)| g
=TT - P~

[l = uny ||x

Then, we obtain the result. O]

Nystrom Method

In this part, we describe another approximation method called the Nystrém method which is highly
applicable for the numerical solution of the Fredholm integral equation of the second kind (1.4) in the
Banach space X = C°a, b].

We recall A,,, for all n > 1 the uniform discrtization of interval [a, b] (1.15). This method is based on
the next numerical integration scheme

b n
/ g(z) dv =y wig(w:), (1.20)
@ i=0

where {w; }"_, are called by the weights under the condition

n

sup Z\w1| < 4o00.
n>15",

The Nystrom approximation u,, is the solution of the following numerical equation

n

Vr € [a,b], Ay () = ZwiK(m, ) un(x;) + f(2). (1.21)
=0

We select the collocation points z;, j = 0,1,...,n to obtain the solution at this knots. We get the
following linear algebraic system

n

Mg (1) = > wiK (), 2 un(2:) + f(z;),  j=0,1,...n.
1=0

Study of linear integral differential equations of the second kind: Analytical and numerical approach 26



1.4. Fredholm Integral Equations

We return to the equation (1.21) which has this simple formula
Va e [av b}a Aun(x) = Tnun(x) + f(x),

with T, is linear and bounded numerical operator of finite rank. It is defined by

Ve € [a,b],  Thu(z) = ZwiK(x,xi)u(xi).

Despite the wide application of Nystrém’s method on integral equations due to its simplicity, but only
a number of researchers who developed the error analysis of this numerical treatment during the 1940s-
1970s year. At the beginning, the aim of the researchers was to demonstrate the stability and convergence
of the method. Later, the goal changed to the creation of an error analysis in a more abstract framework
that contains all possible situations and what we mean by them the error domain, the convergence rate
and the functional space. The concept that generalises all possible cases is the concept of collectively
compact approximation where the Nystrom approximation operator can be verified by.
Now, we present the most important theorem that helped for the creation collectively compact operator
concept approximation.

The next theorem shows the pointwise convergence of (7,,),>1 (1.22) to T' (1.5).

Theorem 1.4.5. [5, /8] Let (T,,)n>1 be the Nystrom approxzimation of the integral operator T'. Then,

oo
1. U {Tnu7 ue X, [Jullx < 1} is equicontinuous,

n=1

2. (Tn)n>1 is pointwise approximation of T
Proof. see [5, 48]. O

Corollary 1.4.1. Let T be a compact operator and T,, defined by (1.5) and (1.22) respectively. Then,
nl;rrgo||(T —T)T||=0 and nhﬁn;OH(T —T.)T|| =0.

Proof. By theorem.1.4.5 T}, is a pointwise convergence of the compact operator T and the set
M = {Tnu7 ve X, |lullx <1, ne N},
is equicontinuous. Hence, by theorem 1.1.8, we obtain the result. O

1.4.2 Approximation Methods For Fredholm Integral Equation with Weakly-
Singular Kernel

So far in this thesis, we have been interested in the numerical methods to solve Fredholm integral
equations under the assumption that the kernel is a smooth function. Among cases the domain kernel’s
definition is infinite or the kernel has a singularity with its domain of definition. The integral equation is
said to be singular.

Let X = C°a,b], the Fredholm integral equation with weakly singular kernel has the following form

Yu € X, u(x) = /bp(|x —thh(z,t)u(t) dt + f(z), a <z <b, (1.22)
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1.4. Fredholm Integral Equations

where u is an unknown function. We assume that f € X, H(x,t) € C°([a,b]?,R) and the function p
verifies the following hypothesis

p € LY0,b—a),
(%)
p(0) = 0.

In general, p has the following form

1. Logarithmic form
p(jx —t]) = log |z — t].

2. Algebric form
p(lz—t)) =]z —t7% O<a<l.

Product Trapezoidal Rule

Let n > 1, we recall A,, the disceritization of the interval [a, b] defined by (1.15).
Vu € X and z;_1 <t < x;, we define

1
[H(x,t)u(t)], = 7 (x; — ) H(z,xi—1)u(xi—1) + (t — vi—1)H(x, z))u(z;)|, ¥V i =0,1,...n.
Let T,, be a numerical approximation of the integral

Vu e X, Apu(x Zwl H(x,x;)u(z;), Yo € [a,b],

with the weights {w;}}_, defined by

h/ (Jo = t|)(z1 —t) dt,

/ e — )t — zy) dt,

S| =

Tit1 1 X .
aile) =3 [ bl th@i ) dt e [ plle )t -z dt Vim L1,

Then, the approximation equation of (1.22) has the form
Xup(z) = w;(@)H (z,2:)u(z;) + f(x), Yz € [a,b]. (1.23)

=0

By choosing the collocation point z;, we get the following algebraic system

Aup (25) Zwl (x)H(xj, zi)u(z;) + f(z;), j=0,1,...n

We define forall = € [a,b] the error e, (x) by

b
en(z) = / p(lz —t|)H ) dt — sz H(x,x;)u(z;). (1.24)

Theorem 1.4.6. Let u, be a solution of (1.23) and u the exact solution of (1.22). Then, u, — u as
n— 0o
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Proof. We have

len(z)] < /ab p(|lz — )] ‘H(xat)u(t)[H(az,t)u(t)]n dt,
< /ab Ip(jz — t])| ‘H(x,t)u(t) - %[(:ci — ) H (2, hu(wi 1) + (t — 20 1) H(x, t)u(:)]
+ %[(mi — t)(H(x,t) = H(w, 2 1)) w(®i1) + (t —2i1) (H(x,t) — H(z, ;) u(z)] | dt,
- /ab /ab (e — e [F1 1) oo 0 (11, 1) + s o (FL 1))

Then,
leall < | g 7o), ) + s o G0 2020

a<z,t<b

From (1.22) and (1.24)

[ —unlloo < lenllx,

and when n — co, we get ||e,||x, where, |le,||x = sup |en(z)]. O
a<x<b
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In this chapter, we begin the analysis of the integro-differential equation. We make some assumptions
on the kernels to reformulate our equation to an equivalent system of integral equations. In section
2.1, we study the existence and uniqueness of the solution. In section 2.2, we search for a numerical
solution based on Nystréom’s method, we follow some steps to show the convergence of the approximate
solution among these steps the v-convergence of the Nystréom operator. In section 2.3, we apply two
projection methods: Collocation and Kantorovich. In the convergence analysis, we show the convergent
of the projection operator to identity operator. Afterwards, we have cried an iterative system of the
three methods because the application of the last methods leads to a resolution of a very large algebraic

system.

2.1 Analytical study

Let C'[a, b] be the Banach space of the continuous and differential functions with usual norm given by

Vo € [a,b], |[v]|lcijap = sup |v(z)]+ sup |v'(x)].
a<lz<b a<lz<b
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2.1. Analytical study

We recall that, our linear Fredholm integro-differential equation is given as

Va € [a,b], / K (x,t)u dt+/b Ko(a, )/ (t) dt + f(2). (2.1)

Our problem in this section is to study the solution existence and uniqueness of linear Fredholm integro-
differential equation (2.1) in the Banach space X. We need some conditions on the two kernels { K}, }1<p<2,
that allow us to transform our integro-differential equation into a system of integral equations. Assuming
that

‘aK ,t) € C%[a,b)%,R), p=1,2.

We obtain the possibility of defining the derivative u’ by
K b OK.
v € [a,8], / O u) de+ [ T2 0u 0 di+ £,
. Ot

Now, we set u, = u?~Y € C%a,b] for p = 1,2, then the equation (2.1) is equivalent to the following
integral equations system

b b
Aty () = K (s (1) dt + / Ko, t)us(t) dt + £(x),
Va € [a,b] b“ ’ (2.2)
Aug(z) = /%(x,t)ul(t) dt+/ aa;(:c tug(t) dt + f'(z).

Its solution (uy,us) must be found in the product space Xy = X x X with the norm described by
(1.1.11) where, X = C%a, b)].

Using the definitions and notations in 1.1.5, we define a family of linear operators {Typ}i1<q p<2 from
the system (4.8). For p = 1,2, we have

b
Vrelab), Ve X, Tyl — / K (2, t)o(t) dt,
b 9K,
Vo € [a,b],Yv e X, Thpv(z) = 3 P (x,t)v(t) dt,
T

such that {Typ}1<qp<2 C BL(X). We represent Ap the block operator matrix in the following way

AT: XQ —)Xz

Vv — ATV(I) = (Tnvl (l’) + Tlgvg(l‘), T21’U1 (I) + TQQUQ(IE)), (23)
Finally, the system (2.2) yields the next simplified version

AU = ApU + F. (2.4)

The equation (2.4) has a unique solution if (Al — A7)~ exists and is bounded as shows in the following
theorem.

Theorem 2.1.1. If |\| > |||Ar]|| then (2.4) has a unique solution U in X,.
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Proof. We write,

1
()\[2 — AT)71 = /\(IQ — XAT)

Then, we use Neumann’s theorem 1.1.6 the fact o H|AT||| < 1, to show that (Ay — A7)~! exists and
1

My — Ap) 7 Y| € =

O

In the rest of our work, we need the compactness of the block matrix A7. We state next two theorems
to show that the block matrix Ar is compact.

Theorem 2.1.2. All operators (Ty,)1<q.p<2 are compact in X.

Proof. We prove that the subsets Tp,(Bx) = {Typ(up), up € Bxl}gp are relatively compact for all
q,p =1,2, where Bx = {v € X, ||v||x < 1}. Firstly, we have

a<z<

ITp(uy)] < (b a) max/ Ky, t)] dt [luplloopas, 9= 1,2,

b
0K
| Top(up)| < (b— a)argjgb/ axp(iﬂ,t)‘ dt [|upllcofr), p=1,2.

This proves that the sets T,,(Bx) are bounded. Now let =,y € [a,b] and u, € X. Then,

Tipup(z) = Tipup(y)l < (b= a) max [Kp(z, 1) — Kp(y, )] [[up|x,

a<t<b
oK 0K,
|Topup(x) — Topuy(y)| < (b—a)argggbaf;(%ﬂ 2 Ly, )] lupl|x-

Since Kp(.,.)

P (.,.) are uniformly continuous, the sets T,,(Bx) are equicontinuous subsets of X.
x

By Arzela-Ascoli 2 T;,(Bx) are compact. Finally, we get that the operators {Ty,}1<qp<2 are compact
in X. O

Theorem 2.1.3. The operator matriz Ar is compact in Xo.

Proof. Let the bounded set D = Dy x Dy C Xo, such that V(z1,25) € D,3C >0, ||z1]|x + ||22|lx < C.
We need to prove that the set

Ar H{Z (2), zpep}

is relatively compact. For ¢ = 1,2, we have that the sets

{Z (2p), zpeD}

q

q

2

are relatively compact because the operators Ty, are compact operators and Y 7T,, is also compact.
p=1

Therefore,

{Z o (2p), zpeD}

q
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are a compact sets for ¢ = 1,2, then by Tikhonov theorem [79] the product
2 2
H{Zqu(Zp)a Zp € Dp}
q=1 *p=1 q

is compact. On the other hand,

H{ZT() : Dp}q - H{ZT() : D,,}q

q=1"p=1

= Ar(D),
which proving that Ar(D) is relatively compact. O

2.2 Nystrom Method

We recall A,,, for all n > 1 the uniform discertization of interval [a,b] given in (1.15) and apply the
Nystrom method. We get,

Mg (x) = Z%’Kl (x, z)u1 0 (i) + sz’Kz(x,iEq:)Uzn(xi) + f(x),

1=0 1=0
YV € [a,b],
"\ OK "\ OK.
Mg (7) = Zwia—xl(% Ti)utn () + Zwia—;(:& ri)ug (i) + (),
i=0 i=0

where the weights {w;}?_ verifying
n

supZ|wi| =W < +o0.

nzlig

We select the collocation points x;, j = 0,1,...n, to obtain the following algebraic system for all

Ay (25) = ZwiK1($j7$i)u1,n($i) + ZwiK2($j7$i)U2,n($i) + f(x5),

=0 =0
j=0,1...n
" OK " K.
Az (25) = Z”iai;(xjvxi)ulm(zi) + Zwiai:(xjazi)uz,n(%) + f'(z5),
=0 1=0

Now, we present the sequences approximation operators {Tpg nt1<pqg<2, V2 > 1 and Va € [a, D]

Yoe X, Tignv(z) = Zwqu(x,xi)v(wi), q=1,2,
i=1
—~ 0K

Vv S X7 T2q,nv(x) = ;W’LT;(Z'7I7)U(I’L)’ q= 17 27

and the Nystrom block operator matrix Ar, : X'z — X'g

T, Tionm
Ar, = : (2.5)
To1,n Toon
Finally, the Nystrom equation has this form
(Ma — A7, )UY = F, (2.6)
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where, Uff = (u1,n7u2,n)t is the Nystrom solution.

Convergence of the Nystrom Method

The Nystrom operator is known to be among operators who do not converge in the norm sense. In
order to prove the convergence of the approximate solution to exact solution, we are going to show that
our approximate operator is v-convergence.

We explain what we have provided in this section in order to make it easier to follow the steps of
convergence study. We start by proving that the Nystrém block operator Ap, is v-convergent to Ag.
Then, we present the theorem which show that (AMy — A7, )~! exists and is bounded. Finally, the
approximate solution convergence is given in the last theorem of this part.

In the next theorem, we show the pointwise convergence of the Nystrom block approximation.

Theorem 2.2.1. Let Ar, be a Nystrom block operator matriz (2.5) and Ap (2.3) be a block operator
matriz. Then,

VU €y, lim|[|(Ar, — A)U]|g, =0,

Proof. First, by the convergence of quadrature rule, we get
Vz € [a,b], nli_)n;O|quuq(x) — Tpgntg(x) =0, ¢,p=1,2.

