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 الملخص

 

                                                                                                                                                                          

                    .ييٍ ْذِ الأطزٔحت ْٕ الاْخًاو بانذراست انُظزيت ٔانزلًيت نهًؼادنت انخفاضهيت يٍ انُٕع انزائذ انٓذف   

ٔطزيمت انؼُاصز انًحذٔدة نهخمذيز انًكاَي نًؼادنت  ،بخٕسيغ طزيمت رٔد نهخمذيز انزيُي  الأٔلفي انؼًم   نمذ لًُا   

انفكزة انزئيسيت نٓذا انؼًم ْي  انحذٔديت، ٔػهيّ فاٌ حهغزاف بًصطهح غيز يحهي يزحبط بانشزٔط الأٔنيت ٔانشزٔط 

  .تخطأ يسبمت في انًساحاث انًُاسب  إػطاء يخططاث شبّ يُفصهت ٔيُفصهت حًايًا ٔاسخخزاج حمذيزاث يسبمت ٔحمذيزاث

حم َظاو انًؼادلاث غيز انخطيت  يت في انًؼادنت يسبب صؼٕباث فئجٕد يؼايلاث غيز يحه انؼذديت فإٌأيا يٍ انُاحيت 

حطبيك طزيمت ػذديت يخصصت نحم ْذا انُٕع   كاٌ ػهيُا يؼانجت ْذِ انصؼٕباث يٍ خلالانخي حى انحصٕل ػهيٓا،  نذنك 

                                       .                  حمذيزاحُا انُظزيت   ا انؼًم َمذو يثالًا رلًيًا نذػىيٍ انًشاكم ، ٔفي َٓايت ْذ

                                             

       انغزض يٍ انؼًم انثاَي ْٕ دراست َفس انًؼادنت انخفاضهيت انزائذيت غيز انًحهيت يٍ خلال انجًغ بيٍ طزيمت    

  يخى اشخماق حمذيزاث يسبمت ٔحمذيزاث انخطأ نكم يٍ انًخططاث شبّ ، حيذانؼُاصز انًحذٔدة انًخخهطت يغ طزيمت رٔد

   فصهت ٔانًُفصهت حًايًا في انًساحاث انخي حُاسب ْذا انؼًم َُٔٓي ػًهُا بخجزبت ػذديت حثبج َخائجُا انُظزيت.انًُ

، يؼادنت غهزكيٍ   طزيمت رٔد،  طزيمت انؼُاصز انًحذٔدة، طزيمت انؼُاصز انًحذٔدة انًخخهطت الكلمات المفتاحية: 

                                          .انخهغزاف، انًصطهح انغيز يحهي، انخمذيزاث انًسبمت

 



Abstract

The aim of this thesis to interest in the theoretical and numerical study of a differential

equation of the hyperbolic type.

In the first work we extend the Rothe method for to time discretization and finite element

method for the spatial discretization of telegraph equation with nonlocal term associated with

initial conditions and boundary conditions.

The main idea in this work is to give semi discrete and fully discrete schemes and extract a pri-

ori estimates and a priori error estimates for in suitable spaces. As for the numerical aspect,

the presence of non-local coefficients in the equation causes difficulties to solve a system of

nonlinear equations obtained. Therefore, we had to address these difficulties by applying a

dedicated numerical method to solve this type of problem, and at the end of this work we pro-

vide a numerical example to support our theoretical estimates.

The purpose of the second work is to study the same non-local hyperbolic differential equa-

tion by combining the H 1-Galerkin mixed finite element method with the Rothe method.

A priori estimates and error estimates are derived for both semi discrete and fully discrete

schemes in spaces that fit this work and we finish our work with a numerical experiment that

proves our theoretical results.

Key-words : Rothe’s method, finite element method, H 1-Galerkin mixed finite element method,

telegraph equation, nonlocal term and a priori estimate.
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Résumé

Cette thèse a pour objectif de s’intéresser à l’étude théorique et numérique d’une équation

différentielle de type hyperbolique.

Dans le premier travail, nous étendons la méthode de Rothe pour la discrétisation tem-

porelle et la méthode des éléments finis pour la discrétisation spatiale d’une équation télé-

graphique avec un terme non local associé aux conditions initiales et aux conditions aux lim-

ites.

L’idée principale de ce travail est de donner des schémas semi discrets et totalement discrets et

d’extraire des estimations a priori et des estimations d’erreur a priori dans des espaces appro-

priés. Quant à l’aspect numérique, la présence de coefficients non locaux dans l’équation pose

des difficultés pour résoudre un système d’équations non linéaires obtenu. Par conséquent,

nous avons dû résoudre ces difficultés en appliquant la méthode numérique dédiée pour ré-

soudre ce type de problème, et fin de ce travail nous fournissons un exemple numérique pour

étayer nos estimations théoriques.

L’ objectif du second travail est d’étudier la même équation différentielle hyperbolique non

locale en combinant la méthode des éléments finis mixtes H 1-Galerkin avec la méthode de

Rothe.

Les estimations a priori et les estimations d’erreur sont dérivées à la fois pour des schémas

semi discrets et totalement discrets dans les espaces qui correspondent à ce travail et nous

terminons notre recherche par une expérience numérique qui prouve nos résultats théoriques.

Mots-Clés : Méthode de Rothe, méthode des éléments finis, la méthode des éléments finis

mixtes H 1-Galerkin, équation de télégraphe, terme non local, estimation a priori.
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Introduction

The motivation for choosing to study partial differential equations with nonlocal

coefficient is the interest in describing how important these equations in the modeling

of many physical, biological and mechanical phenomena.

The problems that contain partial differential equations with nonlocal coefficient in-

clude different applications in many problems, including population activity such that

describe the population density subject to evolution (see [18]), and also conduction

heat transfer process where a phase transition occurs, and in moisture transport such

as swelling grains or polymers (see [8, 10, 50, 52] and references cited therein),. . . etc.

The presence of non-local coefficient in the problems leads to improving the advan-

tages of qualitative and quantitative analysis of these problems.

In the recent period, great emphasis has been placed on how to apply basic func-

tional methods to boundary problems accompanied by linear or non-linear differen-

tial equations in order to improve the theoretical and practical results of studying these

problems, especially in Banach or Hilbert spaces, in contrast to the classical methods.

The topic of the thesis is the interest in the numerical study of the partial differential

1



Introduction

equation of the type of hyperbolic with the term nonlocal, and it is also accompanied

by initial conditions and boundary conditions by using various approximations meth-

ods.

These approximate methods have many advantages, including :

-Create algorithms for numerical solutions.

-Finding approximate solutions to the difficulty in obtaining an accurate solution.

-Prove the existence of the solution and its uniqueness. . .etc.

Among the most commonly used approximate methods for solving problems involv-

ing linear or nonlinear differential equations, we mention: The finite element method,

H 1-Galerkin mixed finite element method and mixed finite element method. . .

The aim of our research, in the first work, we combine the Rothe method and the

finite element method to study a problem containing the acoustic telegraph equation

with nonlocal term, constant coefficients accompanied by boundary conditions, and

initial conditions which this equation is used to model effects of the mixture propa-

gation and wave propagation by introducing a term that explains the effects of finite

velocity on standard heat or standard mass transport (see [22, 40]). The nonlocal term

a in our equation is the diffusion that depends on a nonlocal quantity
∫
Ωu(x, t )d x and

assumed to depend on the entire population in the domainΩ. Recent years have seen

an increasing interest in studying nonlocal problems, of these problems it is possible

to refer to [14, 19, 26]. It also has extended applications which you can see in [51].

In the second work, we are expanding the H 1-Galerkin mixed finite element method

to the spatial discretization and applying the Rothe method for the time discretization

in order to study the same problem in the first work. These methods enable us to ob-

tain an approximate solution and, facilitate finding the optimal a priori estimates.

Manal DJAGHOUT 2 University of 8 May 1945-Guelma
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The H 1-Galerki finite element mixed method is a developed method for mixed fi-

nite element, this proposed method has the advantage of not subjecting the choice of

the finite element spaces to the LBB consistency conditions, and we refer to some ref-

erences interested in studying problems by using the H 1-Galerkin mixed finite element

method [16, 17, 43, 44, 56].

In ref [15], Che et al. proposed H 1-Galerkin mixed finite element method for the fol-

lowing nonlinear viscoelasticity-type equation based on H 1-Galerkin method, and ex-

panded mixed element method.

ut t −∇.(a(x,u)∇ut +b(x,u)∇u) = f (x, t ), (x, t ) ∈Ω× J ,

u(x, t ) = 0, (x, t ) ∈ ∂Ω× J ,

u(x,0) = u0(x),ut (x,0) = u1(x) x ∈Ω,

where J = (0;T ] with 0 < T <∞. the given data u0(x), u1(x), a(x,u), b(x,u), and f are

sufficiently smooth.

In ref [42], PANI. studied and analyzed H 1-Galerkin mixed finite element method for

the following parabolic partial differential equations with nonselfadjoint elliptic parts.

pt − (apx)x +bx + cp = f (x, t ), (x, t ) ∈ (0,1)× J ,

p(0, t ) = p(1, t ), t ∈ J̄ ,

p(x,0) = p0, x ∈ (0,1),

where J = (0;T ] with T < 1. The coefficients a, b, c are smooth functions depends of x

and a is bounded below by a0 ≥ 0.

Manal DJAGHOUT 3 University of 8 May 1945-Guelma



Introduction

For the Rothe method, it is an efficient tool that can be cited in the the discretization

of linear or non-linear evolution equations.

The Rothe method (or the method of lines) is the One of the most popular methods

for solving partial equation; this method is used in the time discretization of evolution

equations where the derivatives with respect to one variable are replaced by the cor-

responding difference quotients that finally lead to systems of differential equations

for functions of the remaining variables. Rothe’s method was presented by E.Rothe in

1930, it has been adopted and developed by many authors for example O.A. Ladyzen-

skaja [33, 34] and K. Rektorys[48, 49] for solving second order linear and quasilinear

parabolic problems. Recently Rothe’s method has been studied linear and quasilin-

ear hyperbolic equations we can see in [9, 28, 53, 2, 6, 27]. It also applied to different

types of problems some of them mentioned [3, 28, 32, 36, 38, 39, 41].

The discretization scheme of the Rothe method is given as follows :

We subdivide the interval [0,T ] into n subintervals of length τ = T
n and denote by ui

h

the values of uh at t = iτ, for i = 1, ...,n. We define the first and second finite differences

as δp i
h = p i

h −p i−1
h

τ
and δ2p i

h = δp i
h −δp i−1

h

τ
for all t = ti .

-We obtain a system formed of n equations in x where the unknown is ui (x) so we

approximate the problem posed at any point t = ti , for all i = 1,n by a new discrete

problem.

-We determine the functions un solutions of the system obtained.

-We construct the Rothe functions defined by

un = ui−1 + (t − ti−1)δui ∀t ∈ [ti−1, ti ], 1 ≤ i ≤ n,

Manal DJAGHOUT 4 University of 8 May 1945-Guelma
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δun = δui−1 + (t − ti−1)δ2ui ∀t ∈ [ti−1, ti ], 1 ≤ i ≤ n,

and the auxiliary functions

ūn =


ui t ∈ [ti−1, ti ],

u0 t ∈ [−τ,0],

Content of the thesis

This thesis is composed of three chapters.

In the first chapter, we give fundamental notions of functional analysis, those of

Sobolev spaces and Bochner spaces. afterwards, we also determine definitions, prop-

erties and fundamental theorems for this work: Cauchy-Lipschitz, Lax-Milgram Young

inequality, Gronwall inequality, ect.

We give as well an overview of finite elements and mixed finite elements.

In the second chapter, we treat the telegraph equation with nonlocal term by com-

bining Rothe’s method for time discretization and finite elements method to spatial

discretization. We start with a general introduction to this chapter, we give a definition

of the weak formulation and the basic assumptions for this work.

Next, we derive the discretization scheme, the a priori estimates and the error esti-

mates based on the time discretization.

Thereafter, for the spatial discretization we deduce the fully discrete scheme and we

derive the a priori estimates and the error estimates. Finally, we describe a numerical

experiment to support the theoretical result of this work.

Manal DJAGHOUT 5 University of 8 May 1945-Guelma
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The third chapter is devoted to studying the nonlocal hyperbolic equation based

on the H 1-Galerkin mixed finite element method, for spatial discretization and on the

Roth method for time discretization. First, we give a general introduction to this chap-

ter ; we give to a clear and precise formulation of the mentioned problem, followed by

the variational formulation. After that, the use the H 1-Galerkin mixed finite element

method for spatial discretization, which allows us to extract the semi discrete scheme

and derive the optimal error estimates. We then divide the time domain and give the

fully discretization scheme; the a priori estimates and the error estimates according

to the Rothe method. Finally, we finish with a digital experiment that describes our

theoretical results.

We end this thesis with a conclusion, perspectives and bibliography.