We start by proving that our approximation operators {Tpqn}i1<qp<2 are equicontinous. For each
uq € C%a,b], z,y € [a,b]* and for ¢ = 1,2, we have

[Tignug(z) = Tign(y)| < Waril?é(JKq(xut) — Ky(y, 1)l

0K 0K

_ < q _ q .
|T2g,ntq(7) — Tog.n(y)l Wargggb ax( 1) ¥ (y,t)

By the uniform continuity of K,(.,.) and 0K,(.,.), we deduce that {Tpq nuq}1<4,p<2 are equicontinuous.
Then, using lemma 1.1.1, it follows that all {T}q nuq}1<p,g<2 are uniformly converge to {Tpqv}1<p g<2-

Thus
Vu, € X, hmH( Tpgn — Tpg)tqllx =0, pg=1,2.
Finally,
(A, — A7)Ul[x = max ZH pa:n = Tpa)uqllx,
which gives |[(Ar, — A7)U|| 3, — 0, when n — ooc. O

K K
Let define the numerical integration errors for the integrand Ky(z,.)K,(.,y), %(x, .)%(., y) and
x x

Va,y € [a,b], g=1,2and Vn > 1 as

b n
Euanle) = [ Kyl 0K, (t) de = > ik (.0 Ky o1,0),
a i=1
b OK oK, ", 9K oK,
52Q>n(x7y) = axq (.’II,t) 8(Eq (tay) dt—zwlaixq(xaxz)aixq(xwy)
a i=1
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For the following theorem, we prove that the above errors are uniform convergence to 0.

Theorem 2.2.2. Let n > 1. Then, the errors {Epgnt1<pg<a are uniformly convergent to 0.

Proof. We start by proving the equicontinity of errors (2.7). From the definition of equicontinuty

V(x1,22) € [a,b]?, Ve >0, 36 >0, V(y1,u2) € [a,0]%, [|(z1,22) = (y1,92)|[r2 < 6,
we need to prove that
|8pq,n(x1a yl) - gpq,n(x27y2)| S g, q,p = 17 2.

We have, for g =1,2 and p=1

|glq,n($1,yl) - glq,n($2»y2)‘ < |51q,n(xlayl) - glq,n(xl7y2)| + |51q,n(x17y2) - glq,n($27y2)|a

with,

€190 (71,91) = E1gmlTr,y2)] < (b—a+W) argtai(b\Kq(xl,t) — Ky(z2,1)],

Eran(@1,02) — Ergn(zz ) < (b= at W) max|Ky(ty) — Kolt, ).

In the same way, for p = 2 we have

|52q,n(m1,y1) - 5251,”(1'27y2)‘ < |€2q,n(‘r17y1) - g2q,n($17y2)| + |€2q,n($17y2) + g2q,n($2ay2)|a

with
0K, 0K,
|€2q,n($17y1) _Slq,n(x17y2)| < (b_a‘+W) argta%(b qu(mlvt) (93;1 (CL’Q,t)’7
0K, 0K
|£2q,n(x17 y?) - glq,n(x% y2)| < (b —a+ W) argta%(b qu(ta 1) - 81‘[1 (t’ y2) )
. 5 a-[{q . . . 2
The Hein theorem’s [48] proved that K, and 5 e uniform continuous in the compact set [a, b]?.
x
Then,
|51q,n(x1,y1) 751q,n(x27y2)| < 2¢,
1E2g,n(21,91) — E2gn(T2,92)] < 2.
By Lemma 1.1.1, we get that {€,4.n}1<pg<2 are uniformly convergent to 0. O

Theorem 2.2.3. Let Ar and A, be the block operator matriz present by (2.3) and (2.5) respectively.
Then,

nE{EOOHKAT —Ar,)Ar,|| =0, and (Ar — Ar,)Ar,[|| = 0. (2.7)

lim |||
n—+o0o
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Proof. For n large enough, we have

(A — Ar,)Ar

(A7 — Ar,) AT,

Ty — T

To1 —To1

T —Tiipn

To1 —To1

T2 —Tiop Ty Tho

Tog =T, /) \To1 Too

T2 —Tiop Tin Tiom

Toy —Too Torn Toom

Using Hadamart product (product element by element), we get

(A7 — Ar,)Ar

(A7 — Ar,) AT,

(Th1 —Ti1n)T11

(To1 —

To1.n)T21

(Th2 — Tion)Th2

(Tog — To2.5)Too

(Th1 —Tiin)Tiie (T —Tiopn)Thion

(To1

By the norm of block operator matrix, we obtain

—To10)To1n  (Toa — T n)To2n

[(Ar — A, )A7|l| = max ZH pa — Tpa.n)Tpqll;

(A — Az,) Az, |||

where V 2(4=1) € C°[a,b] and ¢ = 1,2

(Thg — qu,n)quz(q_l)(x)

(TQq - TQq,n)T2qz(q_1) (z)

(Thg — qu,n)quynZ(q_l) (z)

(Tog — T2q,n)T2q,nZ(q_1) (z)

11;1;2(2 ZH pa — Tpgn)

b
/ Ergn(z,y) 29D (y) dy,

b
/ Ergn(z,y) 20D (y) dy,

Zwi Ergnlz, 25) 2la=1) (z4),
i=0

> wi Eagun(w,ai) 2971 (),
i=0

[(Thg — Tign)Tigll < (b—a) max |51q7 (@, )],
a<z,y<
(Thg = Tign)Tagmll = W max [Ergn(z,y)l,
a<lz,y<
[(Tog — Toqn)Togll < (b= a)aémzx E2g,n(2, Y)|,
[(Tog — Togn)T2gnl| < W max |52q (T, y)l-
a<z,y<b
Finally, by theorem 2.2.2, it follows that glax<b|5pq,n(x, y)| = 0 as n — co. O
<a,y<
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Theorem 2.2.4. Let Ar, be a Nystrom block operator. Then, (\y — Az, )~! ewists and bounded.

Proof. For large n, we have

I+ (Mo — Ap)YAp, (M — Ap) = (Mo —Ap)~! [/\IQ —Ar+ ATR],

= (My—Ap)™! [)\()\Ig —Ar) = MAr — Ar)

+ (Ar— ATW,)AT} )

= (My—Ap)™! [A()\I2 —Ar)+ (Ar — ATW,)AT],

= Ao+ (AL — A7) H(Ar — Ar,)Ar.

Then,

1 -1 1 —1

X IQ + ()\IQ — AT) AT” ()\IQ — AT”) = 12 =+ X(}\IQ — AT) (AT — AT,L)AT-
In the other side, we have

1

o 1ALz = Az) M| [[[(Ar — Ar,,) Az ]|

1
|\|X()\fz — Ap) " NAr — Ar,) A7l <

But, in the previous theorem |||(Ar — A7, )Ar||| — 0 when n — oo, we get

1
|||X(MQ — Ap)"N(Ar — Ar)A7|l| < 1,

-1

1
which proves that by Neumann’s theorem <12 + X()\Iz —Ap) Y (Ar - Ar, )AT> exists and is bounded.

Then, the inverse of (AI; — A7, ) has the following form:

-1
()\IQ — AT,L)71 = </\IQ + ()\IQ — AT)il(AT — AT,,,)AT> <IQ + (AIQ — AT)lATn>,

and

IN

—1
[[(ALz — Ag,) 7| (AL + (M2 — Ap) ™ (Ar — ATn)AT> [ 122 + (M2 — Ap) ™" Ag, ||,

< Iz + (Al — A7)~ ' Ag, |
= A= M2 = Ap) = (A — Ag, ) Ag ]|

Finally, we give a majoration of the error in the next theorem

Theorem 2.2.5. Let UY = (uy,,,us2.,)t be the Nystrém solution of (2.6) and U = (uy,u2)' be the evact
solution of (2.4). Then

Tim |U, — Ullg, = 0.

Proof. From to equation (2.6) and (2.4), we have

MU, —-U) = ApUN —Ap=Ap (U—-UN)+ (Ar, — Ap)U.
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Then,
UN —U= (N —Ap,)™ ! [(ATn - AT)U].
We get
U = Ullg, < (M2 = Azr,) M| [[(AT, — Ar)U|| %,
and when n — oo, we get the result. O

2.3 Projection Approximation

In this section, we give the basic concept of projection method see [5, 2, 48]. In order to illustrate
the general framework of Collocation and Kantorovich methods. First, we recall A,, (1.15) the uniform
discretization of the interval [a,b]. We denote by Xy, the sequence of finite dimension subspace of the
Banach space X5. The principle of both methods is based on the application of projection operators
{P,}n>1 defined by

Pn : XQ — Xgm

V. — P V(z)= (Pl,nvl(x),PQ,nvz(x)) (2.8)

such that {P, ,v}n>1 for ¢ = 1,2 are sequences of projection interpolation. This can be written in the
following linear combination of piecewise linear functions.

Vn > 1,Vz € [a,b], Pypvg(x) = Zaiei(x),
i=0

where {a;}7, are unknown coefficient to be determined and {e;}}, are the hat functions. These are
given by (?7?), such that {P, },,>1 satisfies the following condition interpolation

P, nvg(x;) = vg(x;), 1=0,1...n.

_ We start by showing that our projection is pointwise convergent to the identity operand in the space
Xo.

In the following theorem, we show the convergence of P,U to U in Xs. and then, the convergent of
Ar to P,Ar.

Theorem 2.3.1. Let U = (uy,us)t € X, and {P.}n>1 be a projection operators sequence given by (2.8).
Then,

I(I2 = Po)U||%, < Koo, (U, h),

and when h — 0, we get ||(I2 — Pn)Ul| g, — 0.

Proof. For n > 1, it is clear that
(I — Pu)Ul|%, = algggb\m(w) — Prpui(z)] + argggbluﬂx) — P pus(z)].

We have, for all (u,us) € X,
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lui(x) — Prpui(z)] = |u(z) - Zul(%‘)@i(xﬂ

< Zlei(x)l |ur (2) = (2:)]

=0
< Keoolu1,h), (2.9)
such that, | > e;(z)| = 1. In the same way, we get
i=0
[ug(z) — Papua(z)] < Kooo(uz,h). (2.10)

Substituting (2.9) and (2.10) in (2.9), we obtain

[[(I2 = Po)Ul| 5, < Foo,0(u1,h) + Koo o(uz, h).
O

Lemma 2.3.1. Let Ar be bounded and compact block operator matriz and {P,}n,>1 converges pointwise
to the identity operator. Then,

i [[[(T2 — Po)Ael] = 0.

Proof. Since Ar is compact

M= (AU, ||U]Ix, < 1}

is relatively compact sets in the Banach space X and by the Banach Steinhaus theorem {P,},en con-
verges uniformly to Iy in M, i.e

lim |||([s — P,)A = lim sup ||(Is — Pp)A7rUl|%. = lim sup ||(Is — Pn)Z|| %..
Jm 1z — Ba)Arl| =l eup (12— P)ArUllg, = lim sup 102 ~ Po)Zls,

O

In the numerical treatment, we need to verify the existence of (Aly — PnAT)’1 to demonstrate the
convergence of the approximate solution u, to our solution. We introduce the following theorem to
ensure this existence.

Theorem 2.3.2. Let P, Ar be a projection approzimation of block matrix operator and Ar given by
(2.3). Then, (\Iy — P,A7r)~! exists and bounded.

Proof. We have

(Al — P, A7) = (Mo — Ap)[I — (A2 — Ar) ™' (Ar — P, A7)].

Using lemma2.3, we get

Tim /(2> — P Ar]| = 0.

This shows

1ALz = A7) ™! (Ar = PoAp)ll] < |II(M2 = Ar) 7Y [(12 = Po)Ar|l| < e,
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which gives

[[(A2 — Ar) = (Ar — Py Ap)|ll < 1,
so that
1
<12 — (Mo — Ap) H(Ar — PnAT)> )

exists and

< .
1—e,

(7= 0z = ar) (12 - Py an) B

‘ 1

Finally, (A\ly — P, Ar)~! exists and |||(A2 — P, Ar)7t]|| < C, where

IR = An) 7|
1—¢, '

C

O

Now, we present two projection methods. The first is Collocation method which is introduced by
Atkinson [5] and Nair [45] for searching the sequence US € X5, C Xa solution of

\US = P,ArUS + P,F, (2.11)

whereas the second one is for finding the sequence UX" ¢ Xg,n C X, solution of

\UKan — p ApUKe L F, (2.12)
It’s the Kantorovich method.

2.3.1 Collocation Method

The main idea of collocation method is to find a sequence US solution of
\US = P,ArUS + P, F, (2.13)

where P,F = (P, f, Pof')!, and Uy, = (uf,,,ug,)" is Collocation solution are given by

u(e) = o)
YV € [a, b, -
ugn(x) = ;}ﬁiei(x)'

where {a; fo<i<n and {B;}o<i<n are coefficients to be determined.

The next theorem shows that the approximate solution US converges to the exact solution U.

Theorem 2.3.3. Let U = (uy,u2)? the solution of (2.4) and US is the Collocation approzimation of
(2.13). Then,

1U = Udllx2 < C Koo (f. 1) + [[[(I2 = Pa) Azl -
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Proof. We have, for n large enough

U-US =\ — P,Ar)~! [F — P,F+ (Ap — PnAT)U} .

Then,
U = U5, < I1(Ma — Pudr) ] [H(fg _P)F|lg, +1I(Ar —PnAT>U||X2]
< c[nuz PFllg, + Il Pn)ATIII}

< c[nm,lu, SERITe . Pn>AT||}

Also, we have

U = U Nz, = llun = ulleian)-
Then, when n — oo, we obtain u{, = uf — u in C'[a, b]. O
System Approximation
The system (2.13) can be written as
)\u?n(x) = PnTHufn(x) + PnT12Ugn(£C) + P, f(x),
Y € [a,b], (2.14)
These are equivalent to
Zo%‘ej(x) = . O{Tnufn(ﬂﬁj) + Thgu§ () + f(ivj)} ej(x),
J= J=
2 s (o) = 3 [ Tona o (o5) + Ton ) + 10| e5(0)
J= j=
This leads to the resolution of following block matrix system form:
aj = > An(j,d)ai + 3 A(5,9)B8i + f;
i=0 i=0
7=0,1,...n
BJ = ZA21(j? Z)Oéz + ZAQQ(.]aZ)BZ + f]/7
i=0 i=0
where f; = f(z;), fj = f'(z;) and for p=1,2
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1 X, Ti41
Ayri) = E/ Ky, 0)(t = 251) dt+/ Kop(2y,8) (w01 — ) dt, 0< j <m1<i<n—l,
XTi—1 ZTq
1 [
A0 = 3 [ Kolan 0o -0 d 0<i<n
xo
. 1o .
Aulin) = 3 [ K -mogdn 0<j<n,
Tn—1
. L[ OK v 9K ‘ .
Anlii) = g [ Tt - aeydes [T D 0 i 0 <ni<i<n -1,
, [ Ok |
AQP(Jvo) = E Txp(xj?t)(xl_t) dta OSJ énv
zo
| [T oK
Agp(jom) = 7 3 Pz, t)(t—ap_1)dt, 0<j<n,1<i<n-—L1.
X

Tp—1

2.3.2 Kantorovich Method

In the collocation method, the convergence of the approximate sequence is guaranteed by the following
assumption P, f — f, when n — oo. We can cancel this hypothesis, if we assume that (f, f’) € Ran(Ar).
For this raison, we apply on both sides of the system (2.4) the block operator matrix Ar to get

AU = Ap AU + ArF, (2.15)
We denote
Ty Ti u
V=AU = ,
Ty oo u/
and (2.15) is equivalent to
ANV = ArV + ArF. (2.16)

If V = (v1,v2)" is the solution of (2.16), then the system (2.4) can be rewritten as

1
uken = ~(V+F|.
()

We compute an approximate solution in the following form:

1
Ukan — 3 (vnc + F> (2.17)

such that V, = (v{,,,v§,)" is the Collocation solution of

\VE = P,ArVE + P, ArF,
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represented in the following way

o0 (@) = éﬁiei(x),
Yz € [a,b], -
’U2C:n<x) = Z()Eel(m)

Therefore, we can define Kantorovich’s approximation as
NUEan = p, ApUK*™ 1 F, (2.18)

with UF*™ = (ufs™ ufi™)t. We notice that from the two equations (2.18) and (2.17)

1
Uz = Ullg, < WHVnC = Vallx,-

Now, we state a theorem which shows the Kantorovich approximation (2.17) convergence to the exact
solution.

Theorem 2.3.4. Let U = (u1,u2)" be solution of (2.4) and UK = (ufa", uam)t is the approzimate
solution given by (2.18). Then,

U = U5, < Cll|(I2 = Po)Ar|ll-

Proof. For n large enough, we have
U—UE™ = (X, - P,Ar) 'F — (M, — Ar)"'F

= (My — P, Ap) Y F — (Mo — P, Ar) (M, — AT)lF]

= (M, — P,Ap) !

Mz — Ap)U — (Ao — PnAT)U]

= (Mo — P, Ap) AU — PnATU] :

Then

U= U5 < C ||(I2 = Po)ArU| |5,

< C[|(Iz = Po)Arl[]-

O

This theorem shows the convergence of Kantorovich approximation solution to the exact solution
when n — oo in C''[a, b] because

1U = U "%, = llu = up e fa)-
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System Approximation
Applying the Kantorovich method, we get the following block matrix system

=0 1=0

By = 3 Asn (i) + 3. Az i) + Gal),

i=0 i=0
such that for j =0,1,...n

uff,l(mj) = b\ = Uy, (acj),
Bi+f'(=
utiy(oy) = DL e
for p=1,2 and 0 < j <n, we have
1 T; Tit1

M) = 3 [ Kalep - dir [ Ky -0 d 1< i <01,

. L[
Alp(jao) = E Kp(xjvt)(xl - t) dta

o

. L[
Alp(]an) = E Kp(xjat)(t_zn—l) dt7

. 1 [™ 0K Titl 9K, .
A2p(j7l) = E / 8$p (I],t)(t — .’L'z'_l) d,t + / 8$p (Ij;t)(xi—‘rl — t) dt7 1 S 1 S n — 1,

. 1 (™ OK
A0 = 5 [ 0l 1) de,

. 1 [ 0K,
Aop(jym) = 7 T;(%J)(f — Tp-1) di.

b b
i) = [ Kap0f@dts [ Kaenf @ =01
) b oK, b oK, , ,

2.4 Projection block iterative scheme

From the previous results, we understand that if we have n too large, we get a good precision on the
solution and a good error convergence to zero. But, it poses problem because the size of the block matrix
P, At becomes large. Therefore, the conditioning of the matrix can be affected. An iterative scheme for
solving the two projection schemes presented by (2.11) and (2.12) is necessary. In [11], authors proposed
a numerical method for solving 2 x 2 block systems and may be applied to solve this system especially if
the coefficient matrices are ill-conditioned. In this section, we use the block iterative scheme in order to
avoid calculating the inverse of the whole matrix (Ay — P, A7)~ L.
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So, for p = 1,2, |\| > ||Tppll, then (A —T,,) ! exists and bounded. We can present the matrix (Als— A7)
in the following form

Ao — Arp

M — T, O I O @ ()\I — T11>_1T12
O M — Ty O 1 ()\I — T22)71T21 (@)

The main idea of this scheme comes from (Alz — Ar) introduced by (2.19) and used to construct Collo-
cation block iterative scheme

M — P, Ty, @] Y1 P.f
O M —P,Tia) \y2 P, f’
where
Y1 I —(>\I — PnTll)_lpnTlg ’U,g
Yo —(M — P,Ty) ' P, Ty I u/

Therefore, we write the Collocation scheme in the following form for all n > 1

1 = (Mo — P,Ti1) "' P, f,

yo = (Ao — P, Too) ' P, f'.

c,0
Uy n = Y1,

co
u2,n = Y2,

U?f = (A2 — PnTn)*anleug;ffl +1y1, Vn,k>1,

UQC:’T]: = ()\12 —PnTQQ)_IPnTglu%:’:_l —|—y2, V’I’L,]f > 1.

With the same principle given above, we build the Kantrovich iterative scheme:

z1 = (Mo — P,Ti1) MNP Tu f + P Thaf'),

2 = (Mg — PyToy) NP Tor f + PuToof’).
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Kan,0 __
1,n = Z1,
Kan,0 __
2,n = 22,
Kan,k __ —1 kan,k—1
In = (M2 — P, T11)" Py /Thauy, +21, Vn,k>1,
Kan,k -1 kan,k—1
u2,n = (/\IQ - PTLTQQ) P7LT21ul7n + 29, N n, k > 1.

In the next theorem, we prove that the iterative scheme of Kantorovich and Collocation methods
converges to the exact solution.

Theorem 2.4.1. Let UF = (u’f)n,ué,n)t, YV k,n > 1 the iterative solution of projection method and
U = (u1,u2)? solution of (2.4). Then,

: k
Vi1, dim (U - U, < U - Ualls,:

Proof. We have

U = Unllx, < U= Unllg, + 11U = Uyllx,,

such that
o (M — P, Ty1) ' P Tyo\ [urn —ul}
U, — UF = ’
(A — P, Too) tp,Toy @) Ugn — ué;l
By recurrence, we get
0] (A = P,Ty1) " P\ * fur, —ul,
Un —UF = ’
()\I — PnTQQ)_lpnTgl ) U2 n — ug,n

We denote Mp, r,, the block matrix given as

(@ ()\[ — PnTll)_lpnTlg
MPanP =
(M — P, To) ' P, Ty O
Then,
m-%:W@%m-W} (2.19)
where
afwﬁzMﬂm<m—U+U) (2.20)
Substituting (2.20) in (2.19), we obtain
Hm—%kgnmmA“%m—m&Hmm] (221)
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Then, by the inequality (2.21)
IU-Unllz, < WU =Ullg, +1Us = Ugllx,
< (U M IV = Ul + 110z, [P0,
Now, we will prove that |[|[Mp,,,||| < 1. By usingthe norm given in (1.1),we get
10, I = e (A = PoToa) Tl |V = Py To) ™ PuTaal ).
But,

AL = Py Too) ™ P Ton || < [[(A = P Too) || [[PaTa -

Also, we have

IN

[[(A — P, To) ™| (I — (M — P,Ts) N (Tag — PpTos)|| [|(M — To2) ],

< (X — Too) | .
T L= [(AM = Tag) ] [|( — Pn) Tz

Theorem 2.1.1 shows that nl;n;@\|([ — P,)Tas|| =0, we get
| = PuToo) M| < [[(M = To2) 7.
Then,
ML — Py To2) ™' Py/Ton|| < [|(M = Too) 7| ||| < 1.
In the same way, we get
(A = PoTi1) ™' PyTa|| < ||[(A = T1a) M| || Th2|| < 1.

So, [||[Mp,T,,||| < 1 which proves that

Vo >1, lim U - UF||z. < ||U - U,||5..
k— o0 2 2

We prove in theorem 2.3.3 and 2.3.4,

i [|U = Unll,.
which gives

. . 17k _
JL“;(JEEJU Un'Xz) 0.
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2.5 Numerical Tests

In order to show the effectiveness of the suggested methods, we apply these approaches to the following
numerical examples. We use the following estimate to calculate the error between the exact solution and
the approximate solution at points z;

err = e fu(w,) = wn (@:)] + max [u' () — ) (z)],

—a

where the points x; = a + ih, for h = and i =0,1,...n.

n

2.5.1 Test 01

We consider the following integro-differential equation

1 1 1
vz € [0, 1], )\u(x):/o efsf)et dt+/0 Huxi(i)e%dwf(x). (2.22)

We choose A = 2 and the exact solution u(z) = e* to get:

1
el > arctan( x+1>

f(z) =log(e” +1) — log(e' + e*) + 2" — arct3m<\/m

Table 2.1: The error between the exact and approximation solution of equation (2.22)

n Nystrém  Collocation  Kantorovich
10 1.6368e-04  6.6852e-04 1.0445e-05
100 1.6355e-06  7.1682e-06 1.1061e-07

-4
7 x10 T T T T
k —<&— Error of Kantorovich metod
—*— Error of Collocation method
61 --8-- Error of Nystrom method | ]|
| ‘\\ﬁK\\\ﬁK\\\ﬁK\\\ﬁK\\\;
k
4+ ]
3r d
21 g----G--- B E g |
S R 5 —-3--__4
1k ]
0 AV N AN/ A’
0 0.2 0.4 0.6 0.8 1

Figure 2.1: Errors of Nystrom, Galerkin and Kantorovich Solutions of (2.22) with n=10.
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2.5.2 Test 02

We consider the following integro-differential equation

Vo € [-2,2], Au(z) = /_2 T t?;(-:i)S)Q n 1dt + /_2(33 + )/ () dt + f(x). (2.23)

We choose A = 4 and the exact solution u(x) = 2?2, to obtain
2 1 2 2
f(z) =42° — 3 arctan(z® + 16) — arctan(z?) |.

Table 2.2: The error between the exact and approximate solution of equation (?7?)

n Nystrom  Collocation  Kantorovich
10 0.2315 1.4478e-03 1.6786e-05
100 0.0034 1.7149e-05 1.8614e-07

025 T T T T T T T
—<— Error of Kantorovich metod
—%— Error of Collocation method
) —— 8-~ Error of Nystrom method
L 7\ i
0.2 // \\ // \\
/ \ ! \
/ \ 4 \
/ \ / \
/ \ ! \
/ \ / !
/ \ / %
0.15 / \ / h 1
// \\ 1 \
\ ! )
;{] \ / Ay]
/ \ ! \
/ H_ | \
M S~i T \
0.1 / = \\ 7
/ \

! \

/ \

/ \

/ \
/ \
// \
\
0.05 o A
// N
// \\\
7’ N
m )

Figure 2.2: Errors of Nystrom, Galerkin and Kantorovich Solutions of (2.23) with n=10.
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2.5.3 Test 03

We give third equation in the following form

Yz € [1,10], Au(z) = /10 _u® dt + N v dt + f(x). (2.24)
1 x—t+tlog(t) 1z +log(t)

We choose A = 20 and the exact solution u(z) = log(x), we get

fz) = 20log(z) — 2+/(z + log(10)) + 2v/z — arctan(101og(10) — 10 + ) + arctan(z — 1).

Table 2.3: The error between the exact and approximation solution of equation (2.22)

n Nystréom  Collocation  Kantorovich
50  2.3856e-04  6.7363e-05 8.6247e-06
200 1.5078e-05  4.2353e-06 5.3879e-07
500 2.4140e-06  6.7791e-07 8.6205e-08

-4
2510 : : : : : x x
0 —<— Error of Kantorovich metod
i —— Error of Collocation method
\ --8-- Error of Nystrom method
27 1
|
|
|
|
1.5

0.57

Figure 2.3: Error of Nystrom, Galerkin and Kantorovich Solutions of (2.24) with n=50.
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Chapter 3 .