Manal DJAGHOUT 6 University of 8 May 1945-Guelma
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Preliminaries

In this chapter, we determine fundamental notions of functional analysis, those of

Sobolev spaces and Bochner spaces. After which, we also recall definitions, proper-

ties and fundamental theorems for this work: Cauchy-Lipschitz, Lax-Milgram Young

inequality, Gronwall inequality, ect. We also give an overview of finite elements and

mixed finite elements.

Most of these reminders are mostly drawn from books [1, 4, 7, 20, 31, 54, 55].

7



Chapter 1. Preliminaries

1.1 Functional spaces

LetΩ is a bounded domain of Rd with d ≥ 1 and T a strictly positive real number :

1.1.1 Spaces Lp(Ω)

Definition 1.1.1. [7] For 1 ≤ p <∞, we denote by Lp (Ω) the space of measurable func-

tions u fromΩ in R such that ∫
Ω
‖u(x)‖p d x <∞, (1.1)

with the norm

‖u‖Lp (Ω) =
(∫

Ω
‖u(x)‖p d x

) 1
p . (1.2)

Remark 1.1.2. If p = 2, L2(Ω) is the space of measurable functions with square inte-

grable overΩ for the scalar product defined as

(u, v) =
∫
Ω

u(x)v(x)d x, (1.3)

with the norm

‖u‖L2(Ω) =
(∫
Ω
|u|2d x

) 1
2 . (1.4)

Remark 1.1.3. if p =∞, we define the space L∞ as the space of all functions u that are

essentially bounded overΩ, with the corresponding norm

‖u‖L∞(Ω) = essupx∈Ω|u(x)| = inf
{

C ≥ 0 : |u(x)| ≤C pp overΩ
}

. (1.5)

Manal DJAGHOUT 8 University of 8 May 1945-Guelma



Chapter 1. Preliminaries

Definition 1.1.4. We say that u a function of L2(Ω) is weakly derivable in L2(Ω), if there

exists wi ∈ L2(Ω), ∀i = 1, ..., N , such that

∫
Ω

u
∂v

∂xi
=−

∫
Ω

wi v, ∀v ∈C∞
c (Ω), (1.6)

where ∂u
∂xi

= wi and C∞
c (Ω) is the space of compactly supported class C∞ functions

overΩ

1.1.2 Sobolev spaces

Definition 1.1.5. [1] For an integer m ≥ 0, the space H m(Ω) is the Sobolev space of the

order m, built on L2(Ω) :

H m(Ω) = {
u : u ∈ L2(Ω) and, ∀α ∈Nnsuch that |α| ≤ m,Dαu ∈ L2(Ω)

}
, (1.7)

here Dα is the weak partial derivative.

H m(Ω) is a Hilbert space for the scalar product

(u, v)H m (Ω) =
∑

|α|≤m
(Dαu,Dαv), (1.8)

and for the norm

‖u‖H m (Ω) =
( ∑
|α|≤m

‖Dαu‖2
L2(Ω)

) 1
2 . (1.9)

Proposition 1.1.6. if m = 1, the Hilbert space H 1(Ω) equipped with the scalar product

(u, v)H 1(Ω) = (u(x), v(x))+ (∇u(x),∇v(x)), (1.10)

Manal DJAGHOUT 9 University of 8 May 1945-Guelma
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and the norm

‖u‖H 1(Ω) =
(
‖u‖2

L2(Ω) +
N∑

i=1

∥∥∥ ∂u

∂xi

∥∥∥2

L2(Ω)

) 1
2

. (1.11)

Definition 1.1.7. We pose

H 1
0 (Ω) = {

u ∈ H 1(Ω) : u = 0 on ∂Ω
}
, (1.12)

it is the adherence of C∞
c (Ω) in H 1(Ω)

Remark 1.1.8. The space H−1(Ω) is the dual of space H 1
0 (Ω).

The duality product between H 1
0 (Ω) and H−1(Ω) is as follows

〈u,ϕ〉
H−1(Ω)×H 1

0 (Ω)
=

∫
Ω
ϕ(x)u(x)d x, ∀ϕ ∈ H 1

0 (Ω). (1.13)

Definition 1.1.9. [1] For 1 ≤ p <∞, and m ∈N we define the sobolev space W m,p (Ω) as

follows

W m,p (Ω) =
{

u ∈ Lp (Ω) ; Dαu ∈ Lp (Ω), ∀α ∈N such that |α| ≤ m
}

, (1.14)

with the norm

‖u‖m,p = ∑
|α|≤m

‖Dαu‖Lp (Ω). (1.15)

Remark 1.1.10. If p = 2, we have

W m,p (Ω) = H m(Ω). (1.16)

1.1.3 Bochner spaces

We recall the following spaces :

•C 0(0,T ;L2(Ω))
(
also denoted C (0,T ;L2(Ω))

)
is the space of defined and continuous
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functions on [0,T ] with values in L2(Ω), it is a Banach space for the norm

‖u‖C 0(0,T ;L2(Ω)) = max
0≤t≤T

‖u(t )‖L2(Ω). (1.17)

•L2(0,T ; H 1
0 (Ω)) is the space of functions with integrable square over [0,T ] with values

in H 1
0 (Ω), it is a Hilbert space for the scalar product

(u, v)L2(0,T ;H 1
0 (Ω)) =

∫ T

0

(
u(t ), v(t )

)
H 1

0 (Ω)d t , (1.18)

and the norm

‖u‖2
L2(0,T ;H 1

0 (Ω))
=

∫ T

0
‖u(t )‖2

H 1
0 (Ω)

d t . (1.19)

•L∞(0,T ; H 1
0 (Ω))is the space of functions essentially bounded on [0,T ] with values in

H 1
0 (Ω), it is a Banach space for the norm

‖u‖L∞(0,T ;H 1
0 (Ω)) = sup

[0,T ]
‖u‖H 1

0 (Ω). (1.20)

•L2(0,T ;L2(Ω)) is a Hilbert space for the scalar product

(u, v)L2(0,T ;L2(Ω)) =
∫ T

0

(
u(t ), v(t )

)
L2(Ω)d t . (1.21)

and the norm

‖u‖2
L2(0,T ;L2(Ω)) =

∫ T

0
‖u(t )‖2

L2(Ω)d t . (1.22)

Let X be a Banach space, we also mention the norms in the discrete form for some

Bochner spaces

‖u‖L∞(0,T,τ;X ) = max
1≤m≤J

‖um‖X . (1.23)
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‖u‖2
L2(0,T,τ;X ) = τ

J∑
m=1

∥∥um
∥∥2

X , (1.24)

where τ is the discretization step of the interval [0,T ]

1.2 Some properties and fundamental theorems

Lemma 1.2.1. (Young’s inequality)

If a,b ≥ 0 and 1 ≤ p, q ≤∞ such that 1
p + 1

q = 1, then

ab ≤ 1

p
ap + 1

q
bq . (1.25)

Lemma 1.2.2. (The ε-inequality)

For all ε≥ 0 and if a,b ≥ 0 , then

2ab ≤ εa2 + 1

ε
b2, (1.26)

or in other words

2ab ≤ εa2 +Cεb
2. (1.27)

Remark 1.2.3. Cε =C (ε−1) with ε is small.

Lemma 1.2.4. [14](Abel’s summation principle)

2a(a −b) = a2 −b2 + (a −b)2, ∀a,b. (1.28)

Lemma 1.2.5. (Poincaré inequality)
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For all u ∈ H 1
0 (Ω), there exists a constant C (Ω), such that

‖u‖L2(Ω) ≤C (Ω)
( n∑

i=1

∥∥∥ ∂u

∂xi

∥∥∥2) 1
2

. (1.29)

Theorem 1.2.6. [7](Cauchy-Schwarz inequality)

For all u, v ∈ L2(Ω), we have

• Continuous form

∣∣∣∫
Ω

u(x)v(x)d x
∣∣∣≤ (∫

Ω
|u(x)|2

) 1
2
(∫
Ω
|v(x)|2

) 1
2

. (1.30)

• Discrete form

∣∣∣ N∑
i=1

ui vi d x
∣∣∣≤ ( N∑

i=1
|ui |2

) 1
2
( N∑

i=1
|vi |2

) 1
2

. (1.31)

Theorem 1.2.7. (Hölder inequality)

It is a generalization of Cauchy-Schwarz inequality.

For 1 ≤ p, q <∞, u ∈ Lp (Ω) and v ∈ Lq (Ω) such that 1
p + 1

q = 1, we have

• Continuous form

∣∣∣∫
Ω

u(x)v(x)d x
∣∣∣≤ (∫

Ω
|u(x)|p

) 1
p
(∫
Ω
|v(x)|q

) 1
q

. (1.32)

• Discrete form

∣∣∣ N∑
i=1

ui vi

∣∣∣≤ ( N∑
i=1

|ui |p
) 1

p
( N∑

i=1
|vi |q

) 1
q

. (1.33)

Theorem 1.2.8. (Triangular inequality)

(∫
Ω

(
u(x)+ v(x)

)2d x
) 1

2 ≤
(∫
Ω

(u(x))2d x
) 1

2 +
(∫
Ω

(v(x))2d x
) 1

2
. (1.34)
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Lemma 1.2.9. [14](Gronwall inequality, continuous form)

Let u, v, w be real valued functions on I = [a,+∞], we assume u and w are continu-

ous functions, if u(t ) ≥ 0, v is nondecreasing and if w(t ) satisfies the inequality

w(t ) ≤ v(t )+
∫ t

a
u(s)w(s)d s, ∀t ∈ [a,b], (1.35)

then

w(t ) ≤ v(t )exp
(∫ t

a
u(s)d s

)
, ∀t ∈ [a,b]. (1.36)

Lemma 1.2.10. [14](Gronwall inequality, discrete form)

Let ui , wn be nonnegative real numbers and vn ≥ vn−1 , if

wn ≤ vn +
n−1∑
i=0

ui wi , ∀n ≥ 0, (1.37)

then

wn ≤ vn exp
(n−1∑

i=0
ui

)
, ∀n ≥ 0. (1.38)

Theorem 1.2.11. [1](Green’s formula)

LetΩ be a regular bounded open of class C 2, and n(x) its exterior normal. Let u ∈ H 2(Ω)

and v ∈ H 2(Ω), we have

∫
Ω
∆uvd x =−

∫
Ω
∇u∇vd x +

∫
∂Ω

∂u

∂n
vdσ. (1.39)

Definition 1.2.12. (Continuity of a bilinear form a(., .))

We say that a(., .) is a continuous bilinear form if it satisfies

∃M > 0 ∀u, v ∈V : |a(u, v)| ≤ M‖u‖‖v‖. (1.40)
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Definition 1.2.13. (Coercivity of a bilinear form a(., .))

we say that a(., .) is a coercive bilinear form if it satisfies

∃α> 0 ∀u ∈V : |a(u,u)| ≥α‖u‖2. (1.41)

Theorem 1.2.14. [7](Lax-Milgram)

Let V be a Hilbert space, and let a(., .) : V ×V → R a continuous and coercive bilinear

form and L(.) : V → R a continuous linear form. Then, there exists a unique u ∈ V such

that

∀v ∈V , a(u, v) = l (v). (1.42)

1.3 The finite element method

1.3.1 Introduction

The finite element method is one of the numerical tools that depend on the varia-

tional formulation ( and therefore on the weak solutions), meaning that this method

proposes creating a discrete algorithm based on weak formulas, as it allows us to search

on an approximate solution to a partial differential problem on a compact domain with

boundary conditions or inside the compact.

The finite element method changes the space of test functions of infinite dimension

for the variational formulation by a space of approximate test functions of finite dimen-

sion. And then talking about the existence and uniqueness of the solution, stability and

convergence of numerical methods, as well as estimating the error between the exact

solution and approximate solution. To clarify more on this method we see [20, 35]
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1.3.2 General principle of the finite element method: resolution of a

matrix system

The general approach of the finite element method is as follows. Let a bounded open

domain Ω of Rn (n ≥ 1), with a boundary ∂Ω. the variational formulation of partial

differential equation (PDE) is generally taken as follows : Find u ∈V such that

a(u, v) = l (v), ∀v ∈V. (1.43)

In order to find the approximate solution of u we are using internal approximative, as

shown below:

LetΥh be a partition ofΩmade of a finite number of elements T , such that

Ω=∪T ∈Υh T (1.44)

T ∩L =; if T 6=L . (1.45)

We note hT := diam T the diameter of T and h := maxT ∈Υh hT the step of the mesh.

Thanks to which we will create an approximation space Vh ⊂ V of finite dimension. So

that Vh will be the set of continuous functions onΩ and affine on each a mesh.

For example in the first dimension we chooseΩ the interval ]a,b[, We divide this inter-

val into N+1 subintervals of length hi = xi+1−xi for 1 ≤ i ≤ N+1, takes h = max1≤i≤N+1 hi .