Analytical and Numerical Study
of Linear Fredholm
Integro-differential Equation

with Weakly Singular Kernels
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Recall the aim of this work is to make a complete and thorough study of the integro-differential Fred-
holm equation. Therefore, we would like to focus on another form whose equation takes. Thus, our
objective in this part is to study the possibility that both kernels of our equation are weakly singular.
For this reason, we start in the section 3.1 with the construction of a sufficient condition that gives the
existence and the uniqueness of the solution. Subsequently, we propose two different numerical methods
which are: Product integration method in section 3.3 and Cubic collocation b-spline method in section
3.4. In order to find the best numerical solution and reduce the calculation time. We present some theo-
rems to ensure the convergence of the approximate solution. In section 3.5, we give numerical examples
to see the error behaviour of two approximate methods.

In this chapter, we study the following linear Fredhom integro-differential equation in the Banach space

C'la, b]

b b
vz € [, b, )\u(x):/ iz — ) K (2, E)u(t) dt+/ po(|z — t) Koz, 0/ () dt + f(@),  (3.1)

where A # 0 is a real or complex parameter, the kernels K; verify the next assumptions for ¢ = 1,2
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0K;
or

(x,t) € C%[a, b, R),

(Ha)

IM; >0, max (|Ki(337t)|’
a<lz,t<b

0K;

—(x,1 < M;
))<= M
and the singularity part p; verifies the following assumptions for ¢ = 1,2

pi € WU(O,b - a).

li 4 = .
Jim [pi(s)] = +o0
For i = 1,2, p; are chosen to take one of the following forms

L pi(z) = |z —t|*T,  «a€]0,1],

2. pi(z) = |z —t|log(|z —t]) — |x —t].

Under the assumptions (#1) and (Hz), we can give the derivative v’ implicitly as

b b
Vz € [a,b], M/ (z) = / pl(|:1:ft|)a;§c1 (z, t)u(t) dtJr/ sign(z — t)py(|z — t|) K1 (x, t)u(t) dt

b b
K , . , / /
[ =2 0@ s [ sion(e - oph(le — Rl () e+ 7 0), (2
where
. 1, if = >t
sign(z —t) = { -1, else.

We cannot move on to the search for a numerical solution without proving the existence and uniqueness
of the exact solution. This is done in the next section.

3.1 Analytical Study

The aim of this part, is to use the hypotheses mentioned above to construct a sufficient condition
that ensures the solution existence and uniqueness of the equation (3.1). So, let us define T the linear
integro-differential operator by

T: C'a,b] — C'a,b]

b b
u — Tu(z) :/ p1(jz — t)) K1 (z, t)u(t) dt+/ pa(|lz — t)) Ka(x, t)u'(t) dt.

Thus, the equation (3.1) has an equivalent form, which is given by
M —-T)u=f, (3.3)

where I is the identity operator of the Banach space C*[a, b].
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To prove that the equation (3.1) has a unique solution, we need to prove that the inverse of A\I — T
exists and is bounded.

Theorem 3.1.1. The linear Fredholm integro-differentail equation (3.1) has a unique solution u € C*[a, b]

if

|A>2[Aﬁ|p1hVLquﬂ}+zwannuwanﬁ_d}

Proof. We have,

b b
[Tu(z)] < / p1 (e — D] Ky (z, )] |u(®)| dt+/ [p2(lz = t)] [Ka(z, 8)] |u'(8)] dt,

< Millpillzriop—a) Hullcopas) + Mallp2|lLr0.0—a) 114/ ]lcofa,y)-

and
/ b 8‘Kl b /
|(Tu) (z)] < Ip1(lz —t])| | 5 (z, )] [u@®)| dt + [ [pi(lz —t)] [K1(z,t)| [ut)| dt
b 8K2 / b / /
+ Ip2(|z — ¢|)] |%(aﬁ,t)l @) dt + [ [pa(|z —t])] [Ka(z, t)][u'(2)] dt,
a a
< Milpillwrao,p—a) ullcoae) + Mallpallwiijop—a) [[4'llcofap-
Then,

| Tul|c1]a,p) < 2 |:M1||p1||W111[0,ba] + Ma||p2|lw1.110,6—a] } lullcra,b,

which gives ,
|17 < 2|:M1||p1||W1«1[0,ba] + Ma|[pallw1(0,6—a] }
Using the fact that
> 2 Ml om0+ Mallallwsins-ar |
we get
[T < |A-

Therefore, according to theorem 1.2.11, we have sp(T") C B(0,||T||), where B is the ball center 0 and
with radius ||T||. Therefore,

{)\ € C*(R*), || > 2[Mi]|p1llwrajo,p—a) + Malp2|lwrij0,p—q] ]} Cre(T).

By Neumann’s theorem [5, 2, 89], (Al —T)~! and

1

A =T)7 M| < :
Al = 2[Mi]|p1llwrij0,5—a) + Malp2|lwijo,p—a)]

This proves that the equation (3.1) has a unique solution. O
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3.2. From the equation to the system

In the numerical treatment, we start by the construction an approximate method based on product
integration.

3.2 From the equation to the system

In the analysis of convergence of the product integration method, we need to prove some proprieties
on the linear operator T'. So, we transform our operator T' to a matrix of block linear operators. We put
X =(Ca,b] and X = X x X.

Let defined the projection operator P and the injection J by

P: X, — C'a,b]
(v1,v2) — P(v1,v9) = Py,

We denote the function u~1 by up, for p=1,2. Then,
T=PApJ,
with Ar is a block operator matrix defined on X5 into itself by
Tin Thie
Ap = ,
To1 T

such that, for r = 1,2

Vo € [a,b], Yv € X, Th,v(x)

b
/ ooz — ) Ko (2, t)o(t) dt,

b
aalir (z,t)v(t) dt + /a sign(xz — t)p'(Ir — t]) K (z, t)v(t) dt,

b
Vo € [a,b], Vv € X, To,v(z) = /pr(|x7t|)

and the norm of Ar is defined by

1<r<2

2
[zl = max > |||
=1

Finally, the equation (3.3) has an equivalent form is given by

AU = AU + F, (3.4)

where U = (uy,u2) et F' = (f1, f2).

3.3 Product Integration Method

Let n > 1. We recall that A, is a discretization of the interval [a, b], which is given by (1.15). By using
the product trapezoidal rule 1, we get for all ¢ € [z;_1,z;], u, € X and r = 1,2,

Koyl = (e = R 2y gy a) o (= 251 K 1),
G 0)] = ey =G o) + ) G ),
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3.8. Product Integration Method

Then, we can introduce the approximate operators for all v € X, « € [a,b] and r = 1,2 as

Tippo(z) = Zwm (@, z5)v(z;),

To, pv(z) = Zwm —(z,xj)v(z; —I—Zwm )sign(z — z;) K, (x, z)v(z;),
with,
1 [
wa = [ (o= Opo ) de
Zo
1 [
W =3 [ =zl de
Tp—1
1 [T+ 1 (% .
wy =3 [ @—plle—de+ g [ G- ople—ddn 1< <1,
ZTj Tj—1
and
_ 1™ ,
Wro =y (x1 — t)p,.(|x —t]) dt
o
1 Tn
G =3 [ =zl de
Tn—1
1 [Ti+ 1 [%
iy =3 [ = 0pe =t g [ e omle—d)an 1< <01
T Tj—1

So, we get an approximation system of the following form

n n
At () = D we i (2) K1 (2, 25)ur () + Y0 wrj(2) Koz, 25)ug n(z;),
=0 7=0

0K, n

7=0

0K,

7=0 7=0

By using the collocation points x = x; for i = 0,1,...n, we get the algebraic system:

Aut () ZwT7J (i) K1 (i, xj)un,n(xs) + Ewrj(xz)K2($“ zj)uzn(75) + fi(@i),

j=0 Jj=0

n aK n B )
Mg () = ;}wr7j($i)87;(xi,xj)U/Ln(Ij) + Zowr,j(fﬂi)slgn(% — ;) K1 (%3, 75)ur n (25)
j= j=

oK n

Jj=0 Jj=0

which is equivalent to the next matrix equation

Mo (@) = 3y (0) G ) + 3 g (@)sign(e — ;) K (2.2 (o) + ()

3 () () + 3 g (@)sign(@ — 1) Ko, 5wz (w) + fo(a),

Jriwr,j(xi)a—;(xi,xj)ulvn(zj) + > wy () sign(x — x;) Ko(x, x5)us n(x) + fa(zs),
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3.8. Product Integration Method

AU, = Ag. Uy + F, (3.5)
where U,, = (u1.n,us2,) and
Tin Tiom
Ar, =
To1n Toon

Convergence Analysis

The convergence analysis of the product integration method is based on essential step. So, we start by
presenting a theorem and a lemma. We follow all the steps that are contained in it.

To show the following convergence

[lU = Unllg, = 0, when n — oo,

we will demonstrate that Ar, verifies the following steps in order to apply theorems 1.1.8 and 1.1.7.

Let A7 be a block operator matrix defined on the Banach space Xg into itself and {Ar, }n,>1 be a
sequence of an approximation operator A7. Then,

(i) The operators Ar and Ar, are linear (clear),

(ii) The block matrix operator A, , for n > 1, verifies this pointwise convergence

VU € X27 ILm [|ArU — ATnUHX2 =0.

(iii) The set {Ar,,n > 1} is collectively compact, which means that the set
5= {an Uiz 1|0l <1}

has a compact closure in Xo.
We present the following theorem and on which we are going to use the above mentioned steps.

Theorem 3.3.1. Let {1}, }1<ir<2 be an approzimation operator of {Ti}1<ir<2 . Then, the sets

{T‘lr,nur» Up € Co[a;b]7 HUTHCO[a,b] < 1; n > 1} ;

1<1,r<2
are pointwise bounded and equicontinuous.

Proof. Let u, € X and x € [a,b]. For r = 1,2, we have

|T1r,nur($)| < Mr||erL1[0,b—a]||UrHXv
|T2r,nur(x)| < MT'|p;~HL1[O,b7a]||uTHX7
which gives,
||Tlr,n | < M'f”erLl[O,bfa]a
||T‘lr,n | < MTHp;HLI[O,b—a]'
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3.8. Product Integration Method

This implies the uniform boundedness of 7. From the Banach-Steinaus theorem 1.1.3, T}, ,, are point-
wise bounded. Let prove now the equicontinuous. For every € > 0 there exist, § > 0 such that for
x,y € [a,b], |x —t| < d, we have

b b
Tornts (@) = Torun(9)] - < / pe(la — D[, (D] dt — / pe(ly — D (9 ur (D] d,
< /\pr &= t]) = pr(ly — D] | (e, Our ()] dt
+ / pe(le — DI 8) — Kol ) Yur (8)]] d,

forn>1r=1,2, we get

b
/Ipr(letl)*pr(ly*tl)lI[Kr(fv,t)ur(t)]nldt < Myra(pr, h),

b
[ e = I 0) ~ Ko 0hur ] < max 6, (,6) = K )] L

From the uniform continuity of K., for r = 1,2. With the same process, we can prove that

‘TQT,WUT(J:) - TQT,nUT(y)l <e.

Then, we get that the sets

{Tlr,nurv Up € X, ||ur||X <1l,n> 1} s

1<l,r<2

are equicontinuous. O
Lemma 3.3.1. Forn > 1, the set {ATn,n > 1} is collectively compact.

Proof. We show that the closure of

S = {AT”U, n > 1, HU”XQ < 1},

is compact. It is easy to show that

2 2

S = H{Zﬂr,nura n > ]-7 ||UTHX < 1} 5
r=1

=1 Ir

and by using theorem 3.3.1 and the Arzela-Ascoli theorem, we deduce that

2
{Z/Tlr,nurv n Z ]-7 ||ur||X S 1} )

r=1 Ir

is compact. Also, we have

2 2 2
H{ZT’lr,nuT’ n Z 1a ||UTHX S 1} H{annurv n > 1 HUTHX < 1}

=1 *r=1 =1 *r=1 Ir

Finally, the set .S is a collectively compact. O

Theorem 3.3.2. Let Ar be a block operator matriz and Ar, be a block approzimation operator. Then,

VU € Xo, Jim [[(Ap — A7, )U||g, =0
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Proof. For n large enough, we have
b
Thrur(z) — T pur(z)| < / Ipr(x = O] [[Kr (2, )ur ()]0 — Kr(z,t)u,(t)| dt,
such that forn >, r=1,2and j =0,...n

(K (2, t)ur ()]0 — K (2, t)ur(t)

=

(z; —1) [KT(x,le)uT(mjl) - K (z, t)ur(t)}

1
+ =) [Kr(l’, zj)ur(z;) — Ko (z, t)ur(t)} ;
< Q{Mrfioo,o(ur,h)ﬂHoo,o(Knh)IloollurlX}
On the other side, we have
b
| Torur (&) = Torwur(2)] < / 1P (= D) [ (@, Oyur (8)] — Ko, ) (1)) dt
’ oK oK
b el = O, @t (Ol = T D0
such that
0K, 0K,
(S @ s (O — 5 (@ ur ()| <2 {Mrnm,()(ur, B) + e 0 (02K, 1) | ||ur||x] ol 2200
+ 2 {Mmoo,o(um h) + [|Koo,0(Kr, B)||oo IIUTIX} P11 10,6y
< {4Mrf€oo,o(umh) + 2|[Koo,1 (K, h)||oo IIUTIIX] [1prllw1110,6—a)-
Finally,
I[(Ar — A7, )Ul|z, < 2 [Ml <1 + 2|p1||W1=1[0,ba]) + Mo (1 + 2|p2||W1~1[0,ba]>:| Koo,1(u, h)
+ 2 [Hmoo,l(Kl, h)lle (1 + 2|p1||W1»1[0,ba])
Koo, 1 (K2, h)||oo (1 + 2||p2||W1v1[0,ba]):| Ul x,-
When n — oo, we have h — 0 and we get the result. O

From lemma 3.3.1 and theorem 3.3.2, we obtain that our block approximation matrix verifies all of
properties (i)-(iii), then by lemma 3.3.1, we get

I[|(Az, — Ar)Ar[|| = 0, [[|(AT, — Ar)AT,

— 0, whenn — +o0.

Theorem 3.3.3. Assume that

Jim [|(Ar — A1, )U|[%, = 0,

and

(A7, — Ap)Ar|l| =0, |[[(A1, — Ar)A7,[[[ = 0, whenn — +oo.
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3.4. Collocation cubic b-spline method

Then, for sufficiently large n, the approzimate inverse (Ao — Ar,)~1 exists and is uniformly bounded.
We also have

1+ [[|(AT2 — Ag) | [[| Az, |I] < o

M = Az, )7l < - .
o =TI = Ar) I (Ar — Ax,) Ax, ][]

Proof. See theorem 11.4.4 in [5]. O

Theorem 3.3.4. Let U = (u1,uz) be the solution of the system (3.4) and U,, = (u1 n, uz,n) is the solution
of (3.5). Then,

U = Unllg, = 0.

Proof. For n large enough, we have

/\(U — Un) = ArU — ATn U,,

ArU —Ap U+ A, U — Ap, Uy,

= (A7 — A7, )U + A7, (U = Uy).

Then,

n

U-U,=(\z—Arg,)™" [(AT — A )U}

which gives

U = Unllx, < M2 = Az,) 7Y (A7 — Az,)U|| 5,

and when n — oo, we get the result. O

3.4 Collocation cubic b-spline method

The purpose of creating a new method for solving this equation is not only to improve the approximate
solution but also to try to build a fast method in solving it. In the latter method, we obtain an algebraic
system of size 2n 4 2 equations and when n is large enough then the system size will be large and thus
the solution spends more time in computing. The tool we use to solve this problem is to apply one of
the projection methods but with a choice of differentiable and continuous basis. So we take the cubic
b-splines which are functions of class C2. The advantage of this method is that it eliminates the number
of equations by half. Instead of solving a system of 2n + 2 equations, we solve a system of n+ 1 algebraic
equations.

So we apply the collocation processes and we need to give the definition of cubic b-spline functions (see

[7, 18, 22, 32, 44)).

Definition 3.4.1. Let A, = {a = zp < 1 < ...x, = b} be a uniform partition of interval [a,b], with
b—a

z; =a+1ih and h = . Let B3(A,,) be the space of cubic b-spline functions, given as follow:

Ba(An) = {8 € C2108: 8 Iy PP i= 01 con =1,

where, S |z, 2.,,) 5 the restriction of the spline function S : [0,1] — R in each sub-interval [z;, ;1]
and P32 is the space of cubic polynomials. For i = —1,0,...n,n+ 1, we give the uniform cubic b-spline
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3.4. Collocation cubic b-spline method

from (4.5)
(r —m;_2)3, x € [Ti—2, Ti1],
(x —mi_2)% —4(z — 24-1)3, x € [mi_1, 4],
B}(z) = % (Tig2 — 2)° — d(zip1 — 2)%, z € [2i, Tipa],
(Tire — )3, T € [Tit1,Tiya),
0, otherwise.

It is clear that {B_1,Bo,B1,...,Bn_1,Bn,Bni1} forms a basis of Bs(Ay). Then Bs(A,) is a finite
dimensional linear sub-space of C*[a,b] with dimension n + 3.

We define (P32),en- the sequence of linear projection operator

P3:Cla,b] — B3(A,)
n+1
v — P3y(x) = Z ;B3 (). (3.6)
i=—1

It satisfies the following interpolation condition for all v € C'[a, b]

P3v(x;)) =wv(x;), i=0,1...n,

We construct an approximation solution u,, = P3u,,, verifying the following equation

\u,, = P¥Tu,, + P3f. (3.7)

3.4.1 Convergence Analysis

To study the convergence of the method, we recall what is spline interpolation. We will go through
steps, including the passage from writing as a linear combination to writing using spline interpolation. The
proof that converge to the identity operator, and that our approximate operator converges in norm.Finally
the use of the latter to prove that the exact solution converges in the space C'[a, b].

For the first time, it will be demonstrated that P3u convergence to u in the sense of the norm C[a, b]
especially since a lot of researches like [3, 49, 63],[33, 52] and [74] have shown this convergence, provided
that is u is defined in C*[a,b], u € C°[—1,1] [30, 1] or it is necessary that u is periodic function [0].
Moreover, to prove this convergence, we recall the spline interpolation of u on the grid A,,n > 1 which
denoted by S,,(z)(see [32, 33, 49, 52]) and defined as: In each interval [z;_1, z;] the spline S, (z) has this
formula which based on the moments M; = 5" (x;)

- . (JLL' — 33)3 . (JZ - ﬂii_l)g ) Mi_1h2 Ty — X
Sn(x) = Mz—l 6h + Mz 6h + U(xz—l) 6 h

+ (u(:ci) - Méh2> (x ;H). (3.8)

However, any cubic spline S,,(z) constructed on segment [a, b] is described on the linear combination of
cubic b-spline [61, 7, 80]. Then, S, (x) has the following form

Vo € [a,b], Sp(z) = Plu(z).
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3.4. Collocation cubic b-spline method

This implies that:
I(I = P)ullorfap = llu = Sallorfa-

We return to the spline form (3.8) and for the left and right limit of the point x;

_ h h w(z;) —u(zi—1)

/ — p— . p— .
Sn(xz ) - 6 i-1 1 31Mz + A 5
h h u(x; —u(z;

The continuity of S}, (z) at z; yields for i =1,2,...n—1

u(@iv1) —u(@i)  w(z:) — u(ﬂf‘i—l)).

My +4M; + M1 = 6< e 2

(3.9)

But, in many applications, it is more convenient to work with the slopes m; = S, (z;) rather than the

moments M;. Here, we present another formula of S,, in each segment [z;_1, z;]

(zi —)*(x —wio1) . zi—1)*(zi — x)
h? ! h?

Sn (CC) = mMi—1

(i —)?[2(x — xi—1) + A]
n2

+  u(wio1)

(z = @i-1)?[2(xi — ) + h]

+  u(zi)

h? ’
xr; —x)(2x;-1 + x; — 3x xr—xi—1)(2x; + xi—1 — 3x
@ = me, @D ) (B 2en) O = 52)

u(z;) — u(wi—1)

+ 3 6(z; — z)(z — zi—1). (3.10)
The limit values of second derivative at x; are given as
_ 2 4 u(x;) — u(x;—1)
S/,(l'i ) = Emz’_l + Em@ — 6%7
—4 2 w(wipr — u(z;)
S//(xj_) — Tmi — EmiJFl + 6ZTz
For results, we require
mi,1+4mi+mi+1:3w, i=1,2,...,n—1, (3.11)
with the end conditions
mo = u'(x0),
my, = u'(z,).
Then, system (3.9) has the form CM = D and system (3.11) has the form Cm = E, where
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3.4. Collocation cubic b-spline method

2 1 0
1 4 1 0 0
0 1 4 1 0 0
C= ;
0 oo e o141
0 . 1 2]

m = (mg,my,...my)t € R" 1 M = (Mg, My,...,M,)" € R"" D = (do,ds,...d,)" € R"*! such that
d; are given by

U(mn—l) - u(xn)

dn, =3

h )
and the vector E = (eg, ey, ...e,)" € R**! have the following elements
6 (u(x) —ulz
o = h< ( 1) - ( 0) u/(x0)>’

u(@it1) —u(wi)  ul@i) —u(@i-1)\ .
e :6( % — % ,1=1,2,...n—1,

Y PR e EC

Theorem 3.4.1. Let P3u defined by (3.6) and u the exact solution of (3.1). Then,
”u - Pgu”(ﬂ[a,b} <c nl(uﬂ h)a

where ¢ is a positive constant.

Proof. On each interval [x;_1, ;] and we use the spline form (3.8), we get
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Pi’u(az) —u(z) = Sn(z)—u(zr)
(i1 —x)°

(CIZ' — 552;1)3 ] . Mi71h2 XT; — X
o PMT e R

+ (u(m -2 > <‘” ‘,f“) - f@),

_ M; 1 (1: _ 1:)3 _ M; 1
-~ 6n V" 6h

= M

M,
6h

hQ(xi—a:)—F]é/Z(x—xi—l)s—

+ U(-Ti—l)(xihx) +U(-’17i)<x }fll> — f(z),

(rz—zi)[(@—xi1)® — b7
6h + M, 6h

u(zi) — u(wi—1) e o
+ (2 - f(w)) - (u(mz) — u(xi_l)) T

= (= 2@ = @i1) [(2% —xim1 — )Mo + (x — 2mi—1 + xz)Mz]

6h

u(wi) + u(wi—1) i +xi1 — 2T
* (2 f(x)) - (u(m» u(xi_m)%.

We have
(#; —x)(x —2-1) < R
(2x; — ;-1 —x) < 2h,
(x —2xi—1 +x;) < 2h,
|z +xi1—22| < h
Then, we get

2 U\T;) —uU\x;—
| Sn(z) —u(z) | < % | Mi_y | + | M; | +|M_

| u(z:) +u(zi—1) |

+ ) )

this implies

2h? 3
150 —ulloe < - IM g + 5 rolu, ).

On the other side, we have M = C~1D, then | M|[gn+1 <[|| C7L ||| || D|lgn+1, where

Dl = e | di |

6 w(Tip1) —u(z;)  w(r;) —u(xi—1)
= ess

3
< ﬁ HO(uvh)'

hQ(l‘ — Jii_l)
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Finally,

_ 3
1, = ulle < (210 C7 11143 ) rolu. )

Now, from the second interpolation formula (3.10) in each segment [z;_1, z;], we have

, i) — i— i — )2z i — —xi-1)(2x; P —
Sn(x)_% N G R 82) _ (w—w 1><hz: + @i~ 3x
+ MG(m—xi_l)(@—x)—M,
h h
with,
6 [z—x; 2 1
6(x —zio1)(zi —x) = hg< 211) ~ 5
2
3 Ti—1+ X4 1 1 Ti+ Ti
(wi —2)(2wi1 + @i —32) = h2<x_12> —4+h(x—2 1).
So that
u(z;) — u(x;— 3 Ti1+x; 2
S"{L(m) — % — |:h2 (fE _ 12 > _ 4:| |:(mi1 _ U/(I'i,l)
oy of ul(@i) — (i)
+  (m; —u'(x) 2( ;
" 1/ @itwia _ (25) + m;
h €T D) m; U Ty mi—1
- u/(xi—l + u’(xz) + Ul($i1):| .
Then,

|S;L($),M| <

1
3 | Imim =/ (@ia) |+ [mi — o/ (20) | +2 wo(u', )

=+ ‘ m; — u'(:rl) ‘ + | mi—1 — u'(mi_l) | +I€0(Ul,h). (312)
We denote U = (u(xo), u(x1),...u(xy,)) and U; = (v/(zg), v (21), ... v (zy,)). In other way, we have
1 E
I~ Ul <I{m — 2B [fass + 11 S+ U [fanss (3.13)

Also, we have
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3.4. Collocation cubic b-spline method

where, I,,11 is the identity matrix of size (n + 1) x (n + 1). We have

6 T3 %
with the end and the first conditions, we get
\%—% <3 ko(u', h),
| eé‘l +% eigl | <6ro(u,h), i=1,2,...,n—1,
e L YO

which gives ||E|lgn+1 < 6 ko(u’, h). Then, from (3.13)

E _
lm = 5 lgmtr < 6 || € I mou'sh), (3.14)

Substituting (3.14) in (3.12)

u(x;) — u(x;—1)

[ hte) = LI o (g o ) ol )

and therefore,

We get

u(x;) —u(wiz1) u(x;) — u(wiz1)

A < / _ UALe) = BLi—1)
[Sn —ulls < max, | Sn(z) 5 | + max, | 5 u' () |,
< (11 kel +2) ko(u', h). (3.15)

Then, we obtain from (3.12) and (3.15):

Hu - PguHcl[a,b] - ||7.L - Sn”Cl[a,b] <c Hl(ua h)a

where ¢ = max (11| 07 [ 41,211 ¢ 1] +5 ). .

Theorem 3.4.2. Let P2 be a projection operator given by (3.6) and T is a compact operator defined by
(3.3). Then,

lim ||(T — PHT|| = 0. (3.16)
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3.4. Collocation cubic b-spline method

Proof. Since T is compact the set
M={Tuue ot oo <1

is relatively compact in the Banach space C'[a,b] and by Banach-Steinhaus theorem [5], P3 converges
uniformly to the identity operator I in C'|a, b]

lim [|(I - P)T| = lim sup (I = P})Tullcrjap) = suEH(I*PS)chqa,b].
n—00 ve

la,b]

O

Under above theorems, we get P32 is pointwise convergent to the identity operator and P3T convergence
to T. Then, (Al — P3T)~! exists and ||[(AM — P3T)7!|| < oo (see [31]).