The approximation space Vh can be determined as follows

Vh =
{
Φh ∈C 0([a,b]) such thatΦh |[xi ,xi+1]is linear∀i = 1, N +1

}
. (1.46)

and let {Φi (x)}N+1
i=1 be the basic functions for the space Vh , taken as follows
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Φi (x) =



x−xi−1
xi−xi−1

, if x ∈ [xi−1, xi ],

xi+1−x
xi+1−xi

, if x ∈ [xi , xi+1],

0, if not.

and

Φi (xk ) = δi k =


1, if k = i ,

0, if not.

Fig 1 : basis function for dimension two.

For the second dimension, we choose Ω as a rectangle (example : Ω=]0,1[×]0,1[) and

we take Υh is a triangulation made of triangles T such that no nodes of every triangle

lies in the interior of a side of another triangle.

The bellow figure is a uniform mesh ofΩ=]0,1[×]0,1[
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Fig 2 : mesh of theΩ.

Then the approximation space Vh written as follows

Vh =
{
Φh ∈C 0(Ω̄) tel queΦh |T is polynomial of degree one∀T ∈Υh

}
,

where its base is determined by the functions {Φ j }N
j=1 which it satisfies

φ j (xk , yk ) = δ j k =


1, if k = j ,

0, if not.
,
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Fig 3 : basis function for dimension two.

The approximate problem in the general case is written as follows : Find uh ∈ Vh such

that

a(uh , vh) = l (vh), ∀vh ∈Vh . (1.47)

Let {φ j }N
j=1 be basic functions for the space Vh . We write the approximation uh of u as

uh =
N∑

j=1
α jφ j ∈Vh . (1.48)

Therefore the problem (1.43) becomes : Find α= [α1,α2, ...,αN ] such that

N∑
j=1

α j a(φ j , vh) = l (vh), vh ∈Vh . (1.49)

Take into account the linearities of a(., .) and l (.) : Find α= [α1,α2, ...,αN ] such that

N∑
j=1

α j a(φ j ,φk ) = l (φk ), ∀k = 1, ..., N . (1.50)
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Hence obtaining the linear system must be solved



a(φ1,φ1) a(φ1,φ2) · · · a(φ1,φN )

a(φ2,φ1) a(φ2,φ2) · · · a(φ2,φN )

...
...

. . .
...

a(φN ,φ1) a(φN ,φ2) · · · a(φN ,φN )





α1

α2

...

αN


=



l (φ1)

l (φ2)

...

l (φN ).


(1.49)

1.3.3 Convergence

Lemma 1.3.1. (Lemma of Cea.)

Let the exact solution u and be the approximate solution uh . We have the following error

‖u −uh‖ ≤
M

α
inf

vh∈Vh

‖u − vh‖. (1.50)

‖u −uh‖ ≤
M

α
inf

vh∈Vh

d(u, vh). (1.51)

Here M and α are constants that satisfy (1.40) and (1.41) respectively, and d is the dis-

tance induced by the norm ‖.‖.

1.4 The mixed finite element method

1.4.1 Introduction

Among the numerical methods proposed for solving partial differential equations is

the mixed finite element method, and it is considered one of the preferred methods over

traditional methods because one of its advantages is the preservation of physical quan-

tities such as the amount of mass, temperature and Movement quantity ...
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This method allows to solve mixed problems whose unknowns are two functions rep-

resenting on the one hand the state of the considered system, and on the other hand a

Lagrange multiplier associated to a constraint that the state must satisfy. For more de-

tails can be found on the following references [23, 24, 30, 37, 47].

1.4.2 General principle of the mixed finite element method: resolu-

tion of a matrix system

Let V , W be two Hilbert spaces, the mixed variational problem writes as follows : Find

(u, w) ∈V ×W such that


a(u, v)+ c(w, v) = lV (v) ∀v ∈V

c(u,η) = 0 ∀η ∈W. (1.52)

Here a(., .), c(., .) two bilinear forms on V ×V , V ×W respectively, and lV (.) linear

form on V .

Theorem 1.4.1. (Inf-sup stability) For u ∈V , we have

γ≤C inf
0 6=η∈W

sup
0 6=u∈V

c(u,η)

‖u‖V ‖η‖W
. (1.53)

This theorem implies that the mixed problem (1.51) is well posed. In other words, it

admits a unique solution (u, w) ∈ V ×W which satisfy ‖u‖2
V +‖w‖2

W ≤ λ‖ f ‖2
V , where λ

is a positive constant.

For internal approximative, we substitute the two spaces V and W which often have

an infinite dimension by two subspaces Vh and Wh whose dimension is finite, we will
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also try to get an approximate solution to the following mixed problem : Find (uh , wh) ∈
Vh ×Wh such that


a(uh , vh)+ c(wh , vh) = lV (vh) ∀vh ∈Vh

c(uh ,ηh) = 0 ∀ηh ∈Wh . (1.54)

Therefore, we can write the approximate mixed problem in the following matrix form

 Ah C T
h

Ch 0


 uh

wh

=

 fh

0

 (1.55)

where Ah : Vh →Vh and Ch : Vh →Wh are operations defined as follows

(Ahuh , vh)V = a(uh , vh) and (Chηh , vh)W = c(ηh , vh) ∀uh , vh ∈Vh ,∀ηh ∈Wh ,

and ( fh , vh)V = l (vh) ∀vh ∈Vh .

1.4.3 Convergence

c(..) verify the inf-sup condition on the Vh ×Wh i.e. the approximate mixed problem

is well posed. We affirm the existence and uniqueness of the solution to this approximate

mixed problem that achieves convergence with the solution of the mixed problem. This

convergence is explained in the following theorem

Theorem 1.4.2. There exist a positive constant C independent of h such that

‖u −uh‖V +‖w −wh‖W ≤ {
inf

vh∈Vh

‖u − vh‖V + inf
ηh∈Wh

‖w −ηh‖W
}
. (1.56)
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2
Full Discretization to an Hyperbolic

Equation with Nonlocal Coefficient

2.1 Introduction

In this chapter, we present a full discretization of the telegraph equation with nonlo-

cal coefficient by combining the Rothe method to the time discretization and the finite

element method for the spatial discretization. After that we derive a priori estimates and

the optimal a priori error estimates for both semi discrete and fully discrete schemes.

23
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The fully discrete scheme for our problem gives a system of nonlinear equations. We use

Newton Raphson method to solve this system. It is known that the Newton Raphson it-

eration is the most popular for solving nonlinear algebraic equations because it is fast

convergent in a small number of iteration. One of the main difficulties of using Newtons

is the fully Jacobien matrix, this difficulty can be addressed by reformulate the system

through the application of the technique used by Sudhakar [14].

2.2 Position of the problem

Let Ω is a simply connected bounded domain of Rk , k ≥ 1 with Lipschitz continuous

boundary ∂Ω. Consider the following nonlocal hyperbolic problem.

∂2u

∂t 2
+ ∂u

∂t
+a(l (u))(A u) = f (x, t ,u) in Q =Ω× I

u(x,0) = u0(x), ut (x,0) = u1(x) inΩ (2.1)

u = 0 on ∂Ω× I .

Where a is a function depends of l (u) with

l (u) =
∫
Ω

u(x, t )d x. (2.2)

We introduce the elliptic differential operator A defined by

A u :=−di v(A(x)∇u)+b(x)u, (2.3)

where A(x) is a symmetric matrix with entries that are uniformly bounded and mea-

surable, b(x) is a bounded function and we assume that f , u0, u1 and A(x) are smooth

enough functions.
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2.3 Definitions and assumptions

In this section, we present a definition of the weak formulation and we assume hy-

potheses necessary for this work to prove the existence and uniqueness of the weak solu-

tion.

Definition 2.3.1. let (., .)A be the inner product of V defined by

(u, v)A = (A∇u,∇v)+ (bu, v) ∀u, v ∈V , (2.4)

and the norms on V is denoted ‖.‖A .

Definition 2.3.2. A function u is called a weak solution of (2.1) if



1) u : Q →R and u ∈ H 1
(
I ,L2(Ω)

)∩L2(I ,V )such that,

∀v ∈ H 1
(
I ;L2(Ω)

)∩L2(I , v) with v(x,T ) = 0.

(2.5)

2) −
∫

I

(
∂t u,∂t v

)− (
u1, v(.,0)

)+∫
I

(
∂t u, v

)+∫
I
a(l (u))

(
u, v

)
A =

∫
I

(
f , v

)

u(x,0) = u0(x), ut (x,0) = u1(x).

Along this work we shall always assume the following assumptions

(H1) u0 ∈V , u1 ∈ L2(Ω)

(H2) f :Ω× I ×R→R is Lipschitz continuous in the sense

‖ f (x, t , s)− f (x, t ′, s′)‖ ≤C {|t − t ′|(|s|+ |s′|+ |s − s′|)}, (2.6)
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and satisfies the condition of growth

‖ f (x, t ,ξ)‖ ≤C (1+|ξ|), ∀(x, t ,ξ) ∈Ω× I ×R. (2.7)

(H3) a :R→R is lipschitz continuous with the lipschitz constant LM , this means

|a(
l (u)

)−a
(
l (v)

)| ≤ LM‖u − v‖, ∀u, v ∈V , (2.8)

and satisfies

0 < ma ≤ a(s) ≤ Ma <∞, ∀s ∈R. (2.9)

(H4) A(x) is symmetric matrix satisfies

(Aξ,ξ) ≥C‖ξ‖2. (2.10)

and let (., .)A be a bounded, coercive and symmetric bilinear form according to choose

the coefficients A(x), i.e.,

|(u, v)A | ≤C‖u‖A ‖V ‖A , (u,u)A ≥C‖u‖2
A , ∀u, v ∈V. (2.11)

2.4 Time discretization

In this section, we create a scheme of discretization in time based on the Rothe method

and also extract some a priori estimates and the optimal a priori error estimates.

We divide the interval I into n subintervals of length τ= T
n and denote ui = u(ti , x),

ti = iτ, i = 0,1, ...,n. Let u−1 be defined as u−1(x) = u0(x)−τu1(x), the reccurent approx-
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imation scheme for i = 1, ...,n becomes


Find ui ∼= u(., ti ) ∈V i = 1,2, ...,n such that the equation,

(2.12)(
δ2ui , v

)+ (
δui , v

)+a(l (ui ))
(
ui , v

)
A = (

f i , v
)
.

We define the Rothe’s functions by a piecewise linear interpolation with respect to the

time t,

un = ui−1 + (t − ti−1)δui ∀t ∈ [ti−1, ti ], 1 ≤ i ≤ n, (2.13)

δun = δui−1 + (t − ti−1)δ2ui ∀t ∈ [ti−1, ti ], 1 ≤ i ≤ n, (2.14)

together with the step function

ūn =


ui t ∈ [ti−1, ti ],

u0 t ∈ [−τ,0]. (2.15)

We denote by f̄ n the function

f̄ n =


f i t ∈ [ti−1, ti ], .

0 t = 0. (2.16)

Then, the problem (2.12) can be redefined as follows :



∀v ∈ H 1
(
I ;L2(Ω)

)∩L2(I , v) with v(x,T ) = 0,

(2.17)

(
∂tδun , v

)+ (
∂t un , v

)+a(l (ūn))
(
ūn , v

)
A = (

f̄ n , v
)
.
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By integrating the above equation over I , we get



∀v ∈ H 1
(
I ;L2(Ω)

)∩L2(I , v) with v(x,T ) = 0,

(2.18)

−
∫

I

(
δun ,∂t v

)− (
δun(0), v(.,0)

)+∫
I

(
∂t un , v

)+∫
I
a(l (ūn))

(
ūn , v

)
A =

∫
I

(
f̄ n , v

)
.

2.4.1 A priori estimates

Lemma 2.4.1. For 1 ≤ i ≤ s ≤ n, the estimates

‖δus‖2+
s∑

i=1
‖δui −δui−1‖2+

s∑
i=1

τ‖δui‖2+ma‖us‖2
A +ma

s∑
i=1

‖ui −ui−1‖2
A ≤Cτ. (2.19)

Proof.

Choose v = δui in the equation (2.12), we get

(δui −δui−1,δui )+τ‖δui‖2 +ma(ui ,ui −ui−1)A ≤ τ‖ f i‖‖δui‖.

Using Young, we obtain

‖δui‖2 −‖δui−1‖2 +‖δui −δui−1‖2 +τ‖δui‖2 +ma
(‖ui‖2

A −‖ui−1‖2
A +‖ui −ui−1‖2

A

)

≤ τ‖ f i‖‖δui‖.

Taking summation from i = 1 to s to get

Manal DJAGHOUT 28 University of 8 May 1945-Guelma



Chapter 2. Full Discretization to an Hyperbolic Equation with Nonlocal Coefficient

‖δus‖2 −‖δu0‖2 +
s∑

i=1
‖δui −δui−1‖2 +

s∑
i=1

τ‖δui‖2 +ma‖us‖2
A −ma‖u0‖2

A

+ma

s∑
i=1

‖ui −ui−1‖2
A ≤

s∑
i=1

τ‖ f i‖‖δui‖.