Theorem 3.4.3. Let u,, be the solution of (3.12) and u be the exact solution of (3.1). Then,

lim Hu — un||01[a7b] =0
n—oo

Proof. For n enough large, u—u,, = (A — P3T)~1 [(T —P3T)u+(f— P,?f)} and we obtain the following

estimation

lu = unllorae < A = PIT) 7 [II(I—PS’)TH + ||(I_P3)f||C1[a,b]:|~

When n — oo, we get the result. O

3.4.2 System Approximation

From the equation (3.12), we have for all € [a, b]
My (2) = P3Tu, (z) + P2 f(x).
We put « = z; for j = 0, 1,...n, then by the conditions interpolation of the sequence (P3),en (3.4), we get
Aun(25) = Tun(;) + f(2;),

which is equivalent to the following algebraic system for j =0,1,...n

n+1 b b
5 ai[ABS’@cn— / pr(a; — Ky (2, ) B(E) dt — / po(] x5 — t ) Koy, ) BY (1) dt

1=—1 a

= ). (8.17)

n+1

where {o;};7 ", are unknowns coefficients to be determined.
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3.5. Numerical tests

But we have a problem with the system (3.17) which has n +1 equations with n + 3 unknowns «;. For
this reason, we introduce B3;(x) be a modified Cubic b-splines basis [31]

Bo() = B(x)+2B%,(2), for j = 0,

B3 (z)= Bj(x)- B%,(2), forj =1,

B3(x) = B;’(gj), forj=2,...n—2,
Bat)= Bl_y(@) - By (o) for j=n— 1,
B3,(z)= B3(z)+2B3,,(v), for j = n.

In the next table, we present the value of B3; (x;) and its derivatives

Table 3.1: Value of modified b-cubic spline and their derivatives

x; j=0 j=i—-2 j=i—-1 j=i j=i+1 j=i+2 j=n

B%(x;) 6 0 1 4 1 0 6
- -3 3 6
B3, (x;) 0 h 0 - 0 .

Finally, the solution u, has a new representation
_ =3
Va € [a,b], uy(x) = ZaiBi (z),
i=0

and the system (3.17) has a new form given by

n

b b
3 m[A&3<xj>— / pr(; — Ky (2, B (1) di — / pa(| 25—t |) Ko(a;, t)B3 (1) dt

=0

= flzj),

where {@;}?_, are a new coeflicients to be deteminated.

3.5 Numerical tests

To illustrate the efficiency of our numerical processes and to compare between the both methods, we
give two numerical examples. The first is defined as

3.5.1 Test 01

Consider the following integro-differential equation

/ﬁ

- dt+/ o=t (0) di + (), (3.18)
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3.5. Numerical tests

where,
4 7 7
5 (9z+12)(1 —2)s  8zze® 9z3 N 3 822 + 122 + 15
= - - 1-— —_—
flo) = 72"+ 14 AT v GOk 105
We have
Pi(lz—t) = Vl]z—t,
Py(lz —t]) = |z —t5,
and
e(E
K t) =
l(xa ) t—'—l,
KQ(‘JZ —t‘) = 1.

Moreover, My = e' and My = 1. In addition, 7 > €!||Py||w1.1[0,5—q] + || P2|lw1.1[0,5—q]» then the equation
(4.9) has a unique solution.

The next table present the error discrete between the exact and approximate solution which given by

err, = Orélza;(nmn(xz) — u(x;)]-

Table 3.2: The error between the exact and approximation solution of equation (4.9)

n  Product integration time(seconds) Collocation cubic b-spline time(seconds)

10 2.4205e-04 0.985059 4.7601e-05 0.620084
50 9.6603e-06 14.386013 8.5975e-07 7.456484
100 2.4147e-06 51.016760 1 .6386e-07 27.258581
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3.5. Numerical tests

-4
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Figure 3.1: Errors of B-spline and Product integration method (4.9) n=10.

3.5.2 Test 02

Consider the following integro-differential equation

10 10
u@)= [ e thueydes [ Vo=t 0) d 4 fa), (3.19)
0 0
where,
2 ; 2
fl@)=a— %(3% —10)(10 — x)% _ g(lo _ x)% + gﬁ + %x%
We have
Pi(lz—t]) = |x—t|é,
Py(lz —t]) = +l]x—t],
and
Kl(l’,t) - ].,
Ky(lz—t]) = 1.

Moreover, M; = 1 and My = 1. In addition, 11 > [|Py||w1.1(0,5—qa) + || P2|lw1.1[0,6—a], then the equation
(4.9) has a unique solution.

Table 3.3: The error between the exact and approximation solution of equation (4.4)

n  Product integration time(seconds) Collocation cubic b-spline time(seconds)

50 1.9077e-07 14.038054 5.5756e-11 7.198711
100 1.8224e-07 57.896836 2.2340e-11 33.793924
200 4.5985e-08 213.576772 8.7540e-12 116.348824

Study of linear integral differential equations of the second kind: Analytical and numerical approach 69



3.5. Numerical tests
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Figure 3.2: Error of B-spline and Product integration method (4.4) n=50.
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Chapter 4 .

Analytical and Numerical Study

of Linear Fredholm
Integro-differential Equation

In Sobolev Spaces
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In this chapter, we study the existence and uniqueness of the solution of a linear integro-differential
Fredholm equation (2.1) in the most complex and weak Banach spaces, which are Sobolev spaces. We
suppose a theory that proves the existence of the solution under certain conditions, which allow us later
to be in harmony with our two analytical and numerical studies. This theory is well detailed in section
4.1. In this chapter, we are going to construct two solutions, each based on two Projection methods:
Galerkin and Kantorovich which are well explained in section 4.2. We present some theorems through
which we will prove the convergence of both solutions to the exact solution, but only in the sense of the
norm of two spaces H'[a,b] and W'1[a,b]. This what we present in sections 4.3 and 4.4. Finally, we
give a numerical examples 4.5 to see the error computation of the Galerkin and Knatrovich method in
the two Sobolev spaces.

Let p € [1,400[. We recall the linear Fredholm integro-differential equation

b b
Vr € [a,b], Au(z)= / Ky(z,t)u(t) dt +/ Ko(x, t)u(t) dt + f(x), (4.1)
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4.1. Analytical study in the Sobolev space W1Pa, b]

in the Sobolev space W? is equipped with the following norm

[ollwrrlap) = N0llLrfae) + 10| Lr(a,p)- (4.2)

4.1 Analytical study in the Sobolev space W'?[a, 0]

In this section, we are interested on the solution existence and uniqueness of (3.1) in the Sobolev space
WhP[a,b]. We propose two different hypotheses on the kernels K;, i = 1,2 depending on p € [1, +o0]

(L£1) For p €]1, 00|, we assume that the kernels K;, i = 1,2 checked the next assumptions

(L1)

K,
‘ Ki(@,1) € L7([a, b2, R) and 25

5 (01) € L7 ([0, . R),

(L2) For p =1 suppose that

i

b
0

max/ |K;(z,t)| dt < 400 and max/
a<z<b a<az<b ox

(x,t)‘ dt < +o0 .

Now, for all p € [1,+oo[ and u € W1P[a,b], we define the following linear operator

Va € [a,b], / Ki(z,t)u dt+/bK2($7t)u’(t) dt. (4.3)

Proposition 4.1.1. Let p € [1,+oco[, f € W P[a,b] and K;, i = 1,2 verify one of hypotheses (L1) or
(L2). Then, Tu € WYP[a,b] for all w € WYP. In addition, the weak derivatives (Tw) is given by

(Tu) u(x) = " 0K, (z, t)u(t) dt + 0K,

v S —(z,t)u'(t) dt, p.p for all = € [a,b].

Proof. To prove Tu € W1P[a,b], it is necessary show that Tu € LP[a,b] and (Tu) € LP[a,b], for
p € [1,+o0].
First, we verify that Tu € LP[a,b] for all p € [1, +o0]

I. For p €]1, +o0], we use the Holder’s Inequality [I]to deduce

/ | ()] e < (/ K0 ) % (f Loy ) | (4.0
/uwt dt|<</ |K2xt|th) (/ e pdt) . (45)
By combining equalities (4.4) and (45),
| LbK1<x,t>u<t>dt+ /abf@(m)u'() | < (|K1xt|th) ( / u(t |Pdt)
+( |l dt)é< / o dt);. (46)

Study of linear integral differential equations of the second kind: Analytical and numerical approach 72



4.1. Analytical study in the Sobolev space W1Pa, b]

Then,

"< (1Kt dt)é (/ Lty dt)é
+</ab | Ko (xz,t)|? dt) ' (/ab [/ (t)|P dt> ;r.

‘ /ab Ki(z,t)u(t) dt + /: Ko(z, t)u' (t) dt

Applying the previous results, we get

b b i b 19p
T2y < / [( / |K1<m,t>|th> +< / |K2<m,t>|th> } 2 [ullw s

Using the fact (z + y)P < 2P71(2P + yP), we have

b b 2
ITullyy < z[ / ( / |K1(:z:,t)|th> "
b b g
+ / </ | K2 (z,t)]? dt) dm} ullwtppe,y < +oo.

II. For p =1, we have

b b
ITullprws < (max / K (2,6)| dt + max / |K2<m7t>|dt> [l w110y < +00.

a<z<b
="="Ja

This proves that Tu € LP[a,b], for p € [1,+0o0].
Secondly, we show that there exists a function g € LP[a, b], p € [1, +00[ verifying

b b
/ Tu(z)¢' (z) do = —/ g(z)p(z) dx, V¢ € C[a,bl.

Let ¢ € C®[a,b]. Then,

/ab {/ab Ky (z, t)u(t) dt + /ab Ko(z, t)u'(t) dt] &' (x)dz,
/{/let dx] dt+/ [/Kg:rt dx} b) dt,

_ _/ab[ ab%};(ag,t)qﬁ(m) dm]u(t) dt—/a [ a 8;(2(33 o(x )da:]u’(t) dt,

/ab Tu(z)¢' (z) dz

- / b[ aba;;l(x,t)u(t) dt + / baaliz(x,t)u’(t) dt} o(x) da,

b
— - [ @@t dx

Hence, V¢ € C[a,b], we get g = (T'u)’. Finally, let verify that (Tw)’ € LP[a,b].

q a
q
dt) d$:| Hunl‘p[a,b]'

I. For p €]1, +o0[, with the same last processes. We can prove that

w1210 < 2 [/(/ th)gd“/ab(/:

0K

0K
E(%t)

oz (%)
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4.1. Analytical study in the Sobolev space W1Pa, b]

II. For p =1, we have

b b
, 192:¢ oK
T |21y < <mx / S0, )| di / e () dt) [ (4.7)
So, we have Tu € W1P[a, b], for all p € [1, +o0], this completes the proof. O
Under proposition 4.1.1, the derivative v’ is given implicitly as
P OK, " 0K,
V€ lab, M(z)= / ——(z, u(t) dt+ | ——(z,t)u'(t) dt + f'(z). (4.8)
o Oz . Ox

We introduce the following theorem to show that T' € BL(W1?[a,b]).
Theorem 4.1.1.
1. If the kernels K;, for i = 1,2 verify the assumption (L1) and p €]1,+oo[, then T € BL(W'P[a,b])

and
@ \: 1
dt) dac] .

2. If the kernels K;, for i = 1,2 verify the assumption (L3) , then T € BL(W11[a,b]) and

2

171l <22p"_22[/ab</:lKi(:c,t)lq dt)qu dx+/ab</ab oK

L(x,1)
—~ Ox

2 b b
< .
17| < Z(mx [ im0l max [
2

0K;
o (z, t)‘ dt>.

Proof. We recall that the norm of linear operator T is

17| = sup  [|Tullwip(ap-

||uHW1wP[a,b]:1

1. We start by prove that the operator T is bounded in W*'?[a,b], for p €]1, +oc[. By summation of
(4.7) and (4.7),

P
q

2 b b
NTull? g + 1T 10y < 2”—12[ / ( / Ki<x,t>|th> dx
i=0 @ @

[

A

0K;
(1)

+

q ya
q
dt) d.’IZ:| Hu”wl,p[a7b].

On the other side, we have

P
(IITUIILv[a,bJ + I(Tu)/lma,b]) <277 (IITuII’Zp[a,b] + I(Tu)/l’ip[a,bl)-
We get,

Y
q

2 b b
2p—2
ITuloson 1T e < 253 | [([iKtoopar)” ao
i=o LJa \Ja

A
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4.1. Analytical study in the Sobolev space W1Pa, b]

Finally,

2 b b L b b
Tullywioay < 25 Z[/ (/ m(x,twdt) s [ (/
i—oL/a a a a

This last equality proves that Tu € BL(W'P[a,b]) for p €]1,+00[. Then,

0K;
8.’1} (x’ t)

q P 1
)" da| il

2

[Fall <22pp22[/ab</ab|Ki(x,t)|q dt)z dx+/ab</ab

=0

0K;
Bz ™Y

¢ \E o1
dt) dac].

2. Now, we prove that T' € BL(W'![a,b]).
From (4.7) and (4.10), we find that ||Tu||yy1.1[4,5 is increased by

2 b b
0K;
ITllroion < 2 (m/ oot g, [0 ) s

so that Tw is a linear and bounded operator in W'![a,b]. Using the norm of linear operator, we
get

X

2 b b aK
< . v .
||T|_§O:(argg§b [ imantars m, [|58 @o| @)

O

In the next corollary, we give a sufficient condition to ensure the solution existence and uniqueness of
equation (4.1).

Corollary 4.1.1. Equation (4.1) has a unique solution in W1Pla, b] if

1. Forp €]l,+o0], the kernels K; fori= 1,2 check the assumption (L1) and

|)\|>22pp222:[/ab(/ab|Ki(a:,t)th)§da?—l—/(lb(/ab

=0

0K;
81' ('T) t)

q dt)i ta] )

2. Forp =1, the kernels K; fori = 1,2 verify the assumption (L2) and

2 b b
[A] > ;(arggicb/a |K;i(z,t)] dt—i—argggcb/a

aali” (, t)‘ dt) : (4.10)

Proof.

1. To prove (4.9), we will show that

Tlal =2z[/ (/abwi(m,t)wdt)g dw+/ab (/

=0

0K;
or

(1)

© \E o
dt) dm}
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4.1. Analytical study in the Sobolev space W1Pa, b]

By using the sup definition, we have

Ve>0,3ur € WHP(Q); [Jurllwrisay =1, [Tuallwieay > 1T — ¢,

since,

2p—2 2 b b % b b 0K g % %
27 P Z|:/ (/ |Ki($,t)|q dt) dac—i—/ </ l(]],t) dt) d.’l?:| |‘U1‘|W1.p[a7b]
=0 a a a a Ox
> [|A]] -,
For any arbitrary e, we get
2 b b 2 b b q H >
2p—2 a 0K; a P
277 Ki(x,t)|9dt) d “(x,t)| dt) d > |7,
Z[/(/ @olrae) ars [ ([ | d) @] =z
and
2 b b z b b q 2 5
2p—2 q 0K, q P
T||=2"» Ki(z,t)|7dt) d “(x,t)| dt) d Al
il g[/(/ @orar) aos [ [5wo] ar) | <
By Neumann’s theorem 1.7 (Al — 7)™ exists and
IOT = 7)) < =
Al =171

where I is the identity operator defined in W1P[a,b] in itself. Then our equation has a unique
solution.

2. To show the equality (4.10), we will prove that

2

b b
|T|| = Z(Jgi‘%{b/a |Ki(z,t)] dt + argg%(b/a

=0

0K,
- (amt)’ dt).

Ve>0,3u € WHHQ); [utllwrajap = 1, [[Tut|lwrajes > Al — ¢,

Also, by sup characterisation we have

such that

" | 0K,
arggi(b |K z,t) |dt+amzaxb o (w, )| dt ) [|ur]lwr1(ap

> ([T |lwr gy > |IT] - e (4.11)

i=

Since € is arbitrary and from the equality (4.11), we get

Y1 OK;
[T = (max / | K (x,t)] dt + max / l(m,t)’ dt) <Al
<z<b a<z<b Ox

Using Neumann’s theorem 1.7, we get (A — T)~! exists and bounded, such that this time I is the
identity operator of W[a,b]. Then, the equation (4.1) has a unique solution in W1[a,b].

O
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4.2. Projection Approximation

In the rest of our thesis, we present different constructions of numerical solutions and we show that
these approaches converge to the exact solution. So, in the convergence analysis we need the compactness
of the operator A, which is proved in the coming theorem.

Theorem 4.1.2. Let p € [1,+o00[. Then, T is a compact operator.

Proof. Let {un tnen be a sequence defined in W'P[a, b], since ||up ||w1r[ap) < 00. {Ttn }nen is bounded in
WhP[a, b]. Therefore, it has a sub sequences {Tuy, }xen converges in W1P[a, b]. Consequently {Tu, }nen
is precompact. Thus, T" is compact. O

4.2 Projection Approximation

In this section, we present the basic idea of projection methods 1.4.1 in the Sobolev space WhP[a,b).
We put X = LP[a,b] and we denote X by X x X. Let {X,,}n>1 be a sequence of finite dimensional sub-
space of LP[a, b] and {X2,,}»>1 be a sequence of finite dimensional subspace of X. Here, the construction

of an approximation solution in the Sobolev space is based on the following projection operator { P, },>1
which is given by

Pn : Xz — XZ,n
Vv — PnV = (Pl,nvla P2,nv2)7 (412)

where {P, , }n>1, for 7 = 1,2 are sequences have the following form
Yve X, P.,v= Z(v,ef)ei, r=1,2,
i=0

such that, (.,.) is the duality product in Banach space, {e;}_, is an ordered basis of X,, and {e}}?_, are
linear continuous functional, since

To illustrate our numerical process in W1P[a,b] by using the Galerkin 1.4.1 and Kantorovich 1.4.1
approximation methods, we need to present our operator T in the equivalent form. For this reason, we
set u("~1 =y, for r = 1,2 and we define the following block operator matrix Ay which is given as

AT : XQ — XQ
U= (u1,u2) +— ApU = (Tr1ur + Tioug, Torur + Taous),

with the operators {1}, }1<ir<2 are defined for all = € [a,b] and r = 1,2 by
b
YoveX, Tho(m) = / Ko(z,t)o(t) dt,
a

VoeX, Tov(x)

b
K,
/a 883; (z,t)v(t) dt.
We rewrite equations (4.1) and (4.8) in this simple version:
(Mz — Ap)U = F,

where I is the identity operator of X, and F = (f1, f2)-
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4.2.

Projection Approximation

Define now, two matrix approximations A% = P,ArP, and Agfn = P, Ar. The first is called block
Galerkin approximation matrix and the second one is block Kantorovich matrix. Using the above ap-
proximation operators Galerkin and Kantorovich, we get two approximation equations.

1. The first one is the Galerkin equation, which has the following form

(M — AG, )U, = F.

From the equation (4.13), we have

AU =

P,ApP,U + F,

= P,Ap(Pinuin, P usy) + (f1, f2),

= Po(TuPinuin + TioPonusn, To1 P atsn + Toa P pusn) + (f1, f2)

(4.13)

= (PipTiiPiputn + PopnT1oPonus pny PropnTo1 Prpts n + PonToo P pusn) + (f1, f2).

Thus, the unique solution U,, = (u1,y,u2,,) of Galekin equation (4.13) is given by

Uln =

)

U2 n =

1
Y

[i=05=0

Li=05=0

[n n n o n

> (uin,ef) (Thej, €7 )e; + 3 ZO(W,me}f) (Tizej, €7)

i=0j=

[n n n o n

> > (urn,ef) (Tmej, € )ei + 30 3 (uzn. €5) (Tazey, €f)

i=05=0

ei+f1 )

ei + fa|,

such that, X1 (i) = (u1,n,€}) and X(i) = (ugn,€}) are unknowns that we will find by solving the
following algebraic system

X A1 Arp X Y,
Al = 1+ (4.14)
X Agp A/ \X, Y,
with
An,lr(ivj) = (Ereive;)vl Sl,TSQ, Oélaj Sn,
Yi(i) = (fi.ef), 0<i<n,
Vo) = (farel), 0<i<n
2. The second one is Kantorovich approximation
(A, — A¥ U, = F, (4.15)
From the equation (4.15), we have
AU, = P,A7U+ F,
= P, (Thiuin + Thous pn, Torutn + Thouo ) + (f1, f2),
= (PpaTnu, + PopTious n, PrpTorur n + PopToous n) + (fi1, fo)-
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4.3. Study of Galerkin and Kantorovich approximation in W1t[a, b]

Then, the unique solution of Kantorovich system has the following form

]_ n n
Uin =y [Z (Thiurm, el )e; + > (Thauam, e )e; + f1:|,
=0 i=0
! 1 n * n *
Up =3 Yo (Torurp,el)e; + Y (Toous n, el)e; + fal.
i=0 i=0

The unknowns of the previous system are X1 (i) = (T11u1,n + Th2U2 5, €}) and Xo(i) = (To1ur, +

%

Tootg p,ef) for i = 0,1,...n. To find them we multiply the system by the block matrix Ay and

apply €} [48]. We find this n+1-dimensional linear system with the two unknown vectors X; and Xs
X1 Ap1r Api2 X1 Y1
A + = (4.16)
Xo Ano1 Ap2o Xo Y,
where
A”al”'(iaj) = (ET‘eia 6;), 1 S la r S 27 0 S 7"] S n,
Yi(i) = (Tuf+Taf'ef), 0<i<n,

Y2(i) = (Torf +Toaf'sef), 0<i<n.

4.3 Study of Galerkin and Kantorovich approximation in W[a, b]

In this section, we set X = L'[a,b] and X5 = X x X. Let n > 1, we recall A,, the uniform partition
of [a,b] (1.15).Let X, 2 = X,, X X,,, where X,, be a subspace of L'[a,b] has a basis {e;}" ; such that

1 if x e [in_l,l‘i],

We define the duality product as

Lemma 4.3.1. Let P, : X5 — Xg,n be a sequence of projection operator. Then,
1. P, € BL(X3, X2.,,),
2. For all U € X5, we have

||(Ig — Pn)U||X2 <2 5171(h,u) }—> O7

h—0

which means that (Py,)n>1 is pointwise convergent to I.

Proof. 1t is clear that {P,},>1 is linear. We need to prove that it is also bounded. Since

IN

|| Pr || x

1 n b x;
o[ [ e dy d.
i=0Ja YT

1 n Ti T
[ Wl de <@ alulls.
i=0 Y Ti—1 Y Ti-1

IN

Study of linear integral differential equations of the second kind: Analytical and numerical approach 79



4.3. Study of Galerkin and Kantorovich approximation in W1t[a, b]

[|[PUl| %, < (b—a)||U|| g, This implies that {P,},>1 is bounded and ||P,|| < (b — a).

We have, for n > 1
WU = PuUll%, = [T = Prn)uallx + [[(I = Pon)uzl|x. (4.17)

But,

(I = Prp)ullx = lui(z) — P1pui(z)| do,

IA
S =
i1
&
&
=
=
—
E
|
§
[
=
=
=
=
U
&

< [ e - w) e
i=1"Ti-1 /1
< o3 [ e - w@da,
i=17%i-1 70
9 b rh
< 7/ / |ur(x +t) — uy (z)| dz dt,
h a JO
9 [h b
< [ [ et - w) i
h 0 a
< 2&1’0(h,u1). (418)
In the same way,
||(I - P2,n)u2”X S 2 143170(}%’(,@). (419)

Substituting (4.18) and (4.19) in (4.17), we obtain

U = P,Ul| %, <4 k1,1(h,U),

h—
so that for h = Ta, when n — 400 we get h — 0 and

im [|U = P,U]|, =0.

4.3.1 Kantorovich Approximaion
In this section, we study the convergence of Kantorovich in the space W1![a,b].

Theorem 4.3.1. Let At be a block compact operator matriz and A%ﬂ be a block Kantorovich approxi-
mation. Then,

(A — A% )U|5, < 2max (ml,l(h, K)o, ||m,1<h,Kz>||oo),

. CAK || —
and we have nh_{r;oH‘(AT Az )|l = 0.
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4.3. Study of Galerkin and Kantorovich approximation in W1t[a, b]

Proof. By using the norm of block operator matrix and the equality (4.17) in lemma.4.3.1, we get for
Uz, =1

2
(A — AX)Ullx, < max SI(Th — 7T0)ulx
=1

1<r<2
2
< .
<2 11;1%2;%1,0(}1,%&», (4.20)
where, for r = 1,2
b
aa0h Tyar) = sup [T+ y) - Thu )] do
z€[0,h] Ja
b b
< swp [ K t) = Kot (0] de dy
z€[0,h] Ja Ja
b
< sup / sup |Ky (z + y,1) — Ko (y, D) dy [[ur]lx,
z€[0,h] Ja t€la,b]
b
< sup / sup [K(@+9,8) — Koy, )] dy [l x,
tela,b] Ja z€[0,h]
< sup K10k, Kp)(t).
t€la,b]
In same way, we get
Kl,O(h7T2rur) < sup ’_fl,O(ha aacKr)(t)v (421)

t€la,b]

where, 0, K, is a partial derivative of K, respect to x.
Substitute (4.21) and (4.21) in (4.20) to get

I(Ar — AF)U||x,

IN

TN CR SOy SIO)E
< 280 + s (1 Kl ).
Let us prove that lim |||(Ar — AX)||| = 0. Let Ar be a compact bloc matrix operator. The set
n—00 n

{ArV,||[V]|%, < 1}, is relatively compact. Using the Banach-Steinhaus theorem, the pointwise conver-
gence of P, to I is uniform and we obtain

. K : - -~ =
i [z = AR = 112 = Po)Asll| =t sup (G2 = )V, =0
O
Theorem 4.3.2. Let u be the solution of (4.1) and let u,, be the Kantorovich approximation. Then,
71L1_>IDO||’U, — un||W1,1[a7b] =0. (422)

Proof. We have that A:,If converge to Ar in the operator norm. Then, (A — A%,f”)_l exists and is
bounded ( see [2, 5] ). We can write, for n large

U—U, =\ — AK )™ <(AT - Agfn)(u,u’))
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4.3. Study of Galerkin and Kantorovich approximation in W1t[a, b]

we set Cy = |||(Alz — AT )7![|| to obtain

o= unllwriy = U= Usllg, < Coll(Ar — A7, )(u, ) 5,

Then,

Kantorovich System

IN

2 Cy max (|m,1<h,K1>|oo, R (R, K2>||oo).

lim H’U,n — uHW1,1[a7b] = 0
n—oo

Now, we introduce the elements of the system (4.16)

1 X Ej
Air(ij) = E/ / K.(z,t)dtde, 1<i,j<n,r=1,2,
Ti—1 JTj—1
Lo [ 0K
Ao (i,j) = — "(z,t) dtdr, 1<i,j<n,r=12,
wd) = g [ Grenadn 1sijsn

. 1o
Vi) = o /
Ti_1

) 1™
no = 5[

r b b
/ Ky(z,t)f(t) dt+/ Ko(xz, t)f'(t) dt] dr, 1 <i<nmn,

:/abaafail(f”vt)f(t) dt+/

a

b
?(x»t)f’(t) dt} dr,1<i<n.
Xr

4.3.2 Galerkin Approximation

In this part, we present some theorems to show the convergence of the Galerkin solution.

Theorem 4.3.3. Let Ap be a block compact operator matriz and A%l be a block Galerkin approzimation.

Then,

lim [[[(Ar — A )Ar[|| =0, and  lim [[[(Ar — Ar,)A, ||| = 0. (4.23)

Proof. For n large enough, we have

and

(AF — Ap)AZ = (AE — Ar)AS |

(A%L —Ar)A = (Aqlgn - AT)A’{F(,L + AT(Aﬁ — Ar)

I1(AF, — Ar)AZ ||
II(AZ, — A7) Arl|

By using theorem 4.3.1, we get

II(AZ, = APl 111 Azl
(1Pall + 1) [[|Az[[] [[|AZ, — Az|ll.