Applying the Abel’s summing formula, we obtain

‖δus‖2 +
s∑

i=1
‖δui −δui−1‖2 +

s∑
i=1

τ‖δui‖2 +ma‖us‖2
A +ma

s∑
i=1

‖ui −ui−1‖2
A

≤C +ε
s∑

i=1
τ‖ f i‖2 +Cε

s∑
i=1

τ‖δui‖2,

≤ ε
(
1+

s∑
i=1

i−1∑
r=1

τ2‖δur ‖2
)
+Cε

s∑
i=1

τ‖δui‖2.

(2.20)

Using the Gronwall’s lemma (see, e.g.[45]) inequality and choosing ε= τ to get

‖δus‖2 +
s∑

i=1
‖δui −δui−1‖2 +

s∑
i=1

τ‖δui‖2 +ma‖us‖2
A +ma

s∑
i=1

‖ui −ui−1‖2
A ≤Cτ. ■

Corollary 2.4.2. There exists a positive constant C such that

‖∂t un‖2
L2(I ;L2(Ω)) ≤C ,‖un‖2

L2(I ;V ) ≤C , (2.21)

‖un − ūn‖2
L2(I ;V ) ≤

C

n
, (2.22)

‖un − ūn‖2
L2(I ;L2(Ω)) ≤

C

n2
,‖un − ūn

τ ‖2
L2(I ;L2(Ω)) ≤

C

n2
, (2.23)
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‖δun −∂t un‖2
L2(I ;L2(Ω)) ≤

C

n
, (2.24)

where ūn
τ = ūn(., t −τ).

Proof.

All the estimates of this corollary are a result of Lemma 2.4.1 and the definitions of un ,

δun and ūn . The estimates (2.21)1 and (2.23) are a result of (2.19)3 and the definition of

ūn
τ , whereas (2.21)2 is a result of (2.19)4. The estimates (2.19)5 and (2.19)2 imply (2.22)

and (2.24), respectively.■

2.4.2 A priori error estimates

We denote by eu = u −un and e f = f − f̄ n .

Theorem 2.4.3. Under the assumptions (H1)− (H4), we have

‖eu‖2
C (I ;L2(Ω)) +ma‖eu‖2

L2(I ;V ) ≤C (τ2 +τ). (2.25)

Proof.

Subtracting (2.18) from (2.5) and using v = eu(t ) as a test function we obtain

|eu |2+ma

∫
I
‖eu‖2 ≤ ε‖e f ‖2

L2(I ;L2(Ω))+Cε

∫
I
|eu |2+ ma

2

∫
I
‖un −ūn‖2

A + ma

2

∫
I
‖eu‖2

A +Cτ.

(2.26)

Now we consider

|e f |2L2(I ;L2(Ω))
≤

∫
I

(
| f (t ,u)− f (t ,un)|2 +| f (t ,un)+ f (t , ūn

τ )|2 +| f (t , ūn
τ )− f (ti , ūn

τ )|2
)

≤
∫

I

(
|eu |+ |un − ūn

τ |2 +τ2
)
.

(2.27)

Substituting from (2.27) in (2.26), using Corollary2.4.2, choosing e sufficiently small and
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applying Gronwalls lemma the proof completes.■

2.5 Full Discretization

This section contains a fully discrete scheme by using the finite element method for

spatial discretization and also the numerical method used to solve nonlinear equations

obtained from the fully discrete scheme of a problem. In addition, we give some a priori

estimates and the optimal a priori error estimates.

At each time ti , 0 ≤ i ≤ n, we consider a triangulation Υi
h made of triangles T i such

that no nodes of every triangle lies in the interior of a side of another triangle. Let V i
h be

the discrete space of V i defined by

V i
h =

{
Φh ∈C 0(Ω̄) tel queΦh |T i is polynomial of degree one∀T i ∈Υi

h

}
.

Let {p j }N
j=1 be interior nodes of Υi

h et {Φ j (x)}N
j=1 be the basic functions for the space V i

h

such that any function will be the pyramid form in V i
h and wich takes the value 1 at

{p j }N
j=1 and vanishes at exterior nodes. We can write the solution ui

h as

ui
h(t ) =

N∑
j=1

αi
jΦ j (x) ∈V i

h .
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Then, the fully discrete scheme for problem (2.1) reads as



Find ui
h ∈V i

h (Ω) such that :

uh(0) = u0
h , uht (0) = u1

h and u−1
h = u0

h −τu1
h ,

and, ∀v ∈V i
h ,

(
δ2ui

h , vh
)+ (

δui
h , vh

)+a
(
l (ui

h)
)(

ui
h , vh

)
A = (

f i , vh
)
.

(2.28)

We introduce the orthogonal projection operatorΠi
h :H 1

0 (Ω) −→ V i
h (Ω)

such that

(∇w,∇v) = (∇Πi
h w,∇v) ∀w ∈ H 1

0 (Ω), v ∈V i
h (Ω). (2.29)

From fully discrete weak formulation of (2.26), we have



Find ui
h ∈V i

h (Ω) such that :

uh(0) = u0
h , uht (0) = u1

h and u−1
h = u0

h −τu1
h ,

and, ∀v ∈V i
h ,

(ui
h −Πi

hui−1
h

τ
− ui−1

h −Πi−1
h ui−2

h

τ
, vh

)+τ(ui
h −Πi

hui−1
h

τ
, vh

)

+τa
(
l (ui

h)
)(

ui
h , vh

)
A = τ( f i , vh

)
.

(2.30)
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This implies,



Find ui
h ∈V i

h (Ω) such that :

uh(0) = u0
h , uht (0) = u1

h and u−1
h = u0

h −τu1
h ,

and, ∀v ∈V i
h ,

(1+τ)
(
ui

h , vh
)+τ2a

(
l (ui

h)
)(

ui
h , vh

)
A

= τ2
(

f i , vh
)+ (

(1+τ)Πi
hui−1

h + (
ui−1 −Πi−1

h ui−2
h

)
, vh

)
.

(2.31)

2.5.1 Numerical method

The problem (2.31) give as a system of nonlinear algebraic equations by using finite

element, then can be given this system as follows :

F j (ᾱi ) = F j (ui
h) = 0 1 ≤ j ≤ N , (2.32)

where ᾱi = [αi
1,αi

2, ...,αi
N ], and

F j (ui
h) = (1+τ)

(
ui

h , vh
)+τ2a

(
l (ui

h)
)(

ui
h , vh

)
A −τ2( f i , vh

)− (
(1+τ)Πi

hui−1
h

+(
ui−1 −Πi−1

h ui−2
h

)
, vh

)
.

We use Newton-Raphson method to solve (2.31), but the presence of nonlocal term in

the equation destroys the sparsity of Newton-Raphson method.
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We compute the Jacobian matrix J To get the value of αi
j by Newton’s method, every

element of the Jacobian matrix takes the form

∂F j (ui
h)

∂αi
j

= (1+τ)
(
φ j ,φl

)+τ2
(∫
Ω
φ j

)
a′(l (ui

h)
)(

ui
h ,φl

)
A +τ2a

(
l (ui

h)
)(
φ j ,φl

)
A

−τ2( f ′(ui
h)φ j ,φl

)
.

(2.33)

In order to ensure the sparsity of the Jacobian matrix we modify the scheme (2.31) accord-

ing to the technic used by Chaudhary in [14]. Then the problem (2.31) can be rewritten

as follows

Find d ∈R, and ui
h ∈V i

h such that

l (ui
h)−d = 0. (2.34)

(1+τ)
(
ui

h , vh
)+τ2a

(
l (ui

h)
)(

ui
h , vh

)
A −τ2( f i , vh

)− (
(1+τ)Πi

hui−1
h

+(
ui−1 −Πi−1

h ui−2
h

)
, vh

)= 0 ∀vh ∈V i
h .

(2.35)

Take vh =φ j , and reformulate the equations (2.34−2.35) as follows
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F j (ui
h ,d) = (1+τ)

(
ui

h ,φl
)+τ2a

(
d

)(
ui

h ,φl
)
A −τ2( f i ,φl

)

−(
(1+τ)Πi

hui−1
h + (

ui−1 −Πi−1
h ui−2

h

)
,φl

)
.

(2.36)

F i
N+1 = l (ui

h)−d . (2.37)

This implies

J

 ᾱi

β

=


A b

c δ11


 ᾱi

β

=

 F̄ i

F i
N+1,

 .

(2.38)

where A = AN×N , b = bN×1 and c = c1×N take the form

A j l = (1+τ)
(
φ j ,φl

)+τ2a
(
d

)(
φ j ,φl

)
A −τ2( f ′(ui

h)φ j ,φl
)
,

b j 1 = τ2a′(d
)(

ui
h ,φl

)
A ,

c1l =
(∫
Ω
φ j

)
,

δ11 = −1,

and ᾱi = [αi
1,αi

2, ...,αi
N ]T , F̄ i = [F i

1,F i
2, ...,F i

N ]T .
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The matrix system (2.38) can be solved by using the Sherman-Morrison Woodbury for-

mula or block elimination with one-refinement algorithm in [25, 26].

2.5.2 A priori estimates

Lemma 2.5.1. The estimates

‖∇Πi
hui‖ ≤C . (2.39)

‖Πi
hui‖A ≤ c. (2.40)

Proof. For w = ui in (2.29), we have

(∇ui ,∇vh) = (∇Πi
hui ,∇vh).

Choosing vh =Πi
hui , to get

‖∇Πi
hui‖2 = (∇ui ,∇Πi

hui )

≤ ‖∇ui‖‖∇Πi
hui‖.

Thus,

‖∇Πi
hui‖ = ‖∇ui‖

≤ C .
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Further

‖Πi
hui‖2

A = (Πi
hui ,Πi

hui )A

= (A∇Πi
hui ,∇Πi

hui )+ (a(x)Πi
hui ,Πi

hui )

≤ C (‖∇Πi
hui‖2 +‖Πi

hui‖2).

Using Poincaré inequality, we obtain

‖Πi
hui‖A ≤ C (‖∇Πi

hui‖)

≤ c.

where c and C are some positive constants.

Lemma 2.5.2. Let u0
h ∈ V 0

h and u1
h ∈ V 0

h and for 1 ≤ i ≤ s ≤ n, then the solution ui
h ∈ V i

h

of the problem (2.28) satisfied

‖δus
h‖2

L2(0,T ;L2(Ω)) +ma‖us
h‖2

L2(0,T ;V ) ≤C (2.41)

Proof. We use the same proof in lemma2.4.1 to obtain the existence of ui
h and a priori

estimates.

‖δus
h‖2 +

s∑
i=1

‖δui
h −δui−1

h ‖2 +
s∑

i=1
τ‖δui

h‖2 +ma‖us
h‖2

A +ma

s∑
i=1

‖ui
h −ui−1

h ‖2
A ≤Cτ.

This means

‖δus
h‖2 +ma‖us

h‖2
A ≤C .
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We integrate from 0 to T , to obtain

‖δus
h‖2

L2(0,T ;L2(Ω)) +ma‖us
h‖2

L2(0,T ;V ) ≤C . ■

2.5.3 A priori error estimates

We introduce the orthogonal projection to get an optimal convergence between ui , ui
h .

Therefor, we can take the error as follows

e i = ui −ui
h = ui −Πi

hui +Πi
hui −ui

h

= ρi
h +θi

h .

(2.42)

Theorem 2.5.3. ([46]) : There exists a positive constant C , independent of h such that

‖v −Πi
h v‖ j ≤C hi

j‖v‖i ∀v ∈ H i ∩H 1
0 j = 0,1; i = 1,2 (2.43)

‖vt −Πi
h vt‖ j ≤C hi

j‖vt‖i ∀v ∈ H i ∩H 1
0 j = 0,1; i = 1,2. (2.44)

‖vt t −Πi
h vt t‖ j ≤C hi

j‖vt t‖i ∀v ∈ H i ∩H 1
0 j = 0,1; i = 1,2. (2.45)

Theorem 2.5.4. We assume that min(b(x))
2 ≥ 16e3c2LMa

m2
a

where c is given in Eq.(2.38). Then,
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there exists a positive constant C such that

∥∥ui −ui
h

∥∥
L2(0,T,τ,H 1(Ω)) ≤C (h +h2). (2.46)

Proof. From equations (2.12),(2.28), we have

(
δ2θi

h , vh

)
+

(
δθi

h , vh

)
+ai

h

(
θi

h , vh

)
A

=
(
δ2Πi

hui , vh

)
+

(
δΠi

hui , vh

)
+ai

h

(
Πi

hui , vh

)
A

−
(
δ2ui

h , vh

)
−

(
δui

h , vh

)
−ai

h

(
ui

h , vh

)
A

=−
(

f i , vh

)
+

(
δ2Πi

hui , vh

)
+

(
δΠi

hui , vh

)

+ai
h

(
Πi

hui , vh

)
A

=−
(
δ2ui , vh

)
−

(
δui , vh

)
−ai

(
ui , vh

)
A

+
(
δ2Πi

hui , vh

)
+

(
δΠi

hui , vh

)
+ai

h

(
Πi

hui , vh

)
A

+ai
(
Πi

hui , vh

)
−ai

(
Πi

hui , vh

)

=−
(
δ2(ui −Πi

hui ), vh

)
−

(
δ
(
ui −Πi

hui ), vh

)

−ai
((

ui −Πi
hui ), vh

)
A
+ (

ai
h −ai )(Πi

hui
h , vh

)
A

.
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Thus,

(
δ2θi

h , vh

)
+

(
δθi

h , vh

)
+ai

h

(
θi

h , vh

)
A

=−
(
δ2ρi

h , vh

)
−

(
δρi

h , vh

)

−ai
(
ρi

h , vh

)
A
+ (

ai
h −ai )(Πi

hui , vh

)
A

.

(2.47)

Choosing vh = τ2δθi
h in (2.47), we obtain

τ2
(
δ2θi

h ,δθi
h

)
+τ2

(
δθi

h ,δθi
h

)
+τ2ai

h

(
θi

h ,δθi
h

)
A

=−τ2
(
δ2ρi

h ,δθi
h

)
−τ2

(
δρi

h ,δθi
h

)

−τ2ai
(
ρi

h ,δθi
h

)
A
+τ2(ai

h −ai )(Πi
hui ,δθi

h

)
A

(2.48)

New left-hand side of (2.48) can be estimated as follows.

τ2
(
δ2θi

h ,δθi
h

)
+τ2

(
δθi

h ,δθi
h

)
+τ2ai

h

(
θi

h ,δθi
h

)
A

≥ τ2δ

2

∥∥δθi
h

∥∥2+τ2
∥∥δθi

h

∥∥2+τ2ma
δ

2

∥∥θi
h

∥∥
A ,

≥ τ

2

∥∥δθi
h

∥∥2−τ
2

∥∥δθi
h

∥∥2+τ2
∥∥δθi

h

∥∥2+τ
2

ma
∥∥θi

h

∥∥2
A−τ

2
ma

∥∥θi−1
h

∥∥2
A .

(2.49)

To estimate the right-hand side of (2.48), we need the following steps.

Step1. We estimate
∣∣∣−τ2

(
δ2ρi

h ,δθi
h

)
−τ2

(
δρi

h ,δθi
h

)∣∣∣.
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Using Cauchy-schwarz, we get

∣∣∣−τ2
(
δ2ρi

h ,δθi
h

)
−τ2

(
δρi

h ,δθi
h

)∣∣∣≤ τ∥∥δ2ρi
h

∥∥τ∥∥δθi
h

∥∥+τ∥∥δρi
h

∥∥τ∥∥δθi
h

∥∥.

Thus,

∣∣∣−τ2
(
δ2ρi

h ,δθi
h

)
−τ2

(
δρi

h ,δθi
h

)∣∣∣≤ τ2

2

∥∥δ2ρi
h

∥∥2 +τ2
∥∥δθi

h

∥∥2 + τ2

2

∥∥δρi
h

∥∥2.

(2.50)

Step2. We estimate
∣∣∣−τ2ai

(
ρi

h ,δθi
h

)
A
+τ2

(
ai

h −ai
)(
Πi

hui ,δθi
h

)
A

∣∣∣.
Applying Cauchy-schwarz inequality and Using the inequality ab ≤ ω

2 a2 + 1
2ωb2 with

ω= ma
8 , we obtain

∣∣∣−τ2ai
(
ρi

h ,δθi
h

)
A
+τ2(ai

h −ai )(Πi
hui ,δθi

h

)
A

∣∣∣≤ Maτ
∥∥ρi

h

∥∥
A

∥∥θi
h −θi−1

h

∥∥
A

+cτ
∣∣ai

h −ai
∣∣∥∥θi

h −θi−1
h

∥∥
A

≤ ma

16
τ
∥∥θi

h −θi−1
h

∥∥2
A + 4M 2

a

ma
τ
∥∥ρi

h

∥∥2
A

+4c2

ma
τ
∣∣ai

h −ai
∣∣2 + ma

16
τ
∥∥θi

h −θi−1
h

∥∥2
A ,

≤ 4M 2
a

ma
τ
∥∥ρi

h

∥∥2
A + 4c2

ma
τ
∣∣ai

h −ai
∣∣2

+ma

8
τ
(∥∥θi

h

∥∥
A +∥∥θi−1

h

∥∥
A

)2.
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Using Lipschitz continuity of a, we have

|ai
h −ai | ≤ LMa

∥∥ui
h −ui

∥∥
≤ LMa

∥∥ui
h −Πi

hui +Πi
hui −ui

∥∥
≤ LMa

(∥∥θi
h

∥∥+∥∥ρi
h

∥∥)
.

Thus,

∣∣∣−τ2ai
(
ρi

h ,δθi
h

)
A
+τ2(ai

h −ai )(Πi
hui ,δθi

h

)
A

∣∣∣≤ 4M 2
a

ma
τ
∥∥ρi

h

∥∥2
A + 4c2

ma
τL2

Ma

(∥∥θi
h

∥∥

+∥∥ρi
h

∥∥)2 + ma

8
τ
(∥∥θi

h

∥∥
A +∥∥θi−1

h

∥∥
A

)2.

(2.51)

From (2.49), (2.50) and (2.51), we get

τ

2

∥∥δθi
h

∥∥2−τ
2

∥∥δθi−1
h

∥∥2+τ2
∥∥δθi

h

∥∥2+τ
2

ma
∥∥θi

h

∥∥2
A −τ

2
ma

∥∥θi−1
h

∥∥2
A ≤ τ2

2

∥∥δ2ρi
h

∥∥2+τ2
∥∥δθi

h

∥∥2

+τ
2

2

∥∥δρi
h

∥∥2 + 4M 2
a

ma
τ
∥∥ρi

h

∥∥2
A + 4c2

ma
τL2

Ma

(∥∥θi
h

∥∥+∥∥ρi
h

∥∥)2

+ma

4
τ
∥∥θi

h

∥∥2
A + ma

4
τ
∥∥θi−1

h

∥∥2
A .
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This implies,

τ

2

∥∥δθi
h

∥∥2 +τma

2

∥∥θi
h

∥∥2
A ≤ τ2

∥∥δ2ρi
h

∥∥2 +τ2
∥∥δρi

h

∥∥2 + 8M 2
a

ma
τ
∥∥ρi

h

∥∥2
A

+8c2

ma
τL2

Ma

(∥∥θi
h

∥∥+∥∥ρi
h

∥∥)2 + 3ma

2
τ
∥∥θi−1

h

∥∥2
A + τ

2

∥∥δθi−1
h

∥∥2.

Taking sum from i = 1 to n to get

τ

2

n∑
i=1

∥∥δθi
h

∥∥2 +τma

2

n∑
i=1

∥∥θi
h

∥∥2
A ≤ τ2

n∑
i=1

∥∥δ2ρi
h

∥∥2 +τ2
n∑

i=1

∥∥δρi
h

∥∥2 + 8M 2
a

ma
τ

n∑
i=1

∥∥ρi
h

∥∥2
A

+8c2

ma
τL2

Ma

n∑
i=1

(∥∥θi
h

∥∥+∥∥ρi
h

∥∥)2+3ma

2
τ

n−1∑
i=1

∥∥θi
h

∥∥2
A+τ

2

n−1∑
i=1

∥∥δθi
h

∥∥2.

Now applying Gronwall’s inequality, we get

τ

2

n−1∑
i=1

∥∥δθi
h

∥∥2+τ
2

∥∥δθn
h

∥∥2+ma

2
τ

n−1∑
i=1

∥∥θi
h

∥∥2
A+ma

2
τ
∥∥θn

h

∥∥2
A ≤ e3

(
τ2

n∑
i=1

∥∥δ2ρi
h

∥∥2+τ2
n∑

i=1

∥∥δρi
h

∥∥2

+8M 2
a

ma
τ

n∑
i=1

∥∥ρi
h

∥∥2
A + 8c2

ma
τL2

Ma

n∑
i=1

(∥∥θi
h

∥∥+∥∥ρi
h

∥∥)2)
.

Thus,

τ

2

n∑
i=1

∥∥δθi
h

∥∥2 + ma

2
τ

n∑
i=1

∥∥θi
h

∥∥2
A ≤ e3

(
τ2

n∑
i=1

∥∥δ2ρi
h

∥∥2 +τ2
n∑

i=1

∥∥δρi
h

∥∥2 + 8M 2
a

ma
τ

n∑
i=1

∥∥ρi
h

∥∥2
A

+16c2

m
L2

Ma
τ

n∑
i=1

(∥∥θi
h

∥∥2 +∥∥ρi
h

∥∥2
))

.
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Again,

τ

2

n∑
i=1

∥∥δθi
h

∥∥2 + ma

2
τ

n∑
i=1

C
∥∥∇θi

h

∥∥2 + ma

2
min

(
b(x)

)
τ

n∑
i=1

∥∥θi
h

∥∥2 ≤ e3
(
τ2

n∑
i=1

∥∥δ2ρi
h

∥∥2

+τ2
n∑

i=1

∥∥δρi
h

∥∥2 + 8M 2
a

ma
τ

n∑
i=1

∥∥ρi
h

∥∥2
A

+16c2

ma
L2

Ma
τ

n∑
i=1

∥∥θi
h

∥∥2 + 16c2

ma
L2

Ma
τ

n∑
i=1

∥∥ρi
h

∥∥2
)
,

So,

τ
n∑

i=1

∥∥δθi
h

∥∥2 +τ
n∑

i=1

∥∥∇θi
h

∥∥2 +τ
n∑

i=1

∥∥θi
h

∥∥2 ≤ τ2
∥∥δθ0

h

∥∥2 +C
(
τ2

n∑
i=1

∥∥δ2ρi
h

∥∥2

+τ2
n∑

i=1

∥∥δρi
h

∥∥2 +τ
n∑

i=1

∥∥ρi
h

∥∥2
A +τ

n∑
i=1

∥∥ρi
h

∥∥2
)
.

This implies
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∥∥θh
∥∥

L2(0,T,τ,H 1(Ω)) ≤ τ2
∥∥δθ0

h

∥∥2 +C
(
τ2

n∑
i=1

∥∥δ2ρi
h

∥∥2 +τ2
n∑

i=1

∥∥δρi
h

∥∥2

+τ
n∑

i=1

∥∥ρi
h

∥∥2
A +τ

n∑
i=1

∥∥ρi
h

∥∥2
)
,

(2.52)

We have

∥∥δθ0
h

∥∥2 ≤ ∥∥δ(Π0
hu0 −u0

h)
∥∥2

≤ ∥∥δ(Π0
hu0 −u0)

∥∥2 +∥∥δ(u0 −u0
h)

∥∥2.

If we take u0
h =Π0

hu0, then

τ2
∥∥δθ0

h

∥∥2 ≤ C h2
∥∥u0 −u−1

∥∥2
H 2(Ω),

≤ C h2
∥∥u0 − (u0 −τu1)

∥∥2
H 2(Ω),

≤ C h2
∥∥u1

∥∥2
H 2(Ω).

(2.53)

So,

τ2
∥∥δθ0

h

∥∥2 ≤C h4
∥∥u1

∥∥2
H 2(Ω).

Again, we note that

δ2ρi
h = 1

τ

∫ ti

ti−1

∂sδρh(s)d s.
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This shows ∥∥δ2ρi
h

∥∥2 ≤ 1

τ2

∥∥ρht t
∥∥2

L2(ti−1,ti ;L2(Ω)),

and

τ2
n∑

i=1

∥∥δ2ρi
h

∥∥2 ≤
n∑

i=1

∥∥ρht t
∥∥2

L2(ti−1,ti ;L2(Ω)),

≤ ∥∥ρht t
∥∥2

L2(0,T ;L2(Ω)),

≤ C h4
∥∥ut t

∥∥2
L2(0,T ;H 2(Ω)).

Thus,

τ2
n∑

i=1

∥∥δ2ρi
h

∥∥2 ≤C h4
∥∥ut t

∥∥2
L2(0,T ;H 2(Ω)). (2.54)

Further

∥∥δρi
h

∥∥ ≤ 1

τ

∥∥ρi
ht

∥∥
L2(ti−1,ti ;L2(Ω)),

τ2
n∑

i=1

∥∥δρi
h

∥∥2 ≤
n∑

i=1
C h4

∥∥ui
t

∥∥2
L2(ti−1,ti ;H 2(Ω)),

n∑
i=1

∥∥δρi
h

∥∥2 ≤ C h4
∥∥ut

∥∥2
L2(0,T ;H 2(Ω)).