INIA

11(AF, — A7)AZ ||| < 2(b— a)? ||| Az|[| max <|IR1,1(h,K1)Iloo’ |R1,1(h7K2)|oo>,

11(AF, — Az)Ar|ll <2 (b — a + 1)]||Az||| max <|IR1,1(h,K1)|Ioo, Iﬁl,l(h,Kz)loo>,
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4.4. Study of Galerkin and Kantorovich method in H*[a,b]

O

and when n — oo, we get the result and we have that (Az — A$)™! exists and is bounded (see [2]).

Theorem 4.3.4. Let u be the solution of (4.1) and let u, be the Galerkin approzimation. Then,

Tlng%Hu - un||W1,1[a7b] =0.

Proof. For n large enough, we have

U-U,=(\,—AZ )" {A%L (P, U —U) + (AX — AT)U} ,

WU = Unllz, < Ch [IIIA% 1PaU = Ullg, + I(AT, —AT)UIXQ],

By theorem 4.3.1 and lemmad4.3.1, we get
10~ Ualls, < 2 Ca JAS I 1)+ ma (a0 )0, a1 K0 )|

Then,

lim Hun — UHW1~1[a,b] = O.
n—o00

Galerkin System

The elements of system (4.14) are presented as

A (i,5) = ;/::/g:ler(Lt) dtdr, 1<i,7<n,r=1,2,
Ao (i,5) = ill/::‘/:]l a;g(x,t) dtde, 1<i,7<n,r=1,2,
Yi(i) = }ll/:lf(x) de, 1<i<n,
Tali) = }ll/xf(x) o, 1<i<n.

4.4 Study of Galerkin and Kantorovich method in H!{a, b]

Let X = L?[a,b], and X,, be a subspace of L?[a,b] has the following orthonormal basis

20 —b—a

Va € [a,b], e;(x) = vV2i+ 1 Ly( .

);

such that L;(t) is the Legendre polynomial defined on [—1, 1] by the following recursive formula

Lo(t) =1,
Li(t) =t,
2i+1 1
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4.4. Study of Galerkin and Kantorovich method in H*[a,b]

Since for all v € X and j =0,...n
b
(e = [ ulwes o) da,

the subsequence operator m,, be an orthogonal projection in X. Then,

Lemma 4.4.1. Let P, : X — Xg,n be a sequence of orthogonal projection, then
Tim [|(F> = P)U] I, =0,

i.e P, is pointwise convergent to I5.

Proof. Let P be a polynomial of degree n. Then, we write p,, as a linear combination of Legendre Poly-
nomials for any coefficients «;

Ve e [-1,1], P(z)= Zaij(x).
j=0

Let us prove that

n

<U1 — leu, ZO[ij) = Zai<u1 — Plynul, LJ>
7=0

j=0

we have

(ur — Popur, L) = (u,Lj) — > (Prnui, L)L,

I

-
I
o

= (w1, Lj) — (uy, Lj)(Ly, Lj) = 0.
This leads to

n
<’LL1 — Pl,nul, Zajej> = 0
=0

By Pythagorian theorem, we get
n n
(w1 = Prous, » oG Lill72 10y = llur = Prouallfep g q) + [Poatn = Y oy LyllF21 4
j=0 =0

Then,

2

n
lur = Prpun |72y 0y < ‘ (g = Prpur, Y o L)
=0

L2[-1,1]

From the density of C°[—1,1] in L?[—1,1], we get for any function u; € L?[—1,1] there is a function
v € C°[—1,1], such that |Ju; —v|[2(_11] < % In other way, by Weierstrass theorem for any v € C°[—1, 1],

€
there is exist a polynomial P such that |[v — P||coj_1 1) < 3 So,

lv = Pllr2j—1,1) < V2||[v = Pllcof=1,1) <

DO ™
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Finally,

A

n
|ur — Pl,nul|‘%2[f1,1] < Jur — Pl,nuhZO‘ijH%?[flJ]H < lur = ol[pep-1,) + [Jlur — U||%2[71,1]a
j=0

IA
)

In the same way,

[lug — PQ,nUQHQL?[—l,l] <¢,

which gives

Jim [[(Iz = P,)Ul|x, = 0.

4.4.1 Kantorovich Approximation

Theorem 4.4.1. If {P,},>1 is pointwise convergent to Iy in Xz, then

lim ||[A% — Ap||=0.

n—-+o0o

Proof. Fist, we prove that Az is compact. Let U, be a sequence of Xy, such that U]z, < oo. We have

1A7U|| %, < Cl[Ullx,-

Then, Ar is bounded, so that it has a convergent sub sequence {ArU,}n>1, which proves that Ap is

compact. _
Since Ar is compact, then M = {A7U, ||U||5, < 1} are relatively compact sets in the Banach space X
and by the Banach Steinhaus theorem’s ( [5, 2]) { P, }nen converges uniformly to Iy in M, i.e

. K _ . K _ -
Jim [[[A7, — Arl] nlgngo“giiHAnU ArUl |z,

= lim sup||(12—Pn)Z||f(2-
emM

n—ooy
O
Theorem 4.4.2. Let u the exact solution and u,, is a Kantorovich solution. Then,
Jiwn [ = unl| 2,y = O
Proof. For n sufficiently large, U — U,, = (Al — A}, )71 (AL — Ar)U. Then,
=l mrifap) = IU = Unllz, < Call(AT, — A7)U|| %, -
By the last theorem, when n — oo, we get ||u — un||g1[q,5) — 0. O
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Kantorovich System

From the definition of the basis (L;),, the elements of the system (4.16) are given by

b b
Alr(iaj) = / / Kr(xat)ei(x)ej(t) dt dSC, 1<i4,5<n, r=1,2,
1 (b [POK,
Aor(i,j) = E/ / 5 (x,t)ei(x)e;(t) dt de, 1 <i,j <n, r=1,2,
a a

Yi(i) = /ab :/:Kl(;z:,t)f(t)ei(x) dt+/abK2(x,t)f’(t) dt]ei(x) dr, 1<i<n,

ox

Ya(i) = /b [ %(a@t)f(t) dt + b %(x,t)f'(t) dt} ei(z)dx, 1 <i<n.

LJa a

4.4.2 Galerkin Approximation

Theorem 4.4.3. Let At be a block compact operator matriz, Aﬂ and A%/ are the block Kantorovich
and Galerikn approzimation matriz respectively. If lim |||A%X — Al|| = 0. Then,
n—00 "

lim [[[(AF, — A7)A7|ll =0 and  lim ||(AF, — A7)AF, || =0.

This means A%l v-convergence ( A% 5 Ar,).

Proof. For n large enough, we have

(AF, — A7)AF, = (AT, — Ar)AF.,

and
(A7, — A7)A = (A7, — A7)A7, + Ar(Af, — Ar).
We have,
I1(AT, = AD)AZ I < (AT, = AL | Pall* | A ]I,
II(AZ, = An)Az|ll < (IPall + 1) [|Az[] [|AF, — Arl.
These inequalities prove that A% 5 Arp. O

Theorem 4.4.4. Let u be the solution of (4.1) and let u,, be the Galerkin approzimation. Then,

71L1£>no||u — un||H1[a7b] =0. (4.24)

Proof. For n enough large,

U-U,=(\,—AZ )" {A{,f” (P U —U) + (AF — AT)U} ,

w-Udls < G [||A£||| 1P.U U3,

©lAE - AU, + |PnFF|x2]
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Numerical Examples

Then, by theorem 4.4.1

i o=l = Jim U =l = 0.

Galerkin System

By the definition of basis {e;}?; and the duality product (4.3), the elements of system (4.14) are repre-
sented as

b b
A (i, 5) = / / K, (z,t)e;(t)e;(x) dt de, 1<4i,j<n,r=1,2,
. AL .
Asr(i,j) = / / %(x,t)ej(t)ei(x) dtde, 1<i,j5<mn,r=12,
- b
W) = [ f@e@d, 1<i<n,
~ b
Yo(i) = f(x)ei(x)de, 1<i<n

4.5 Numerical Examples

4.5.1 Numerical tests in W0, 1]

To treat our method in this Soblev space, we give this numerical example

Test 01

We consider the following integro-differential equation
1 1
Au(z) = / <|xt|log(|wt|) |a:t|>u(t) dtJr/ Ve =t (t) dt + f(x), (4.25)
0 0

where, A =9 and

—1)2
fx)= % (25x2 + 38z + 45 —log(1 — z)(36 4 24« + 12x2))

4 s, 8 o 4,
- 6(295—1-3)(1 —x)2 4 927 — %~ 1’ (12log(z) — 25).

The exact solution u(z) = 22, in the next table, we present the error between the exact and approximate
solution, with the error

erry = ||u — un|lwr.170,1)
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Numerical Examples

n Galekin  Kantorovich
10 0.0750 0.0041
50 0.0150 8.747e-04

100  0.0075 4.4641e-04

Table 4.1: Numerical results for equation (4.25)

Figure 4.1: Errors between exact and approximate solution of (4.25)
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Test 02

We consider the following integro-differential equation
1 1 )
Au(z) = / V|ex — et|u(t) dt +/ le” — e'|3u/(t) dt + f(x), (4.26)
0 0
where, A = 11 and

f(x)z?eMm—g(el—ew)‘ (ew—l)%.

[SI[)
|
e~ w
—
9]

—
|
9]

8
~—
Wl
|
=] w

The exact solution u(x) = e, in the next table, we present the error between exact and approximate
solution.

n Galekin Kantorovich

10 0.0864 0.0219
50  0.0172 0.0047
100  0.0086 0.0038

Table 4.2: Numerical results for equation (4.26)

Study of linear integral differential equations of the second kind: Analytical and numerical approach 88
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Figure 4.2: Errors between exact and approximate solution of (4.26)
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4.5.2 Numerical tests in H'[a, |

To observe the error behaviour in the Sobolev space H'[1,2], we give the following numerical example

Test 01

We consider the following integro-differential equation

" gy [P0

er + et 1+ a2+ e?t

dt + f(x), (4.27)

2
Vo € [1,2], du(z) :/
1
where, A = 2, u(z) = e” and

€

2
el > B arctan(m)
vr+1 Vo +1 '

The next table shows the numerical error between the our approximation solution and the exact solution
which we define it as

el +e*
e2+ew

f(x) =log ( > + 2¢" + arctan(

erry = |[u —un||mip,2)-
n Galekin Kantorovich
2 0.0287 1.9624e-04
5 3.7704e-06  1.6025e-07
10 6.6715e-14 1.8394e-13
15 1.7161e-22 9.7426e-25

Table 4.3: Numerical results for equation (4.27)
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Figure 4.3: Errors between exact and approximate solution of (4.27)
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Test 02

We consider the following integro-differential equation

_ [t ) A0
va € [0,1], /\u(x)—/o \/mdu—/o i+ () (4.28)

where, A = 4, u(z) = 22 and

1
fz) = 42 — arcm;g%* 1) - §<\/ﬁ - m)

In the following table, we present the error between the exact and approximate solution in the sense norm
of H'[0,1].

n Galekin Kantorovich
2 2.75151e-37 3.60996e-7
5  2.42575e-36  5.35642e-12
10  5.579869¢-35 6.79e-20
15  3.8871e-12 5.6832e-22
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Figure 4.4: Errors between exact and approximate solution of (4.28)
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Conclusion

Integro-differential equations play an important role in many scientific areas. Through this thesis, we
have tried to pay attention to study one specific type, which is the linear Fredholm integro-differential
equation. We have previously explained its great importance. We tried to study the different forms that
the equation can take.

At first, we were interested on the equation defined in the Banach space C'[a,b]. On this basis, we
constructed a sufficient condition to ensure the existence and the uniqueness of the solution in the Banach
C'a,b]. After that, we built three different numerical methods: Nystréom, Collocation and Kantorovich.
Our aim, is to compare them in terms of behaviour and convergence analysis. In addition, to search for
the best error that converges to zero. We have provided several numerical examples which show that the
Kantorovich method is the best of the three methods.

In the second part of this thesis, we assumed that the kernels K; for i = 1,2 are weakly singular. From
this, we were able to construct a sufficient condition that shows the existence and the uniqueness of the
solution, which made the numerical and analytical studies coherent. Because the product integration
method is the most common and widely used method for solving this type of equations, we applied it
and developed a theory that explains its convergence in C'[a,b]. We did not stop there, we also built
another method based on B-Spline functions, through which we obtained a system that contains a block
instead of a set of blocks as in the previous methods. We also studied the convergence of the new
numerical solution in the Banach space C'[a,b]. The advantage that distinguishes the B-spline method
from Product integration is that we can gain in accuracy and shorter time, as the examples show that
this method consumes half the time that the first one does.

In the last part, we changed the space from C[a,b] to the larger spaces WP[a,b],p € [1,+o0[. We
were able to show the existence and uniqueness of the solution in W1?[a,b]. Then, we constructed two
methods based on the Kantrorovich and Galerkin methods. We have studied the convergence behaviour
of both methods through some steps, the most important of which is to show the v-convergent of the
Kantorovich and Gakerkin operators. Our objective in this section is to answer on the following question:
Is the Kantorovich method still the best one in changing the space? The answer is well illustrated in the
numerical examples.

As perspective, we would try to apply other projection methods like the Kulkurni method [39], convo-
lution and Fourier series .... Although with this method, it is necessary to solve a system of the same
size as Galerkin’s method, the solution obtained converges faster than the projection methods proposed
in this thesis. We will not only focus on the linear Fredholm integro-differential equation of the form (6).
Also, we are going to study the linear and non linear Volterra integro-differential equations.
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