So,

τ2
n∑

i=1

∥∥δρi
h

∥∥2 ≤C h4
∥∥ut

∥∥2
L2(0,T ;H 2(Ω)). (2.55)

Also

∥∥ρi
h

∥∥2 ≤ C h2
∥∥ui

∥∥2
H 2(Ω),

τ
n∑

i=1

∥∥ρi
h

∥∥2 ≤ C h4τ
n∑

i=1

∥∥ui
∥∥2

H 2(Ω),

τ
n∑

i=1

∥∥ρi
h

∥∥2 ≤ C h4
∥∥u

∥∥2
L2(0,T,τ;H 2(Ω)).
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Finally

∥∥ρi
h

∥∥2
A = (

A∇ρi
h ,∇ρi

h

)+ (
b(x)ρi

h ,ρi
h

)
,

≤ C
(∥∥∇ρi

h

∥∥2 +∥∥ρi
h

∥∥2),

τ
n∑

i=1

∥∥ρi
h

∥∥
A ≤ Cτ

n∑
i=1

∥∥ρi
h

∥∥2
H 1(Ω)

≤ C
∥∥ρh

∥∥2
L2(0,T,τ;H 1(Ω)),

≤ C h2
∥∥u

∥∥2
L2(0,T,τ;H 2(Ω)).

New using the estimates (2.53−2.55) in (2.52), we get

τ
n∑

i=1

∥∥θi
h

∥∥2
H 1(Ω) ≤C (h2 +h4),

So, ∥∥θh
∥∥2

L2(0,T,τ,H 1(Ω)) ≤C (h2 +h4).

Where C is is constant depending on
∥∥u

∥∥2
L2(0,T,τ;H 2(Ω)),

∥∥ut t
∥∥2

L2(0,T ;H 2(Ω)),
∥∥ut

∥∥2
L2(0,T ;H 2(Ω))

and
∥∥u1

∥∥2
H 2(Ω).

We conclude ∥∥ui −ui
h

∥∥
L2(0,T,τ;H 1(Ω)) ≤C (h +h2). ■

2.6 Numerical experiment.

In this section, we set up a numerical experiment to find an approximate solution of

problem (2.1), if we use Rothe’s approximation in time discretization and finite element
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scheme in the spatial discretization in wich we prescribe the computational domainΩ=
(0,1), the time interval (0,1) i.e. T = 1 and we take A(x) = b(x) = 1.

In order using Newton’s we take initial guess u0 and u1 as follows

u0 = 0,

and,

u1 =


1, at interior node

0, at boundary node

The tolerance for stopping iteration is defined to be 10−15, we have considered the

step length h = 1
10 , 1

20 , 1
30 , 1

40 and τ= 0.001. We plot the error in loglog-plot.

2.6.1 Exemple

We choose f (x, t ,u) according to test solution u(x, t ) = x(1− x)te−t 2
and a(l (u)) =

1+cos(l (u)). The table below gives the error and the order of convergence of the solution

and Fig.1 shows the results of error in loglog-plot

h ‖ui −ui
h‖H 1(Ω) Order

1
10 9.8689e −003 −−
1

20 5.6454e −003 0.8058

1
30 3.9796e −003 0.8624

1
40 3.0748e −003 0.8966
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Figure 4 : The results of error in log log-plot.
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3
Rothe-H 1-Galerkin Mixed finite element

approximation for Nonlocal evolution

equation

3.1 Introduction

In this chapter,we combine H 1-Galerkin mixed finite element method for the spatial

discretization and Rothe’s method to time discretization of nonlocal hyperbolic equa-

50
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tion.

The principle of the use H 1-Galerkin mixed finite element is to introduce the auxiliary

variable p that depends on u, which leads to split our equation into a system of two

equations, thus eliminating the difficulties explained in [21] caused by the presence of

the non-local term in the Jacobian matrix of the Newton Raphson method. In other

words, this system achieves the sparsity of the Jacobian matrix and thus the calculations

are easier.

The optimal a priori error estimates for both semi discrete and fully discrete schemes to

functions u and p are proved in H 1 and L2, respectively. Finally the convergence of the

obtained scheme is verified by a numerical experiment.

3.2 Position of the problem

Let Ω is a simply connected bounded domain of Rk , (k = 1,2,3) with Lipschitz continu-

ous boundary ∂Ω. Consider the following non local hyperbolic problem.



∂2u

∂t 2
+ ∂u

∂t
+a(l (u))(−di v(A(x)∇u)+b(x)u) = f (x, t ) in Q =Ω× [0,T ]

u(x,0) = u0(x), ut (x,0) = u1(x) inΩ (3.1)

u = 0 on Σ× [0,T ].

Where T ≥ 0 and a is a function depends of l (u) with

l (u) =
∫
Ω

u(x, t )d x, (3.2)
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and satisfies

0 < m0 ≤ a(s) ≤ M0 <∞, ∀s ∈R. (3.3)

Here A(x) is a invertible and symmetrical matrix with uniformly delimited and measur-

able components, b(x) is bounded function.

3.3 The variational formulation

Let us make the following choice of auxiliary variable

p = A(x)∇u, (3.4)

If we set

σ(x) = A−1(x).

Then, Problem (1.1) can be written as the mixed system
∇u =σ(x)p,

(3.5)

∂2u

∂t 2
+ ∂u

∂t
+a(l (u))(−di v(p)+b(x)u) = f (x, t ).

Using the fact that ut (0, x) = ut t (1, x) = 0, Green formula implies

(
∂2u

∂t 2
,∇w) =−(σ(x)

∂2p

∂t 2
, w), (

∂u

∂t
,∇w) =−(σ(x)

∂p

∂t
, w).

This allows us to write the weak formulation of (3.5) as : Find a pair (u, p) ∈ H 1
0 × H 1

such that
(∇u,∇v)− (σ(x)p,∇v) = 0,

(3.6)

(σ(x)
∂2p

∂t 2
, w)+ (σ(x)

∂p

∂t
, w)+a(l (u))[(∇p,∇w)− (b(x)u,∇w)] =−( f ,∇w).

Manal DJAGHOUT 52 University of 8 May 1945-Guelma



Chapter 3. Rothe-H 1-Galerkin Mixed finite element approximation . . .

3.4 Semi-Discretization

In this section we present a semi-discrete scheme by using the H 1-Galerkin mixed finite

element method and extract a priori error estimates.

Let Vh ⊂ H 1
0 (Ω), Wh ⊂ H 1(Ω) be the discrete finite spaces which comprises of piece-

wise linear polynomials of order k and r, respectively, satisfying approximation proper-

ties (see [17])

inf
φh∈Vh

{‖φ−φh‖0,p +h‖φ−φh‖1,p } ≤C hk+1‖φ‖k+1,p , φ ∈ H 1
0 (Ω)∩W k+1,p (Ω),

and

inf
ωh∈Wh

{‖ω−ωh‖0,p +h‖ω−ωh‖1,p } ≤C hr+1‖ω‖r+1,p , ω ∈W r+1,p (Ω).

The semi-discrete H 1-Galerkin mixed finite element approximation for (3.6) reads as :

find (uh , ph) ∈Vh ×Wh such that
(∇uh ,∇vh)− (σph ,∇vh) = 0,

(3.7)

(σ
∂2ph

∂t 2
, wh)+ (σ

∂ph

∂t
, wh)+a(l (uh))[(∇ph ,∇wh)− (buh ,∇wh)] =−( f ,∇wh).

Integrating (3.7) over the interval [0,T ], we get



∫
[0,T ](∇uh ,∇vh)−∫

[0,T ](σph ,∇vh) = 0,

(3.8)

−∫
[0,T ](σ

∂ph

∂t
,
∂wh

∂t
)− (p1, w(.,0))+∫

[0,T ](σ
∂ph

∂t
, wh)

+∫
[0,T ] a(l (uh))[(∇ph ,∇wh)− (buh ,∇wh)] =−∫

[0,T ]( f ,∇wh),
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where p1 = A∇u1.

3.4.1 A priori error estimates

In order to get an optimal convergence, we will decompose the error in the following way

u −uh = u − ũh +−ũh −uh = θu +ζu , (3.9)

p −ph = p − p̃h +−p̃h −ph = θp +ζp , (3.10)

where the elliptic projections ũh ∈Vh and p̃h ∈Wh satisfy

(∇p −∇p̃h ,∇wh)+λ(p − p̃h , wh) = 0, ∀wh ∈Wh , (3.11)

(∇p −∇p̃h ,∇wh) = 0, ∀vh ∈Vh , (3.12)

and λ is chosen so that the first equation is H 1-Coercive.

Hence, we may proceed as in [56] and obtain

2∑
i=0

‖∂
iθp

∂t i
‖ j ≤C hr+1− j

2∑
i=0

‖∂
i p

∂t i
‖r+1, j = 0,1, (3.13)

2∑
i=0

‖∂
iθu

∂t i
‖ j ≤C hk+1− j

2∑
i=0

‖∂
i u

∂t i
‖k+1, j = 0,1. (3.14)

Theorem 3.4.1. Assume that ph(0) = p̃h(0) and pht (0) = p̃ht (0). There exists positive

constant C such that ∥∥(u −uh)(t )
∥∥

1 ≤C hmi n(k+1,r+1).

∥∥(p −ph)(t )
∥∥≤C hmi n(k+1,r+1).
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Proof. From equations (3.6), (3.7) and by employing (3.11), (3.12), we get

(∇ζu ,∇vh
)= (

σθp ,∇vh
)+ (

σζp ,∇vh
)
, (3.15)

(
σζpt t , wh

)+ (
σζpt , wh

)+a(l (uh))
(∇ζp ,∇wh

)=−(
σθpt t , wh

)− (
σθpt , wh

)

+a(l (u))
(
λθp , wh

)−[a(l (u))−a(l (uh))]
(∇p̃h ,∇wh

)+a(l (u))
(
bθu ,∇wh

)

+[a(l (u))−a(l (uh))]
(
bũh ,∇wh

)+a(l (uh))
(
bζu ,∇wh

)
.

(3.16)

Applying the differential operator ∂
∂t on (3.15), we find

(∇ζu t ,∇vh
)= (

σθp t ,∇vh
)+ (

σζp t ,∇vh
)
, (3.17)

choosing vh = ζu in (3.15) and wh = ζp t in (3.16), we arrive at

∥∥∇ζu
∥∥ ≤ ∥∥σ 1

2θp
∥∥+∥∥σ 1

2 ζp
∥∥

≤ C
(∥∥θp

∥∥+∥∥ζp
∥∥)

. (3.18)
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d

d t

∥∥σ 1
2 ζpt

∥∥2 +∥∥σ 1
2 ζpt

∥∥2 +a(l (uh))
d

d t

∥∥∇ζp
∥∥=−(

σθpt t ,ζpt

)− (
σθpt ,ζpt

)

+a(l (u))
(
λθp ,ζpt

)− [a(l (u))−a(l (uh))]
(∇p̃h ,∇ζpt

)+a(l (u))
(
bθu ,∇ζpt

)

+[a(l (u))−a(l (uh))]
(
bũh ,∇ζpt

)+a(l (uh))
(
bζu ,∇ζpt

)
,

(3.19)

Now, by setting vh = ζu t in (3.17), we have

∥∥∇ζu t
∥∥ ≤ ∥∥σ 1

2θp t
∥∥+∥∥σ 1

2 ζp t
∥∥,

≤ C
(∥∥θp t

∥∥+∥∥ζp t
∥∥)

.

(3.20)

Integration in time in inequality (3.19) yields
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∥∥σ 1
2 ζpt

∥∥2+
∫ t

0

∥∥σ 1
2 ζpt

∥∥2d s+
∫ t

0
a(l (uh))

d

d t

∥∥∇ζp
∥∥d s =−

∫ t

0

(
σθpt t ,ζpt

)
d s−

∫ t

0

(
σθpt ,ζpt

)
d s

+
∫ t

0
a(l (u))

(
λθp ,ζpt

)
d s −

∫ t

0
[a(l (u))−a(l (uh))]

(∇p̃h ,∇ζpt

)
d s

+
∫ t

0
a(l (u))

(
bθu ,∇ζpt

)
d s +

∫ t

0
[a(l (u))−a(l (uh))]

(
bũh ,∇ζpt

)
d s

+
∫ t

0
a(l (uh))

(
bζu ,∇ζpt

)
d s,

(3.21)

thus,

∥∥σ 1
2 ζpt

∥∥2 +
∫ t

0

∥∥σ 1
2 ζpt

∥∥2d s +
∫ t

0
a(l (uh))

d

d t

∥∥∇ζp
∥∥d s ≤C

(∫ t

0

∥∥θpt t

∥∥2d s +
∫ t

0

∥∥ζpt

∥∥2d s

+
∫ t

0

∥∥θpt

∥∥2d s +
∫ t

0

∥∥θp‖2d s
)
−

∫ t

0
[a(l (u))−a(l (uh))]

(∇p̃h ,∇ζpt

)
d s

+
∫ t

0
a(l (u))

(
bθu ,∇ζpt

)
d s +

∫ t

0
[a(l (u))−a(l (uh))]

(
bũh ,∇ζpt

)

+
∫ t

0
a(l (uh))

(
bζu ,∇ζpt

)
d s,

(3.22)

on the other hand, we see
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∫ t

0
[a(l (u))−a(l (uh))]

(∇p̃h ,∇ζpt

)
d s =

∫ t

0

(
[a(l (u))−a(l (uh))]∇p̃h ,∇ζpt

)
d s

=
∫ t

0

d

d t

(
[a(l (u))−a(l (uh))]∇p̃h ,∇ζp

)
d s−

∫ t

0

( d

d t

(
[a(l (u))−a(l (uh))]∇p̃h

)
,∇ζp

)
d s

=
(
[a(l (u))−a(l (uh))]∇p̃h ,∇ζp

)
−

∫ t

0

( d

d t

(
[a(l (u))−a(l (uh))]∇p̃h

)
.∇ζp

)
d s,

(3.23)

Thanks to Cauchy-Schwarz and Poincarè inequalities we conclude

(
[a(l (u))−a(l (uh))]∇p̃h ,∇ζp

)
≤C

∥∥u −uh
∥∥∥∥∇ζp

∥∥

≤ ε∥∥∇ζp
∥∥2 +C

∥∥θu +ζu
∥∥2

≤ ε∥∥∇ζp
∥∥2 +C

(∥∥θu
∥∥2 +∥∥∇ζu

∥∥2)

≤ ε∥∥∇ζp
∥∥2 +C

(∥∥θu
∥∥2 +∥∥ζp

∥∥2 +∥∥θp
∥∥2)

≤ ε∥∥∇ζp
∥∥2 +C

(∥∥θu
∥∥2 +

∫ t

0

∥∥ζpt

∥∥2d s +∥∥θp
∥∥2).

(3.24)
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Now making use of the estimates (3.18), (3.20) we have

∫ t

0

( d

d t

(
[a(l (u))−a(l (uh))]∇p̃h

)
,∇ζp

)
d s =

∫ t

0

((
[a(l (u))−a(l (uh))]∇p̃ht

)
,∇ζp

)
d s

+
∫ t

0

( d

d t

(
[a(l (u))−a(l (uh))]

)∇p̃h ,∇ζp

)
d s

≤
∫ t

0

∥∥u −uh
∥∥∥∥∇p̃ht

∥∥∥∥∇ζp
∥∥d s +

∫ t

0

∥∥ut −uht
∥∥∥∥∇p̃h

∥∥∥∥∇ζp
∥∥d s

≤C
(∫ t

0

(∥∥θu
∥∥2 +∥∥ζu

∥∥2 +∥∥∇ζp
∥∥2)d s +

∫ t

0

(∥∥θut

∥∥2 +∥∥ζut

∥∥2 +∥∥∇ζp
∥∥2)d s

)

≤C
∫ t

0

(∥∥θu
∥∥2 +∥∥ζu

∥∥2 +∥∥θut

∥∥2 +∥∥ζut

∥∥2 +∥∥∇ζp
∥∥2

)
d s

≤C
∫ t

0

(∥∥θu
∥∥2 +∥∥∇ζu

∥∥2 +∥∥θut

∥∥2 +∥∥∇ζut

∥∥2 +∥∥∇ζp
∥∥2

)
d s

≤C
∫ t

0

(∥∥θu
∥∥2 +∥∥ζp

∥∥2 +∥∥θp
∥∥2 +∥∥θut

∥∥2 +∥∥ζpt

∥∥2 +∥∥θpt

∥∥2 +∥∥∇ζp
∥∥2

)
d s

≤C
∫ t

0

(∥∥θu
∥∥2 +∥∥θp

∥∥2 +∥∥θut

∥∥2 +∥∥ζpt

∥∥2 +∥∥θpt

∥∥2 +∥∥∇ζp
∥∥2

)
d s.

(3.25)

Substituting (3.24) and (3.25) into (3.23) we see that
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∫ t

0
[a(l (u))−a(l (uh))]

(∇p̃h ,∇ζpt

)
d s ≤ ε∥∥∇ζp

∥∥2 +C
(∥∥θu

∥∥2 +∥∥θp
∥∥2 +

∫ t

0

∥∥θu
∥∥2d s

+
∫ t

0

∥∥θp
∥∥2d s +

∫ t

0

∥∥θut

∥∥2d s +
∫ t

0

∥∥ζpt

∥∥2d s +
∫ t

0

∥∥θpt

∥∥2d s +
∫ t

0

∥∥∇ζp
∥∥2d s

)
.

(3.26)

By the same arguments we get

∫ t

0
[a(l (u))−a(l (uh))]

(
bũh ,∇ζpt

)
d s ≤ ε∥∥∇ζp

∥∥2 +C
(∥∥θu

∥∥2 +∥∥θp
∥∥2 +

∫ t

0

∥∥θu
∥∥2d s

+
∫ t

0

∥∥θp
∥∥2d s +

∫ t

0

∥∥θut

∥∥2d s +
∫ t

0

∥∥ζpt

∥∥2d s +
∫ t

0

∥∥θpt

∥∥2d s +
∫ t

0

∥∥∇ζp
∥∥2d s

)
.

(3.27)

Our next target is to estimate
∫ t

0 (a(l (u))
(
bθu ,∇ζp t

)
d s. For this purpose, we have

∫ t

0
(a(l (u))

(
bθu ,∇ζpt

)
d s =

∫ t

0

(
bθu a(l (u)),∇ζpt

)
d s

= 1

2

∫ t

0

d

d t

(
bθu a(l (u)),∇ζp

)
d s − 1

2

∫ t

0

( d

d t
[bθu]a(l (u)),∇ζp

)
d s

= 1

2
a(l (u))

(
bθu ,∇ζp

)− 1

2

∫ t

0
a(l (u))

(
bθut ,∇ζp

)
d s,

(3.28)

It follows from

(a(l (u))
(
bθu ,∇ζp

)≤C
∥∥θu

∥∥2 +ε∥∥∇ζp
∥∥2, (3.29)
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that ∫ t

0
a(l (u))

(
bθu t ,∇ζp

)
d s ≤C

(∫ t

0

∥∥θu t
∥∥2d s +

∫ t

0

∥∥∇ζp
∥∥2d s

)
, (3.30)

This allows us to write

∫ t

0
(a(l (u))

(
bθu ,∇ζp t

)
d s ≤ ε∥∥∇ζp

∥∥2 +C
(∥∥θu

∥∥2 +
∫ t

0

∥∥θu t
∥∥2d s +

∫ t

0

∥∥∇ζp
∥∥2d s

)
. (3.31)

Analogously we estimate

∫ t

0
(a(l (uh))

(
bζu ,∇ζpt

)
d s ≤ ε∥∥∇ζp

∥∥2 +C
(∥∥ζu

∥∥2 +
∫ t

0

∥∥ζut

∥∥2d s +
∫ t

0

∥∥∇ζp
∥∥2d s

)

≤ ε∥∥∇ζp
∥∥2 +C

(∥∥∇ζu
∥∥2 +

∫ t

0

∥∥∇ζut

∥∥2d s +
∫ t

0

∥∥∇ζp
∥∥2d s

)

≤ ε∥∥∇ζp
∥∥2+C

(∥∥θp
∥∥2+∥∥ζp

∥∥2+
∫ t

0

∥∥θpt

∥∥2d s+
∫ t

0

∥∥ζpt

∥∥2d s+
∫ t

0

∥∥∇ζp
∥∥2d s

)
.

(3.32)

Combining (3.26)− (3.27), (3.31)− (3.32) and (3.22), we come to the inequality
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∥∥ζpt

∥∥2 +
∫ t

0

∥∥ζpt

∥∥2d s +m
∥∥∇ζp

∥∥2 ≤ ε
∫ t

0

∥∥∇ζp
∥∥2d s +C

(∥∥θp
∥∥2 +∥∥θu

∥∥2 +
∫ t

0

∥∥θp
∥∥2d s

+
∫ t

0

∥∥θu
∥∥2d s +

∫ t

0

∥∥ζpt

∥∥2d s +
∫ t

0

∥∥θpt

∥∥2d s

+
∫ t

0

∥∥θut

∥∥2d s +
∫ t

0

∥∥∇ζp
∥∥2d s +

∫ t

0

∥∥θpt t

∥∥2d s
)
,

(3.33)

According to Gronwall’s lemma with a suitable ε, we obtain

∥∥ζpt

∥∥2 +
∫ t

0

∥∥ζpt

∥∥2d s +m
∥∥∇ζp

∥∥2 ≤C
(∥∥θp

∥∥2 +∥∥θu
∥∥2 +

∫ t

0

∥∥θp
∥∥2d s +

∫ t

0

∥∥θu
∥∥2d s

+
∫ t

0

∥∥θpt

∥∥2d s +
∫ t

0

∥∥θut

∥∥2d s +
∫ t

0

∥∥θpt t

∥∥2d s
)
,

(3.34)

Thanks to (3.13) and (3.14), we have

∥∥ζpt

∥∥2 +
∫ t

0

∥∥ζpt

∥∥2d s +m
∥∥∇ζp

∥∥2 ≤C
(
hr+1 +hk+1

)
. (3.35)

Now, it follows from ∥∥ζp
∥∥≤

∫ t

0

∥∥ζpt

∥∥d s,
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that

∥∥ζu
∥∥2 ≤ ∥∥ζu

∥∥
1

≤ C
∥∥∇ζu

∥∥2

≤ C
(∥∥θp

∥∥2 +∥∥ζp
∥∥2

)
≤ C

(∥∥θp
∥∥2 +

∫ t

0

∥∥ζp t
∥∥d s

)
≤ C

(
hk+1 +hr+1

)
,

(3.36)

where C is constant depending on
∥∥p

∥∥
L∞(0,T ;H r+1),

∥∥u
∥∥

L∞(0,T ;H k+1),
∥∥p

∥∥
L2(0,T ;H r+1),

∥∥pt
∥∥

L2(0,T ;H r+1),∥∥pt t
∥∥

L2(0,T ;H r+1),
∥∥u

∥∥
L2(0,T ;H k+1) and

∥∥ut
∥∥

L2(0,T ;H k+1). This achieves the proof.■

3.5 Full Discretization

In this section, we focus on time discretization by using Rothe’s method and prove the

existence and uniqueness of a fully discrete scheme solution with a priori estimates and

error estimates.

We subdivide the interval [0,T ] into n subintervals of length τ = T
n and denote by

p i
h , ui

h the values of ph , uh respectively at t = iτ, for i = 0, ...,n. Let p−1
h be defined as

p−1
h (x) = p0

h(x)−τp1
h(x),the recurrent approximation scheme for i = 1, ...,n becomes
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Find ui
h
∼= u(., ti ) ∈Vh and p i

h
∼= p(., ti ) ∈Vh i = 1,2, ...,n such that,

(∇ui
h ,∇vh)− (σp i

h ,∇vh) = 0, ∀(vh , wh) ∈Vh ×Wh ,

(3.37)(
σδ2p i

h , wh
)+ (

σδp i
h , wh

)+a(l (ui
h))[(∇p i

h ,∇wh)− (bui
h ,∇wh)] =−(

f i ,∇wh
)
, ∀(vh , wh) ∈Vh ×Wh ,

=−(
f i ,∇wh

)
, ∀(vh , wh) ∈Vh ×Wh ,

here δp i
h = p i

h −p i−1
h

τ
and δ2p i

h = δp i
h −δp i−1

h

τ
.

Let us introduce the Rothe’s functions by a piecewise linear interpolation with respect to

the time t , defined as follows

pn
h = p i−1

h + (t − ti−1)δp i
h ∀t ∈ [ti−1, ti ], 1 ≤ i ≤ n (3.38)

δpn
h = δp i−1

h + (t − ti−1)δ2p i
h ∀t ∈ [ti−1, ti ], 1 ≤ i ≤ n, (3.39)

together with the auxiliary functions

ūn
h =


ui

h t ∈ [ti−1, ti ],

u0
h t ∈ [−τ,0], (3.40)

and

p̄n
h =


p i

h t ∈ [ti−1, ti ],

p0
h t ∈ [−τ,0]. (3.41)

We denote by f̄ n the function
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f̄ n =


f i t ∈ [ti−1, ti ], .

0 t = 0. (3.42)

Then, the problem (3.37) can be rewritten as follows :



∀(vh , wh) ∈Vh ×Wh , with v(x,T ) = 0 and w(x,T ) = 0.

(∇ūn
h ,∇vh)− (σp̄n

h ,∇vh) = 0, ∀(vh , wh) ∈Vh ×Wh ,

(3.43)(
σ∂tδpn

h , wh
)+ (

σ∂t pn
h , wh

)+a(l (ūn
h ))[(∇p̄n

h ,∇wh)− (būn
h ,∇wh)] =−(

f̄ n ,∇wh
)
, ∀(vh , wh) ∈Vh ×Wh ,

=−(
f̄ n ,∇wh

)
, ∀(vh , wh) ∈Vh ×Wh ,

we integrate the above equations over [0,T ], we get



∀(vh , wh) ∈Vh ×Wh , with v(x,T ) = 0 and w(x,T ) = 0.

∫
[0,T ](∇ūn

h ,∇vh)−∫
[0,T ](σp̄n

h ,∇vh) = 0,

(3.44)

−∫
[0,T ]

(
σδpn

h ,∂t wh
)− (

δpn
h (0), wh(.,0)

)+∫
[0,T ]

(
σ∂t pn

h , wh
)

+∫
[0,T ] a(l (ūn

h ))[(∇p̄n
h ,∇wh)− (būn

h ,∇wh)] =−∫
[0,T ]

(
f̄ n ,∇wh

)
,
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3.5.1 Existence and uniqueness

Proposition 3.5.1. The problem (3.37) admits a unique solution (p i
h ,ui

h), for 1 ≤ i ≤ n.

Proof. We can write the problem (3.37) as



Find ui
h
∼= u(., ti ) ∈Vh and p i

h
∼= p(., ti ) ∈Wh i = 1,2, ...,n such that,

(∇ui
h ,∇vh)− (σp i

h ,∇vh) = 0, ∀(vh , wh) ∈Vh ×Wh ,

(3.45)

( 1
2 + 1

τ
)
(
σp i

h , wh
)+a(l (ui

h))[(∇p i
h ,∇wh)− (bui

h ,∇wh)] =G(wh), ∀(vh , wh) ∈Vh ×Wh ,

∀(vh , wh) ∈Vh ×Wh ,

where

G(wh) =−(
f i ,∇wh

)+ (
2

τ2
+ 1

τ
)
(
σp i−1

h , wh
)− 1

τ2

(
σp i−2

h , wh
)

(3.46)

Let us introduceΨ : Vh ×Wh →V ′
h ×W ′

h such that

Ψ(uh , ph) :=
(
wh → (

1

τ2
+ 1

τ
)
(
σph , wh

)+a(l (uh))[(∇ph ,∇wh)− (buh ,∇wh)],

vh → (∇uh ,∇vh)− (σph ,∇vh).
)

Then, for (uh , ph) ∈Vh ×Wh , we have

(
1

τ2
+ 1

τ
)
(
σph , wh

)+a(l (uh))[(∇ph ,∇wh)− (buh ,∇wh)] = 0, (3.47)
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(∇uh ,∇vh)− (σph ,∇vh) = 0. (3.48)

It’s easy to verify that for wh = ph in (3.47) and vh = uh in (3.48) we get

(
1

τ2
+ 1

τ
)‖σ 1

2 ph‖2 +m0‖∇ph‖2 ≤C‖uh‖‖∇ph‖, (3.49)

‖∇uh‖ ≤C‖ph‖. (3.50)

Now, Poincarré inequality shows that

(
1

τ2
+ 1

τ
)‖ph‖2 +m0‖∇ph‖2 ≤ (C‖∇ph‖)‖ph‖. (3.51)

Hence, the inequality ab ≤ ε
2 a2 + 1

2εb2 for ε= τ2

2 , allows us to say that

( 1

τ2
+ 1

τ

)‖ph‖2 +m‖∇ph‖2 ≤Cτ2‖∇ph‖2 + 1

τ2
‖ph‖2. (3.52)

This leads us to the estimate

0 ≤ 1

τ
‖ph‖2 +‖∇ph‖2 ≤ 0. (3.53)

Therefore uh = ph = 0. Consequently,Ψh is injective, which means it is bijective.

This allows us to solve (3.37) in sequence for i = 1, ...,n. ■
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3.5.2 A priori estimates

Lemma 3.5.2. For i = 1, . . . , s, 1 ≤ s ≤ n, the following estimates hold

‖∇ui
h‖ ≤C . (3.54)

‖δp s
h‖2 +

s∑
i=1

‖δp i
h −δp i−1

h ‖2 +
s∑

i=1
τ‖δp i

h‖2 +‖∇p s
h‖2 +

s∑
i=1

‖∇p i
h −∇p i−1

h ‖2 ≤C . (3.55)

Proof. Set vh = ui
h and wh = τδp i

h in (3.37). Then



‖∇ui
h‖2 = (σp i

h ,∇ui
h),

(3.56)(
σ(δp i

h −δp i−1
h ),δp i

h

)+τ‖σ 1
2δp i

h‖2 +a(l (ui
h))(∇p i

h ,∇p i
h −∇p i−1

h ) = a(l (ui
h))(bui

h ,∇p i
h −∇p i−1

h )− (
f i ,∇p i

h −∇p i−1
h

)
,

a(l (ui
h))(bui

h ,∇p i
h −∇p i−1

h )− (
f i ,∇p i

h −∇p i−1
h

)
,

by using the Abel’s summing formula for (3.56)b , we get



‖∇ui
h‖ ≤C‖p i

h‖,

(3.57)

‖σ 1
2δp i

h‖2 −‖σ 1
2δp i−1

h ‖2 +‖σ 1
2 (δp i

h −δp i−1
h )‖2 +τ‖σ 1

2δp i
h‖2 +m0[‖∇p i

h‖2 −‖∇p i−1
h ‖2 +‖∇p i

h −∇p i−1
h ‖2] ≤

+m0[‖∇p i
h‖2 −‖∇p i−1

h ‖2 +‖∇p i
h −∇p i−1

h ‖2] ≤ M0‖bui
h‖‖∇p i

h −∇p i−1
h ‖+‖ f i‖‖∇p i

h −∇p i−1
h ‖,

M0‖bui
h‖‖∇p i

h −∇p i−1
h ‖+‖ f i‖‖∇p i

h −∇p i−1
h ‖,
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summing from i = 1 to s for (3.57)b , we obtain

‖σ 1
2δp s

h‖2+
s∑

i=1
‖σ 1

2 (δp i
h−δp i−1

h )‖2+
s∑

i=1
τ‖σ 1

2δp i
h‖2+m0

s∑
i=1

‖∇p i
h‖2+m0

s∑
i=1

‖∇p i
h−∇p i−1

h ‖ ≤

+‖σ 1
2δp0

h‖2−‖∇p0
h‖2+M0

s∑
i=1

‖bui
h‖‖∇p i

h−∇p i−1
h ‖+

s∑
i=1

‖ f i‖‖∇p i
h−∇p i−1

h ‖.

Now making use of Poincarè inequality and ε−Young inequality with particular choice

ε= m0
2 , we have

‖σ 1
2δp s

h‖2 +
s∑

i=1
‖σ 1

2 (δp i
h −δp i−1

h )‖2 +
s∑

i=1
τ‖σ 1

2δp i
h‖2 +m0

s∑
i=1

‖∇p i
h‖2

+m0

2

s∑
i=1

‖∇p i
h −∇p i−1

h ‖ ≤C .

Therefore

‖δp s
h‖2+

s∑
i=1

‖(δp i
h−δp i−1

h )‖2+
s∑

i=1
τ‖δp i

h‖2+m0

s∑
i=1

‖∇p i
h‖2+ m0

2

s∑
i=1

‖∇p i
h−∇p i−1

h ‖ ≤C .

By means of the Poincarè inequality for (3.57)a once more, we deduce that

‖∇ui
h‖2 ≤C . This achieves the proof.■

Corollary 3.5.3. Suppose that p̄n
hτ = p̄n

h (., t −τ). There exists a positive constant C such
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that

‖ūn
h‖L2([0,T ],H 1

0 (Ω)) ≤C , ‖p̄n
h‖L2([0,T ],H 1

0 (Ω)) ≤C , ‖∂t pn
h‖L2([0,T ],L2(Ω)) ≤C , (3.58)

‖pn
h − p̄n

h‖L2([0,T ];H 1
0 (Ω)) ≤Cτ, ‖pn

h − p̄n
h‖L2([0,T ];L2(Ω)) ≤Cτ2, (3.59)

‖pn
h − p̄n

hτ‖L2([0,T ];L2(Ω)) ≤Cτ2, ‖δpn
h −∂t pn

h‖L2([0,T ];L2(Ω)) ≤Cτ. (3.60)

3.5.3 A priori error estimates

We denote by ep = ph −pn
h , eu = uh −un

h and e f = f − f̄ n .

Theorem 3.5.4. There exists a constant C such that

‖ep‖2 +m0

∫
[0,T ]

‖∇ep‖2 +
∫

[0,T ]
‖∇eu‖2 ≤C

(
τ+τ2). (3.61)

Proof. Subtracting (3.8) from (3.44), setting vh = ep and wh = eu and applying ε-

Young inequality with ε= m0
4 , we get
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∫
[0,T ] ‖∇eu‖2 ≤C

∫
[0,T ] ‖ep‖2,

(3.62)

1
2‖ep‖2 + m0

2

∫
[0,T ] ‖∇ep‖2 ≤C

(∫
[0,T ] ‖pn

h − p̄n
h‖2 +∫

[0,T ] ‖eu‖2

+∫
[0,T ] ‖un

h − ūn
h‖2 +∫

[0,T ] ‖e f ‖2 +τ),

Finally, using Gronwall’s lemma, Poincarè inequality and corollary 3.1, we come at



∫
[0,T ] ‖∇eu‖2 ≤C

∫
[0,T ] ‖ep‖2,

(3.63)

‖ep‖2 +m0
∫

[0,T ] ‖∇ep‖2 ≤C
(
τ+τ2

)
. ■

3.6 Numerical experiment.

In this section we present a numerical experiment that demonstrates the accuracy

and efficiency of our theoretical results. we choose r = k = 1 means that the functions u

and p are approximated by piecewise linear polynomials.

The nonlinear system of equations obtained are solved using Newton−Raphson method.

To do this we give initial guess p0, p1, u0 and u1. For the test example we take the com-

putation domainΩ= (0,1) and the time interval (0,1) i.e. T = 1 and also A(x) = b(x) = 1.

The step length h ∈ { 1
10 , 1

20 , 1
30 , 1

40 , 1
50 } and τ= 2−5. We plot the error in loglog-plot.
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We choose f (x, t ,u) according to test solution u(x, t ) = 1
π

si n(πx)te−t 2
and a(l (u)) =

1+ cos(l (u)). The table 1 and the table 2 below gives the numerical errors for u and

p, respectively.

‖u −ui
h‖H 1(Ω)

h�i 2 22 23 24 25

1
10 4.5446e −004 1.6166e −003 5.6110e −003 1.5106e −002 1.3645e −002

1
20 3.3278e −004 1.0986e −003 3.6608e −003 9.6777e −003 8.8336e −003

1
30 2.9523e −004 9.1652e −004 2.9471e −003 7.6638e −003 7.0620e −003

1
40 2.8246e −004 8.3389e −004 2.6005e −003 6.6648e −003 6.1934e −003

1
50 2.8032e −004 7.9394e −004 2.4116e −003 6.1023e −003 5.7128e −003

Table 2

‖p −p i
h‖L2(Ω)

h�i 2 22 23 24 25

1
10 4.1725e −004 1.3581e −003 4.7115e −003 1.2813e −002 1.1451e −002

1
20 1.6810e −004 6.7223e −004 2.4776e −003 6.8469e −003 6.0929e −003

1
30 1.1418e −004 4.5866e −004 1.6942e −003 4.6862e −003 4.1679e −003

1
40 8.6608e −005 3.4809e −004 1.2861e −003 3.5577e −003 3.1640e −003

1
50 6.9765e −005 2.8034e −004 1.0357e −003 2.8648e −003 2.5479e −003

Table 3
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Figure 5 : The results of error for u and p in log log-plot.

Figure 6 : The surface for ui
h and p i

h on [0,1]× [0,1].
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Conclusion and perspectives

In this thesis, we proposed two works to study a problem that includes a differential

equation of a hyperbolic type accompanied by a nonlocal term in addition to initial con-

ditions and boundary conditions.

In the first work we combined the Rothe method with the finite element method to

analyze and study this problem. Here, we get a fully discretization scheme that leads us

to a system of non-linear equations, but we face difficulties in searching for a solution to

this system caused by the presence of non-local term in the equation, so it is necessary to

develop a numerical plan to get rid of these difficulties.

For the second work, we suggested the H 1-Galerkin mixed finite element method for

the spatial discretization and Rothe’s method to time discretization to solve the same

problem. The H 1-Galerkin mixed finite element method gives us a system of two equa-

tions, thus eliminating the difficulties described in the first work. More clearly, the Ja-

cobian matrix of the Newton Raphson method for this system is not full, therefor ensure

the sparsity of the Jacobian matrix and facilitate its calculation.
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Conclusion and perspectives

In both works, a priori estimates and error estimates are given for both semi discrete

and fully discrete schemes. We also complete the two works with a numerical experiment

that proves our theoretical results.

Among the points of view that we may address is an interest in a posteriori analysis

of the error in the study of partial differential equations. It is also possible to study and

analyze PDEs of high degrees.
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